
G_ij_ju\guc kd_e_l [bgZjgh]h jZkljh\h]h bah[jZ`_gby
E_hgb^ F_kl_pdbc

L\_jkdhc ]hkm^Zjkl\_gguc mgb\_jkbl_l
L\_jv/ Jhkkby

:gghlZpby
JZkkfZljb\Z_lky aZ^ZqZ ihkljh_gby g_ij_ju\gh]h

kd_e_lZ ^ey jZkljh\h]h [bgZjgh]h bah[jZ`_gby1
Ij_^eZ]Z_fuc ih^oh^ \dexqZ_l j_r_gb_ ^\mo aZ^Zq=
ZiijhdkbfZpbx bkoh^gh]h jZkljh\h]h h[jZaZ
iheb]hgZevghc h[eZklvx k g_ij_ju\ghc ]jZgbp_c
+hdhglmjb\Zgb_, b ihkljh_gb_ g_ij_ju\gh]h kd_e_lZ
iheb]hgZevghc h[eZklb +kd_e_lbaZpby,1 Ij_^eZ]Z_lky
ijhklhc b gZ^_`guc f_lh^ j_r_gby ^Zgghc aZ^Zqb ^ey
bah[jZ`_gbc ijhba\hevghc keh`ghklb= k kbevgh
ba\bebklhc ]jZgbp_c b keh`ghc lhiheh]b_c jZkljh\uo
h[t_dlh\1

AZ^ZqZ hdhglmjb\Zgby j_rZ_lky iml_f ihbkdZ/
ijhke_`b\Zgby b \uly]b\Zgby hl^_evguo dhglmjh\
]jZgbpu h[jZaZ1 Ihbkd khklhbl \ gZoh`^_gbb iZju
jZaghp\_lguo kf_`guo lhq_d jZkljZ/ ijhke_`b\Zgb_ 0
\ \uy\e_gbb \k_o lZdbo iZj/ khklZ\eyxsbo h^bg
dhglmj/ Z \uly]b\Zgb_ 0 \ ihkljh_gbb aZfdgmlhc
djb\hc fbgbfZevgh]h i_jbf_ljZ/ jZa^_eyxs_c \k_
kf_`gu_ jZaghp\_lgu_ lhqdb1

AZ^ZqZ kd_e_lbaZpbb j_rZ_lky iml_f ihkljh_gby
h[h[s_gghc ljbZg]meypbb >_ehg_/ ij_^klZ\eyxs_c
kh[hc ^\hckl\_gguc ]jZn ^bZ]jZffu <hjhgh]h
iheb]hgZevghc h[eZklb1 Ij_^eZ]Z_fuc ih^oh^
iha\hey_l i_j_qbkeblv \k_ iZju kf_`guo kZclh\
]jZgbpu iheb]hgZevghc h[eZklb/ hij_^_eyxsbo
g_ljb\bZevgu_ k_j_^bggu_ hkb/ g_ kljhy ^bZ]jZffm
<hjhgh]h1

Dexq_\u_ keh\Z= jZkljh\h_ [bgZjgh_ bah[jZ`_gb_/
g_ij_ju\guc kd_e_l/ h[h[s_ggZy ljbZg]meypby
>_ehg_1

1. <<?>?GB?
F_lh^ ZgZebaZ nhjfu iehkdh]h h[t_dlZ gZ hkgh\_

ihkljh_gby _]h kd_e_lZ rbjhdh ijbf_gy_lky \
h[jZ[hld_ bah[jZ`_gbc/ jZkihagZ\Zgbb h[jZah\/
]_hf_ljbq_kdhf fh^_ebjh\Zgbb b \bamZebaZpbb [1-6].

>ey jZkljh\uo [bgZjguo bah[jZ`_gbc +J;B,
iehkdbo h[t_dlh\ ljZ^bpbhggh bkihevam_lky jZkljh\h_
ij_^klZ\e_gb_ kd_e_lZ1 H^gZdh/ ^ey J;B kh keh`ghc
]jZgbp_c _]h g_ \k_]^Z m^Z_lky dhjj_dlgh hij_^_eblv b
ihkljhblv1 Djhf_ lh]h/ ^ey J;B k gbadbf jZaj_r_gb_f
jZkljh\uc kd_e_l qZklh y\ey_lky fZehbgnhjfZlb\guf
b g_lhqguf1

G_ij_ju\guc kd_e_l hij_^_ey_lky ^ey h[eZkl_c/
aZ^Zgguo ©g_ij_ju\ghª/ l1_1 lZdbo/ qvy ]jZgbpZ
hibku\Z_lky \ \b^_ g_ij_ju\guo +h[uqgh ehfZguo,
ebgbc1 G_ij_ju\guc kd_e_l bf__l kljh]h_

fZl_fZlbq_kdh_ hibkZgb_/ y\ey_lky \_kvfZ
bgnhjfZlb\guf1

< gZklhys_c jZ[hl_ jZkkfZljb\Z_lky aZ^ZqZ
ihkljh_gby ^ey J;B g_ij_ju\gh]h kd_e_lZ1
Ij_^eZ]Z_fuc ih^oh^ \dexqZ_l j_r_gb_ ^\mo aZ^Zq=
ZiijhdkbfZpbx bkoh^gh]h J;B iheb]hgZevghc
h[eZklvx k g_ij_ju\ghc ]jZgbp_c +aZ^ZqZ
hdhglmjb\Zgby,/ b ihkljh_gb_ g_ij_ju\gh]h kd_e_lZ
iheb]hgZevghc h[eZklb +aZ^ZqZ kd_e_lbaZpbb).
LjZ^bpbhggu_ f_lh^u hdhglmjb\Zgby J;B iehoh

jZ[hlZxl \ keh`guo mkeh\byo= ijb kbevgh ba\bebklhc
]jZgbp_ b keh`ghc lhiheh]bb jZkljh\uo h[t_dlh\1
Ba\_klgu_ f_lh^u kd_e_lbaZpbb keh`ghc
iheb]hgZevghc h[eZklb >5/6/9@ \_kvfZ ]jhfha^db b
keh`gu ^ey j_ZebaZpbb1 < gZklhys_c jZ[hl_
ij_^eZ]Z_lky ijhklhc b gZ^_`guc f_lh^ j_r_gby
^Zgghc aZ^Zqb ^ey J;B ijhba\hevghc keh`ghklb1

2. :IIJHDKBFBJMXS:Y
IHEB=HG:EVG:Y H;E:KLV
FBGBF:EVGH=H I?JBF?LJ:
G_ l_jyy h[sghklb/ ih^ [bgZjguf jZkljh\uf

bah[jZ`_gb_f +J;B, [m^_f ihgbfZlv fZljbpm ba
q_jguo b [_euo lhq_d/ \ dhlhjhc h[t_dl aZ^Z_lky
q_jgufb lhqdZfb jZkljZ/ Z nhg 0 [_eufb lhqdZfb1

Iheb]hgZevghc h[eZklvx +IH, gZau\Z_lky
h]jZgbq_ggZy h[eZklv/ ]jZgbpZ dhlhjhc hibku\Z_lky
dhg_qguf qbkehf g_i_j_k_dZxsboky ijhkluo
iheb]hgh\1

Iheb]hgZevgZy h[eZklv Ziijhdkbfbjm_l J;B/
_keb ijb gZeh`_gbb \k_ q_jgu_ lhqdb jZkljZ g_ e_`Zl
\g_ h[eZklb/ Z \k_ [_eu_ lhqdb jZkljZ g_ e_`Zl \gmljb
h[eZklb +jbk14,1 Hq_\b^gh/ qlh ^ey h^gh]h b lh]h `_
J;B fh`gh ihkljhblv [_kdhg_qgh_ qbkeh
Ziijhdkbfbjmxsbo iheb]hgZevguo h[eZkl_c1 H^gZdh/
kj_^b gbo kms_kl\m_l _^bgkl\_ggZy h[eZklv/ ^ey
dhlhjhc ^hklb]Z_lky fbgbfZevgh_ agZq_gb_
kmffZjgh]h i_jbf_ljZ ]jZgbqguo iheb]hgh\1 G_
\^Z\Zykv \ kljh]h_ ^hdZaZl_evkl\h/ aZf_lbf/ qlh wlhl
nZdl bglmblb\gh ke_^m_l ba ijhklhc nbabq_kdhc
fh^_eb1 Ij_^klZ\bf J;B \ \b^_ q_jguo b [_euo
]\ha^_c/ \[bluo \ ^hkdm/ Z ]jZgbpm h[eZklb 0 \ \b^_
j_abgh\uo aZfdgmluo gbl_c/ ijhlygmluo f_`^m
jZaghp\_lgufb ]\ha^yfb1 Lh]^Z ijb kly]b\Zgbb
j_abgdb aZcfml iheh`_gb_/ khhl\_lkl\mxs__
iheb]hgZf fbgbfZevghc ^ebgu1



LZdbf h[jZahf/ hdhglmjb\Zgb_ khklhbl \
gZoh`^_gbb aZfdgmluo ehfZguo fbgbfZevghc ^ebgu/
jZa^_eyxsbo \k_ iZju jZaghp\_lguo kf_`guo lhq_d
jZkljZ b g_ jZa^_eyxsbo iZju h^ghp\_lguo kf_`guo
lhq_d1

DZd aZ^Zlv kf_`ghklv ^ey lhq_d jZkljZ/ qlh[u
dhjj_dlgh \uihegblv jZa^_e_gb_" Hij_^_e_gby
kf_`ghklb q_j_a 70 beb ;0kf_`ghklv g_ iha\heyxl
dhjj_dlgh jZa^_eblv lhqdb \ kblmZpbyo \jh^_
ij_^klZ\e_gghc gZ jbk151 Ijb 70kf_`ghklb gb h^gZ ba
iZj lhq_d p b s, q b r g_ y\ey_lky kf_`ghc/ Z ijb ;0
kf_`ghklb 0 h[_ iZju y\eyxlky kf_`gufb1 B \ lhf/ b \
^jm]hf kemqZ_ g_\hafh`gh jZa^_eblv jZaghp\_lgu_
lhqdb ebgbyfb [_a i_j_k_q_gbc lZd/ qlh[u kf_`gu_

h^ghp\_lgu_ lhqdb e_`Zeb ih h^gm klhjhgm hl ebgbb1
Ihwlhfm \\_^_f gZ fgh`_kl\_ lhq_d jZkljZ

©g_kbff_ljbqgh_ª hlghr_gb_ kf_`ghklb1 Imklv ^ey
q_jghc lhqdb khk_^yfb y\eyxlky \k_ ;0kf_`gu_ lhqdb/
Z ^ey [_ehc 0 \k_ 70kf_`gu_ lhqdb1 Lh]^Z dhjj_dlgh_
jZa^_e_gb_ lhq_d \ ijbf_j_ gZ jbk15 klZgh\blky
\hafh`guf 0 hgh ihdZaZgh kiehrgufb ebgbyfb1
IhdZaZggh_ imgdlbjhf jZa^_e_gb_ 0 g_\hafh`gh/
ihkdhevdm lhqdb p b s y\eyxlky kf_`gufb1 LZdbf
h[jZahf/ h^ghagZqgh hij_^_ey_lky lhiheh]bq_kdZy
kljmdlmjZ jZa^_eyxsbo ebgbc1

>ey ihkljh_gby Ziijhdkbfbjmxs_c
iheb]hgZevghc h[eZklb fbgbfZevgh]h i_jbf_ljZ

ij_^eZ]Z_lky f_lh^/ \dexqZxsbc ljb wlZiZ= ihbkd/
ijhke_`b\Zgb_ b \uly]b\Zgb_ ]jZgbpu1

3. IHBKD =J:GBPU
=jZgbqghc lhqdhc gZ jZklj_ gZau\Z_lky lhqdZ/

bf_xsZy kf_`gmx lhqdm ^jm]h]h p\_lZ1 Fgh`_kl\h
\k_o ]jZgbqguo lhq_d y\ey_lky ]jZgbp_c J;B1 Wlh
fgh`_kl\h fh`_l khklhylv ba g_kdhevdbo k\yaguo
ih^fgh`_kl\/ khhl\_lkl\mxsbo hl^_evguf aZfdgmluf
dhglmjZf ]jZgbpu1 Ih^ ihbkdhf ]jZgbpu [m^_f
ihgbfZlv aZ^Zqm h[gZjm`_gby h^ghc iZju kf_`guo
jZaghp\_lguo lhq_d ^ey dZ`^h]h ]jZgbqgh]h dhglmjZ1
Ihbkd lZdbo iZj fh`_l \uihegy_lky ihkljhqguf
kdZgbjh\Zgb_f J;B1 DZ`^Zy gZc^_ggZy iZjZ
ihke_^h\Zl_evguo jZaghp\_lguo lhq_d \ kljhd_
k\b^_l_evkl\m_l h gZebqbb ]jZgbqgh]h dhglmjZ1 Ijb
gZoh`^_gbb lZdhc iZju \dexqZ_lky Ze]hjblf
ijhke_`b\Zgby ]jZgbpu/ hibkZgguc \ ke_^mxs_f
jZa^_e_/ dhlhjuc \uy\ey_l \k_ ]jZgbqgu_ lhqdb/
h[jZamxsb_ ^Zgguc dhglmj1 Ihke_ aZ\_jr_gby
ijhke_`b\Zgby h[gZjm`_ggh]h dhglmjZ ihbkdh\h_
kdZgbjh\Zgb_ J;B ijh^he`Z_lky k lh]h f_klZ/ ]^_ [ueZ
gZc^_gZ ]jZgbqgZy iZjZ lhq_d1 Ijhp_kk ihbkdZ
aZ\_jrZ_lky/ dh]^Z aZdZgqb\Z_lky ihkljhqgh_
kdZgbjh\Zgb_1

>ey lh]h/ qlh[u ij_^hl\jZlblv ih\lhjgh_
ijhke_`b\Zgb_ h^gbo b l_o `_ dhglmjh\/ gZqbgZy k
jZaguo ]jZgbqguo iZj/ g_h[oh^bfh ihf_lblv \k_

]jZgbqgu_ lhqdb/ \uy\e_ggu_ \ ijhp_kk_
ijhke_`b\Zgby1 K mq_lhf wlh]h gh\uc dhglmj
kqblZ_lky h[gZjm`_gguf/ _keb \ kljhd_ gZc^_gZ iZjZ
kf_`guo jZaghp\_lguo lhq_d/ ohly [u h^gZ ba dhlhjuo
g_ ihf_q_gZ1 Ihf_ldZ h[gZjm`_gguo ]jZgbqguo lhq_d
fh`_l [ulv \uiheg_gZ k ihfhsvx \kihfh]Zl_evghc
fZljbpu lh]h `_ jZaf_jZ/ qlh b J;B1 < gZqZevguc
fhf_gl \k_ lhqdb wlhc fZljbpu bf_xl [_euc p\_l/ Z \
ijhp_kk_ ijhke_`b\Zgby lhqdb/ khhl\_lkl\mxsb_
\uy\e_gguf ]jZgbqguf lhqdZf J;B/ aZdjZrb\Zxlky
q_jguf p\_lhf1

LZdbf h[jZahf/ \k_ dhglmjZ [m^ml gZc^_gu aZ
h^bg ijhkfhlj J;B b ijb wlhf gb h^bg ba dhglmjh\ g_
[m^_l ijhke_`_g ^\Z`^u1 < ijbf_j_/ ij_^klZ\e_gghf
gZ jbk16/ ihke_^h\Zl_evgh h[gZjm`b\Zxlky dhglmjZ
4/5/6 ijb ihkljhqghf kdZgbjh\Zgbb J;B kgbam \\_jo1
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4. IJHKE?@B<:GB? =J:GBPU
Ijhke_`b\Zgb_ dhglmjZ gZqbgZ_lky k

h[gZjm`_gghc ]jZgbqghc iZju 0 ^\mo kf_`guo
jZaghp\_lguo lhq_d/ e_`Zsbo \ h^ghc kljhd_ J;B1
L_dmsmx iZjm jZaghp\_lguo kf_`guo lhq_d [m^_f
gZau\Zlv ke_^ys_c iZjhc1 >ey ke_^ys_c iZju aZ^Z_lky
gZijZ\e_gb_ hl q_jghc lhqdb d [_ehc1 Ijhp_kk
ijhke_`b\Zgby khklhbl \ ihke_^h\Zl_evghf
i_j_f_s_gbb h^gh]h dhgpZ ke_^ys_c iZju \ gh\mx
lhqdm/ e_`Zsmx hl iZju ke_\Z1 Wlh h[_ki_qb\Z_l h[oh^
dhglmjh\ lZdbf h[jZahf/ qlh q_jguc h[t_dl
hdZau\Z_lky ke_\Z hl ]jZgbpu/ Z [_euc nhg 0 kijZ\Z1

GZ dZ`^hf rZ]_ ijhke_`b\Zgby ZgZebabjm_lky
h^gZ gh\Zy ijh[gZy lhqdZ/ kf_`gZy k h[_bfb lhqdZfb
iZju/ Z aZl_f wlZ lhqdZ aZf_sZ_l \ ke_^ys_c iZj_
lhqdm lh]h `_ p\_lZ/ qlh b hgZ kZfZ1 Ijb wlhf ijh[gZy
lhqdZ hij_^_ey_lky h^ghagZqgh ba ke_^mxsbo

khh[jZ`_gbc1 JZkkfhljbf \k_
fgh`_kl\h ;0kf_`guo lhq_d ^ey q_jghc
lhqdb ke_^ys_c iZju +jbk17,1 ;_eZy
lhqdZ ke_^ys_c iZju \oh^bl \ wlh
fgh`_kl\h1 < dZq_kl\_ hq_j_^ghc
ijh[ghc lhqdb \u[_j_f ke_^mxsmx aZ
wlhc [_ehc lhqdhc \ iheh`bl_evghf

gZijZ\e_gbb h[oh^Z +ijhlb\ qZkh\hc klj_edb,1 <k_
\hafh`gu_ \ZjbZglu \u[hjZ ijh[ghc lhqdb ijb
jZaebqguo iheh`_gbyo ke_^ys_c iZju ij_^klZ\e_gu
gZ jbk181 L_dms__ iheh`_gb_ ke_^ys_c iZju ihdZaZgh
kiehrghc ebgb_c/ Z \hafh`gu_ gh\u_ iheh`_gby \
aZ\bkbfhklb hl p\_lZ ijh[ghc lhqdb 0 imgdlbjhf1

Imklv +S/T, 0 ke_^ys_c iZju/ p=(px,py, 0 q_jgZy/ Z
q=(qx, qy, 0 [_eZy lhqdb1 Ijh[gZy lhqdZ U  +rx,ry, bs_lky
ke_^mxsbf h[jZahf1 ?keb lhqdb ke_^ys_c iZju e_`Zl
\ h^ghf klhe[p_ beb \ h^ghc kljhd_/ lh gh\Zy ijh[gZy
lhqdZ \u[bjZ_lky k dhhj^bgZlZfb

rx=qx+py-qy,  ry=qy+qx-px.
< ijhlb\ghf kemqZ_ ijh[gZy lhqdZ bf__l dhhj^bgZlu

 rx=(px+qx+py-qy)/2,  ry=(py+qy-px+qx)/2.
LZdbf h[jZahf/ ihke_^h\Zl_evgh_ i_j_f_s_gb_

ke_^ys_c iZju iha\hey_l \u^_eblv \k_ ]jZgbqgu_
lhqdb/ khhl\_lkl\mxsb_ h^ghfm ]jZgbqghfm dhglmjm1
Ijhp_kk ijhke_`b\Zgby aZ\_jrZ_lky/ dh]^Z ke_^ysZy
iZjZ \_jg_lky \ bkoh^gh_ iheh`_gb_/ l1_1 lh/ k dhlhjh]h
gZqbgZ_lky ijhke_`b\Zgb_1

AZf_lbf/ qlh ^\Z ihke_^h\Zl_evguo iheh`_gby
ke_^ys_c iZju \k_]^Z h[jZamxl ijyfhm]hevguc
jZ\ghklhjhggbc lj_m]hevgbd1 Ihwlhfm fZjrjml
ijhke_`b\Zgby fh`gh bgl_jij_lbjh\Zlv/ dZd
ihke_^h\Zl_evghklv iheh`_gbc lj_m]hevgbdZ/
©i_j_dZlu\Zxs_]hkyª \^hev ]jZgbpu J;B +jbk19,1

5. <ULY=B<:GB? =J:GBPU
Ihemq_ggu_ \ j_amevlZl_ ijhke_`b\Zgby lhqdb

h[jZamxl mihjy^hq_gguc kibkhd1 Ihke_^h\Zl_evgh
kh_^bgb\ f_`^m kh[hc hl^_evgh q_jgu_ b [_eu_ lhqdb
wlh]h kibkdZ/ ihemqbf aZfdgmluc dhjb^hj/ e_\Zy kl_gZ
dhlhjh]h khklhbl ba q_jguo lhq_d/ Z ijZ\Zy 0 ba [_euo
+jbk19,1 :iijhdkbfbjmxsbc g_ij_ju\guc dhglmj
]jZgbpu bs_lky/ dZd iheb]hg fbgbfZevgh]h
i_jbf_ljZ/ e_`Zsbc \gmljb dhjb^hjZ b jZa^_eyxsbc
jZaghp\_lgu_ klhjhgu dhjb^hjZ1

Hq_\b^gh/ qlh \_jrbgu iheb]hgZ fbgbfZevgh]h
i_jbf_ljZ kh^_j`Zlky kj_^b fgh`_kl\Z ]jZgbqguo
lhq_d dhjb^hjZ1 LZdb_ lhqdb \ ]jZgbp_ dhjb^hjZ/ gZ
dhlhju_ hibjZ_lky j_abgh\Zy gblv ijb gZly`_gbb/
gZah\_f m]eh\ufb1 AZ^ZqZ k\h^blky d ihbkdm
ihke_^h\Zl_evguo m]eh\uo lhq_d1

JZkkfhljbf gZqZevgh_ iheh`_gb_ ke_^ys_c iZju
0 ^\_ kf_`gu_ lhqdb \ h^ghc kljhd_ +jbk16,1 Hq_\b^gh/
qlh \lhjZy lhqdZ wlhc iZju \k_]^Z y\ey_lky m]eh\hc1
LZdbf h[jZahf/ gZqZevgZy m]eh\Zy lhqdZ hij_^_ey_lky
kjZam1 >Ze__ aZf_lbf/ qlh ^\_ ihke_^h\Zl_evgu_
m]eh\u_ lhqdb \ iheb]hg_ fbgbfZevgh]h i_jbf_ljZ
^he`gu kh_^bgylvky hlj_adhf ijyfhc ebgbb/ p_ebdhf
e_`Zsbf \gmljb dhjb^hjZ1 Wlh agZqbl/ qlh _keb
gZc^_gZ hq_j_^gZy +\ qZklghklb/ gZqZevgZy, m]eh\Zy
lhqdZ/ lh ke_^mxsmx m]eh\mx lhqdm gm`gh bkdZlv/ dZd
lhqdm/ e_`Zsmx hl g__ ©\ ijyfhc \b^bfhklbª \gmljb
dhjb^hjZ1

<\_^_f ihgylb_ ©m]eZ h[ahjZª ^ey m]eh\hc lhqdb1
< gZqZevguc fhf_gl +^ey gZc^_gghc hq_j_^ghc
m]eh\hc lhqdb, hg jZ\_g 693° b gbq_f g_ h]jZgbq_g1
>Ze__ ihke_^h\Zl_evgh jZkkfZljb\Zxlky ]jZgbqgu_
lhqdb dhjb^hjZ/ e_`Zsb_ \ kibkd_ ijhke_`b\Zgby
ihke_ m]eh\hc lhqdb1 Ijb wlhf m]he h[ahjZ
dhjj_dlbjm_lky ih ke_^mxsbf ijZ\beZf +jbk1:,1
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41 ?keb ijh[gZy lhqdZ e_`bl \gmljb m]eZ h[ahjZ/
lh m]he h[ahjZ ih^e_`bl dhjj_dpbb +jbk1:a,b,1 Ijb
wlhf _keb ijh[gZy lhqdZ q_jgZy +jbk1:a,/ hgZ
h[ty\ey_lky e_\hc ]jZgbp_c m]eZ h[ahjZ/ _keb [_eZy
+jbk1:b, 0 ijZ\hc ]jZgbp_c1

51 ?keb [_eZy lhqdZ e_`bl \g_ m]eZ h[ahjZ ke_\Z hl
_]h e_\hc djhfdb +jbk1:c,/ lh q_jgZy lhqdZ/
hij_^_eyxsZy e_\mx djhfdm/ h[ty\ey_lky gh\hc
m]eh\hc lhqdhc1 :gZeh]bqgh/ _keb q_jgZy lhqdZ e_`bl
\g_ m]eZ h[ahjZ kijZ\Z hl _]h ijZ\hc djhfdb +jbk1:d),
lh [_eZy lhqdZ/ hij_^_eyxsZy ijZ\mx djhfdm/
h[ty\ey_lky gh\hc m]eh\hc lhqdhc1

61 <h \k_o hklZevguo kemqZyo +jbk1:e,f). m]he
h[ahjZ g_ dhjj_dlbjm_lky1

GZ hkgh\Zgbb wlbo ijZ\be ihke_^h\Zl_evgh
\uy\eyxlky \k_ m]eh\u_ lhqdb1 Ijb wlhf kibkhd lhq_d
dhjb^hjZ jZkkfZljb\Z_lky dZd pbdebq_kdbc1 Ijhp_kk
aZ\_jrZ_lky/ dh]^Z gZqZevgZy m]eh\Zy lhqdZ \gh\v
\u[_j_lky \ dZq_kl\_ m]eh\hc +Z g_ \ dZq_kl\_ ijh[ghc,1

HibkZggu_ ijZ\beZ iheghklvx aZ^Zxl Ze]hjblf
©\uly]b\Zgby ]jZgbpuª1 Ihke_^h\Zl_evgh_
ijbf_g_gb_ Ze]hjblfh\ ihbkdZ/ ijhke_`b\Zgby b
\uly]b\Zgby dhglmjh\ h[_ki_qb\Z_l ihkljh_gb_
Ziijhdkbfbjmxs_c IH ^ey bkoh^gh]h J;B.

GZ jbk1; ijb\_^_g ijbf_j/ beexkljbjmxsbc
dhg_qguc j_amevlZl jZ[hlu Ze]hjblfZ hdhglmjb\Zgby=
bkoh^gh_ J;B b ihkljh_ggZy ZiijhdkbfbjmxsZy IH1

6. KD?E?L IHEB=HG:EVGHC H;E:KLB
Kd_e_lhf IH gZau\Z_lky ]_hf_ljbq_kdh_ f_klh

lhq_d gZ _\deb^h\hc iehkdhklb/ bf_xsbo g_ f_g__
^\mo [eb`Zcrbo lhq_d gZ ]jZgbp_ IH1 QZklv kd_e_lZ/
e_`ZsZy \gmljb IH/ h[jZam_l \gmlj_ggbc kd_e_l/ Z
qZklv/ e_`ZsZy \g_ IH 0 \g_rgbc kd_e_l h[eZklb1

KZclhf gZau\Z_lky fgh`_kl\h lhq_d gZ
_\deb^h\hc iehkdhklb/ khklhys__ eb[h ba h^ghc lhqdb
(kZcl0lhqdZ,/ eb[h ba \gmlj_ggbo lhq_d hlj_adZ
ijyfhc +kZcl0k_]f_gl,1 Ijyfhebg_cguc hlj_ahd gZ
_\deb^h\hc iehkdhklb fh`gh ij_^klZ\blv \ \b^_
kh\hdmighklb lj_o g_i_j_k_dZxsboky kZclh\= ^\mo
dhgp_\uo lhq_d b h^gh]h k_]f_glZ1 KZcl0lhqdZ b kZcl0
k_]f_gl/ ijbgZ^e_`Zsb_ h^ghfm b lhfm `_ hlj_adm/
gZau\Zxlky khk_^gbfb.

JZkkfhljbf dhg_qgh_ fgh`_kl\h ijyfhebg_cguo
hlj_adh\ gZ _\deb^h\hc iehkdhklb/ i_j_k_dZxsboky/
\hafh`gh/ ebrv \ dhgp_\uo lhqdZo/ b gZah\_f
dhee_dpb_c kZclh\ kh\hdmighklv \k_o kZclh\/
khklZ\eyxsbo wlb hlj_adb1 ?keb ^\Z hlj_adZ
i_j_k_dZxlky/ lh hgb bf_xl h[sbc kZcl0lhqdm1
AZf_lbf/ qlh ^ey dZ`^h]h kZclZ0k_]f_glZ \ dhee_dpbx
h[yaZl_evgh \oh^yl khk_^gb_ kZclu0lhqdb1 =jZgbpZ IH
y\ey_lky qZklguf kemqZ_f lZdh]h fgh`_kl\Z hlj_adh\1

Imklv 6 ± dhee_dpby kZclh\1
H[hagZqbf dp : R

2 → 5 ± _\deb^h\h jZkklhygb_ hl
lhqdb ]∈R2 ^h kZclZ p∈S:

dp(z)= inf x∈p ||x-z||, z∈R2,
Z d : R2 → 5 ± _\deb^h\h jZkklhygb_ hl lhqdb \ 52 ^h
dhee_dpbb kZclh\ 6=

d(z)= min p∈S dp(z), z∈R2.
KZcl S gZau\Z_lky [eb`Zcrbf d lhqd_ ]∈R2/ _keb

\ ex[hc ε0hdj_klghklb lhqdb ] gZc^_lky lhqdZ ]′ lZdZy/

Gh\Zy m]eh\Zy
lhqdZ

(c)
Gh\Zy m]eh\Zy
lhqdZ

(d)

Gh\uc m]he
h[ahjZ

(a) Gh\uc m]he
h[ahjZ

(b)

(e)
(f)

Jbk1:1

Jbk1;1



qlh d(z′) = dp+], b ijh_dpby lhqdb ]′ gZ kZcl p
ijbgZ^e_`bl p.

< ijbf_j_ gZ jbk1< \ dhee_dpbb ba lj_o kZclh\
S={p1,p2,p3` [eb`Zcrbf ^ey lhqdb ]1 y\ey_lky kZcl S1,
^ey ]2 ± kZcl S2/ Z ^ey ]3 0 kZclu S2 b S3.

K_j_^bgghc hkvx iZju kZclh\ gZau\Z_lky
fZdkbfZevgh_ k\yagh_ fgh`_kl\h lhq_d/ ^ey dhlhjuo
wlb kZclu y\eyxlky [eb`Zcrbfb1 K_j_^bggZy hkv iZju
kZclh\ \ dhee_dpbb e_]dh fh`_l [ulv ihkljh_gZ
f_lh^Zfb ZgZeblbq_kdhc ]_hf_ljbb1 >ey iZju ©lhqdZ0
lhqdZª 0 wlh ijyfZy ebgby/ emq beb hlj_ahd1 ?keb h[Z
kZclZ 0 k_]f_glu/ lh bo k_j_^bggZy hkv y\ey_lky
hlj_adhf ijyfhc1 : ^ey iZju ©lhqdZ0k_]f_glª
k_j_^bggZy hkv y\ey_lky hlj_adhf iZjZ[heu k kZclhf0
lhqdhc \ dZq_kl\_ nhdmkZ b kZclhf0k_]f_glhf \
dZq_kl\_ ^bj_dljbkku1

Ba\_klgh >9@/ qlh kd_e_l IH kh\iZ^Z_l k
fgh`_kl\hf k_j_^bgguo hk_c \k_o iZj kZclh\/ g_
y\eyxsboky khk_^gbfb/ Z lZd`_/ qlh h[s__ qbkeh
k_j_^bgguo hk_c dhee_dpbb kZclh\ bf__l ihjy^hd
2+1,/ ]^_ 1 0 dhebq_kl\h kZclh\ \ dhee_dpbb1 Wlh
hagZqZ_l/ qlh kd_e_l IH fh`_l [ulv ihemq_g aZ \j_fy
2+1, ba fgh`_kl\Z k_j_^bgguo hk_c dhee_dpbb kZclh\/
khklZ\e_gghc ba ]jZgbqguo dhglmjh\ IH1
Ke_^h\Zl_evgh/ aZ^ZqZ kd_e_lbaZpbb IH k\h^blky d
i_j_qbke_gbx \k_o iZj kZclh\ wlhc dhee_dpbb/
bf_xsbo g_imklu_ k_j_^bggu_ hkb1

Ba\_klgu_ Ze]hjblfu kd_e_lbaZpbb IH hkgh\Zgu
gZ lhf/ qlh fgh`_kl\h k_j_^bgguo hk_c h[jZam_l
^bZ]jZffm <hjhgh]h dhee_dpbb kZclh\/ qlh iha\hey_l
k\_klb aZ^Zqm kd_e_lbaZpbb d ihkljh_gbx ^bZ]jZffu
<hjhgh]h [1]1 H^gZdh/ wnn_dlb\gu_ O(NlogN)
Ze]hjblfu j_r_gby wlhc aZ^Zqb/ hibkZggu_ \ >5/6/9@/
kebrdhf keh`gu ^ey iheghfZkrlZ[ghc j_ZebaZpbb1
Ij_^eZ]Z_fuc gb`_ [he__ ijhklhc f_lh^/ h[eZ^Zxsbc
lZdhc `_ wnn_dlb\ghklvx/ hkgh\Zg gZ
g_ihkj_^kl\_gghf i_j_qbke_gbb iZj kZclh\/ bf_xsbo
g_ljb\bZevgu_ k_j_^bggu_ hkb1

7. H;H;S?GG:Y LJB:G=MEYPBY
>?EHG?

Imkluf djm]hf \ dhee_dpbb kZclh\ gZau\Z_lky
djm]/ \gmljb dhlhjh]h g_ kh^_j`blky gb h^ghc lhqdb/
ijbgZ^e_`Zs_c dZdhfm0eb[h kZclm1 Imklhc djm]
gZau\Z_lky dZkZl_evguf d kZclm/ _keb wlhl kZcl
y\ey_lky [eb`Zcrbf d p_gljm djm]Z b jZkklhygb_ hl
p_gljZ djm]Z ^h kZclZ jZ\gh jZ^bmkm djm]Z1 Imklhc
djm] y\ey_lky dZkZl_evguf d kZclm0lhqd_/ _keb wlZ

lhqdZ e_`bl gZ ]jZgbp_ djm]Z/ Z d kZclm0k_]f_glm/ _keb
ijyfZy/ kh^_j`ZsZy k_]f_gl/ y\ey_lky dZkZl_evghc d
djm]m1

>\Z kZclZ gZau\Zxlky kf_`gufb/ _keb
kms_kl\m_l imklhc djm]/ dZkZxsbcky bo h[hbo b g_
dZkZxsbcky ^jm]bo kZclh\ \ dhee_dpbb1 Hq_\b^gh/ qlh
khk_^gb_ kZclu \k_]^Z y\eyxlky kf_`gufb1

P_glj imklh]h djm]Z/ dZkZxs_]hky ^\mo kf_`guo
kZclh\/ e_`bl gZ k_j_^bgghc hkb wlhc iZju kZclh\1
Ke_^h\Zl_evgh/ gZebqb_ g_ljb\bZevghc +g_imklhc,
k_j_^bgghc hkb ^ey iZju kZclh\ \ dhee_dpbb
wd\b\Ze_glgh bo kf_`ghklb1 Hlghr_gb_ kf_`ghklb gZ
fgh`_kl\_ kZclh\ aZ^Z_l _kl_kl\_gguf h[jZahf ]jZn
kf_`ghklb/ \_jrbgZfb dhlhjh]h y\eyxlky kZclu/ Z
j_[jZfb ± iZju kf_`guo kZclh\1 Ihwlhfm aZ^ZqZ
ihkljh_gby kd_e_lZ IH k\h^blky d ihkljh_gbx lZdh]h
]jZnZ kf_`ghklb1

< lhf kemqZ_/ dh]^Z dhee_dpby kZclh\ khklhbl
lhevdh ba kZclh\0lhq_d/ ]jZn kf_`ghklb y\ey_lky
h[uqghc ljbZg]meypb_c >_ehg_ >8@1 Ihwlhfm ^ey
h[s_]h kemqZy/ dh]^Z dhee_dpby kZclh\ \dexqZ_l djhf_
lhq_d _s_ b k_]f_glu/ [m^_f gZau\Zlv ]jZn kf_`ghklb
h[h[s_gghc ljbZg]meypb_c >_ehg_ (HL>,1

GZ jbk143 ijb\_^_g ijbf_j dhee_dpbb kZclh\
+jbk143a, b khhl\_lkl\mxs_c ^bZ]jZffhc HL>
+jbk143b,1 GZ ^bZ]jZff_ HL> kZclu0lhqdb
bah[jZ`Zxlky djm`dZfb k p_gljZfb \ wlbo lhqdZo/ Z
kZclu0k_]f_glu ± d\Z^jZlbdZfb k p_gljZfb \
k_j_^bgZo k_]f_glh\1 J_[jZ HL> bah[jZ`_gu
hlj_adZfb/ kh_^bgyxsbfb khhl\_lkl\mxsb_ \_jrbgu1

8. IHKLJH?GB? LJB:G=MEYPBB
Ij_^eZ]Z_fuc f_lh^ hkgh\Zg gZ iehkdhf

aZf_lZgbb >:@1 < >5/8@ wlZ b^_y bkihevah\ZeZkv ^ey
ihkljh_gby ^bZ]jZffu <hjhgh]h1 Ij_^eZ]Z_fuc f_lh^
ihkljh_gby HL> ijb\h^bl d kms_kl\_ggh [he__
ijhklhfm Ze]hjblfm1

< f_lh^_ iehkdh]h aZf_lZgby bkihevamxlky ^\_
]eZ\gu_ kljmdlmju ^Zgguo= klZlmk aZf_lZxs_c ijyfhc
b kibkhd lhq_d kh[ulbc1 Imklv 9 ± \_jlbdZevgZy
aZf_lZxsZy ijyfZy1 JZkkfhljbf fgh`_kl\h l_o kZclh\/
dhlhju_ e_`Zl ke_\Z hl 9 iheghklvx/ eb[h qZklbqgh1
;m^_f gZau\Zlv imauj_f lhqdb [∈9 fZdkbfZevguc

p1

p2

p3

z1
z2 z3

Jbk19.

(a) (b)

Jbk110.



imklhc djm] &+[,/ dZkZxsbcky \_jlbdZeb 9 \ lhqd_ [ b
e_`Zsbc ke_\Z hl 91 < lhf kemqZ_/ _keb ke_\Z hl
\_jlbdZeb g_l gb h^gh]h kZclZ/ imaujv &+[,
ij_^klZ\ey_l kh[hc ihemiehkdhklv ± djm] [_kdhg_qgh]h
jZ^bmkZ1 DZ`^uc lZdhc imaujv dhg_qgh]h jZaf_jZ
dZkZ_lky h^gh]h beb g_kdhevdbo kZclh\ ke_\Z hl 91
;m^_f gZau\Zlv kZclu/ dhlhjuo dZkZ_lky imaujv &+[,/
pbjdmeyjZfb lhqdb [1 IjyfZy 9 jZa[b\Z_lky gZ
pbjdmeyjgu_ ahgu 0 k\yagu_ ih^fgh`_kl\Z lhq_d/
bf_xsbo h^bg b lhl `_ pbjdmeyj +jbk144,1 Khk_^gb_
pbjdmeyjgu_ ahgu koh^ylky \ lhqd_/ bf_xs_c ^\Z

pbjdmeyjZ1 KlZlmk aZf_lZxs_c ijyfhc hij_^_ebf dZd
mihjy^hq_ggmx kgbam \\_jo ihke_^h\Zl_evghklv
pbjdmeyjguo ahg1

Kf_`ghklv pbjdmeyjguo ahg \ klZlmk_
aZf_lZxs_c ijyfhc k\yaZgZ kh kf_`ghklvx kZclh\ \
HL>1 >\Z kZclZ y\eyxlky kf_`gufb \ HL> lh]^Z b
lhevdh lh]^Z/ dh]^Z kms_kl\m_l lZdh_ iheh`_gb_
aZf_lZxs_c ijyfhc/ ijb dhlhjhf khhl\_lkl\mxsb_
wlbf kZclZf pbjdmeyjgu_ ahgu y\eyxlky kf_`gufb1
Hlkx^Z ke_^m_l/ qlh ^ey \uy\e_gby \k_o kf_`guo
kZclh\ HL> ^hklZlhqgh hij_^_eblv \k_ kf_`gu_
pbjdmeyjgu_ ahgu gZ aZf_lZxs_c ijyfhc \ ijhp_kk_
iehkdh]h aZf_lZgby1

Ijb i_j_f_s_gbb aZf_lZxs_c ijyfhc ke_\Z
gZijZ\h ijhbkoh^bl \dexq_gb_ b bkdexq_gb_
pbjdmeyjguo ahg \ __ klZlmk1 Bf_ggh ijb gZklmie_gbb
wlbo kh[ulbc ijhbkoh^bl h[jZah\Zgb_ gh\uo kf_`guo
iZj pbjdmeyjguo ahg \ klZlmk_ b/ khhl\_lkl\_ggh/
kf_`guo iZj kZclh\ \ HL>1

JZkkfhljbf kljmdlmjm ^Zgguo/ j_Zebamxsmx
klZlmk aZf_lZxs_c ijyfhc1 >ey g__ ^he`gu [ulv
ij_^mkfhlj_gu hi_jZpbb/ iha\heyxsb_ \klZ\blv b
m^Zeblv pbjdmeyjgmx ahgm/ Z lZd`_ gZclb ahgm/
gZoh^ysmxky gZ^ beb ih^ aZ^Zgghc ahghc1 WlZ
kljmdlmjZ ^Zgguo/ ba\_klgZy dZd keh\Zjv/ fh`_l [ulv
j_Zebah\ZgZ lZdbf h[jZahf/ qlh \uiheg_gb_ mdZaZgguo
hi_jZpbc [m^_l hkms_kl\eylvky aZ \j_fy ORJ+0,/ ]^_ 0
± dhebq_kl\h we_f_glh\ \ klZlmk_ >;@1
< ijhp_kk_ i_j_f_s_gby aZf_lZxs_c ijyfhc
ihy\e_gb_ gh\hc pbjdmeyjghc ahgu \ klZlmk_
h[mkeh\e_gh l_f/ qlh hq_j_^ghc kZcl hdZau\Z_lky
iheghklvx eb[h qZklbqgh ke_\Z hl aZf_lZxs_c
ijyfhc1 : wlh ijhbkoh^bl ebrv \ fhf_glu
ijhoh`^_gby ijyfhc kZclh\0lhq_d1 Ke_^h\Zl_evgh/
lhqdZfb kh[ulbc/ k\yaZgguo k \dexq_gb_f gh\uo
pbjdmeyjguo ahg \ klZlmk/ y\eyxlky kZclu0lhqdb
bkoh^ghc dhee_dpbb1

L_i_jv hij_^_ebf/ dh]^Z pbjdmeyjgZy ahgZ
m^Zey_lky ba klZlmkZ aZf_lZxs_c ijyfhc1 LZdh_
kh[ulb_ \hagbdZ_l \ lhf kemqZ_/ dh]^Z ahgZ/
mf_gvrZykv ih f_j_ i_j_f_s_gby ijyfhc \ijZ\h/
\ujh`^Z_lky \ lhqdm +jbk145,1 Ij_^iheh`bf/ qlh ljb
kf_`gu_ pbjdmeyjgu_ ahgu V1,s2,s3 bf_xl \ dZq_kl\_
k\hbo pbjdmeyjh\ kZclu S1,p2,p3 khhl\_lkl\_ggh1 <
iheh`_gbb , aZf_lZxs_c ijyfhc \k_ ljb pbjdmeyjgu_
ahgu y\eyxlky g_\ujh`^_ggufb hlj_adZfb/ gh
kms_kl\m_l iheh`_gb_ ,,/ ]^_ ahgZ V2 \ujh`^Z_lky \
lhqdm1 H[hagZqbf Y12 b Y23 ]jZgbqgu_ lhqdb f_`^m
ahgZfb V1,s2 b V2,s31 Imaujv lhqdb Y12 dZkZ_lky kZclh\ S1

b S2/ Z imaujv lhqdb Y23 ± kZclh\ S2 b S31 Ba
g_ij_ju\ghklb aZf_lZgby ykgh/ qlh \ iheh`_gbb ,,
lhqdb Y12 b Y23 koh^ylky \ lhqd_ Y13 b bo imaujb
kh\iZ^Zxl ^jm] k ^jm]hf/ klZgh\ykv dZkZl_evgufb dh
\k_f lj_f kZclZf S1,p2,p31 Ke_^h\Zl_evgh/ kh[ulb_/
k\yaZggh_ k m^Ze_gb_f pbjdmeyjghc ahgu ba klZlmkZ/
ijhbkoh^bl \ fhf_gl/ dh]^Z aZf_lZxsZy ijyfZy
klZgh\blky dZkZl_evghc d imklhfm djm]m/ dZkZxs_fmky
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lj_o kZclh\1 Ihkdhevdm \k_ wlb ljb kZclZ e_`Zl ke_\Z
hl aZf_lZxs_c ijyfhc/ wlhl djm] fh`_l [ulv ihkljh_g
aZjZg__ \ ijhp_kk_ aZf_lZgby1

MdZaZggu_ khh[jZ`_gby ^Zxl \hafh`ghklv
hibkZlv kljmdlmjm ^Zgguo ^ey jZ[hlu kh kibkdhf lhq_d
kh[ulbc1 WlZ kljmdlmjZ ^he`gZ ih^^_j`b\Zlv
mihjy^hq_gguc kibkhd kh[ulbc b hi_jZpbb ihbkdZ
[eb`Zcr_]h kh[ulby/ Z lZd`_ \klZ\db b m^Ze_gby
lhqdb kh[ulby1 KljmdlmjZ ^Zgguo ©ijbhjbl_lgZy
hq_j_^vª h[_ki_qb\Z_l \uiheg_gb_ wlbo hi_jZpbc aZ
\j_fy 2+ORJ0,/ ]^_0 ± h[s__ qbkeh lhq_d kh[ulbc >;@1

LZdbf h[jZahf/ \ ijhp_kk_ aZf_lZgby iehkdhklb
\_jlbdZevx 9 \ dZ`^hc lhqd_ kh[ulby dhjj_dlbjm_lky
klZlmk1 L_ iZju pbjdmeyjguo ahg/ dhlhju_ klZgh\ylky
ijb wlhf kf_`gufb/ \uy\eyxlky/ Z khhl\_lkl\mxsb_
bf kZclu0pbjdmeyju h[ty\eyxlky kf_`gufb \ HL>1
Lhqdb kh[ulbc fh]ml [ulv ^\mo lbih\= kh[ulby0kZclu
b kh[ulby0imaujb1 Kh[ulb_0kZcl ijb\h^bl d
\dexq_gbx pbjdmeyjghc ahgu \ klZlmk/ Z kh[ulb_0
imaujv 0 d bkdexq_gbx1

Ijhp_kk ihkljh_gby HL> fh`_l [ulv ij_^klZ\e_g
ke_^mxsbf h[jZahf1 Ih f_j_ i_j_f_s_gby
aZf_lZxs_c ijyfhc ke_\Z gZijZ\h \k_ gh\u_ kZclu/
i_j_k_dZ_fu_ _x/ \dexqZxlky \ ljbZg]meypbx \f_kl_

k kha^Z\Z_fufb j_[jZfb1 Ihkljh_ggZy qZklv HL>/
e_`ZsZy ke_\Z hl 9/ h]jZgbq_gZ fgh`_kl\hf Zdlb\guo
j_[_j/ h[jZamxsbo aZfdgmluc dhglmj1 Ijb wlhf
dZ`^uc kZcl/ \oh^ysbc \ wlhl dhglmj/ y\ey_lky
pbjdmeyjhf ^ey g_dhlhjhc ahgu gZ ijyfhc 91 Ijb
i_j_k_q_gbb aZf_lZxs_c ijyfhc gh\h]h kZclZ
ihy\ey_lky gh\h_ Zdlb\gh_ j_[jh/ kh_^bgyxs__ wlhl
kZcl k l_f kZclhf0pbjdmeyjhf/ \ qvx ahgm gZ ijyfhc 9
wlhl gh\uc kZcl ihiZe +jbk146,1 < wlhf ijbf_j_ ke_\Z
hl aZf_lZxs_c ijyfhc bah[jZ`_gZ ihkljh_ggZy qZklv
^bZ]jZffu HL> +Z g_ dhee_dpby kZclh\,1

K dZ`^uf kh[ulb_f lbiZ ©imaujvª k\yaZg imklhc
djm]/ y\eyxsbcky dZkZl_evguf ^ey lj_o kZclh\ ke_\Z
hl aZf_lZxs_c \_jlbdZeb 91 Kh[ulb_ `_ khklhbl \
lhf/ qlh ijyfZy 9 dZkZ_lky wlh]h djm]Z kijZ\Z1
Ihkdhevdm djm] p_ebdhf i_j_r_e \ e_\mx
ihemiehkdhklv hl aZf_lZxs_c ijyfhc/ \ g_]h m`_ g_
fh]ml ihiZklv kZclu/ g_ \hr_^rb_ _s_ \

ljbZg]meypbx1 Ke_^h\Zl_evgh/ ljb kf_`guo kZclZ/
dZkZl_evguo d imklhfm djm]m/ h[jZamxl lj_m]hevgmx
]jZgv/ dhlhjmx fh`gh m\_j_ggh \dexqblv \
ljbZg]meypbx1 LZdbf h[jZahf/ ^\Z Zdlb\guo j_[jZ
ihemqZxl gh\mx bgpb^_glgmx ]jZgv b kha^Z_lky lj_lv_
+Zdlb\gh_, j_[jh wlhc ]jZgb1

HklZehkv jZkkfhlj_lv/ dZdbf h[jZahf h[jZamxlky
b mgbqlh`Zxlky kh[ulby0imaujb1 Wlh ijhbkoh^bl ijb
baf_g_gbb klZlmkZ aZf_lZxs_c ijyfhc1 Ijb
i_j_k_q_gbb aZf_lZxs_c ijyfhc gh\h]h kZclZ fh`_l
ijhbahclb ke_^mxs__=

1) Gh\uc kZcl fh`_l ihiZklv \gmljv h^gh]h ba
m`_ kms_kl\mxsbo imkluo djm]h\/ hij_^_eyxsbo
kh[ulb_0imaujv1 < lZdhf kemqZ_ wlhl djm] ^he`_g [ulv
jZajmr_g/ Z khhl\_lkl\mxs__ kh[ulb_ \u\_^_gh ba
hq_j_^b1

2) Gh\uc kZcl fh`_l h[jZah\Zlv \f_kl_ k iZjhc
kZclh\/ dhlhju_ e_`Zl \ur_ beb gb`_ _]h/ ljhcdm/
bf_xsmx imklhc djm]1 < wlhf kemqZ_ kh[ulb_0imaujv/
khhl\_lkl\mxs__ wlhfm djm]m/ \dexqZ_lky \ hq_j_^v1

<k_ hi_jZpbb/ k\yaZggu_ k \dexq_gb_f b
bkdexq_gb_f kh[ulbc/ \uihegyxlky aZ \j_fy 2+logN),
]^_ 1 0 dhebq_kl\h kZclh\ \ dhee_dpbb1 Ihkdhevdm
h[s__ dhebq_kl\h kh[ulbc khklZ\ey_l 2+1,/ ihegh_
\j_fy jZ[hlu Ze]hjblfZ kd_e_lbaZpbb [m^_l 2+NlogN).

GZ jbk147 ij_^klZ\e_g ihemq_gguc k ihfhsvx
hibkZggh]h Ze]hjblfZ \gmlj_ggbc kd_e_l IH/
bah[jZ`_gghc gZ jbk1;1

9. A:DEXQ?GB?
Ij_^eh`_gguc f_lh^ iha\hey_l ihkljhblv

g_ij_ju\guc kd_e_l ^ey ijhba\hevgh]h jZkljh\h]h
[bgZjgh]h bah[jZ`_gby1 < klZlv_ ij_^klZ\e_gh/ \

PbjdmeyjgZy
ahgZ kZclZ S/
\ dhlhjmx
ihiZ^Z_l
kZcl T

p
q

Dhglmj
Zdlb\guo
j_[_j

Gh\h_
Zdlb\gh_
j_[jh

Jbk143.

Jbk1471



hkgh\ghf/ kh^_j`Zl_evgh_ hibkZgb_ f_lh^Z/ g_dhlhju_
^hdZaZl_evkl\Z hims_gu \\b^m h]jZgbq_gghklb f_klZ1

GZ jbk148 ij_^klZ\e_g ijbf_j ijbf_g_gby
f_lh^Z= kdZgbjh\Zgguc njZ]f_gl jmdhibkgh]h l_dklZ
+jbk148D,/ ij_^klZ\eyxsbc kh[hc J;B/ b \
m\_ebq_gghf \b^_ _]h ]jZgbpu b \gmlj_ggbc
g_ij_ju\guc kd_e_l +jbk148E,1

F_lh^ iheghklvx j_Zebah\Zg b ijbf_gy_lky ijb
j_r_gbb ijZdlbq_kdbo aZ^Zq/ \ qZklghklb/ \ Ze]hjblfZo
Z\lhfZlbq_kdhc jZaf_ldb ijb kha^Zgbb dhfivxl_jguo
rjbnlh\/ Z lZd`_ ijb \hkklZgh\e_gbb ke_^Z i_jZ \
aZ^Zq_ ZgZebaZ kdZgbjh\Zggh]h jmdhibkgh]h l_dklZ1

JZ[hlZ \uiheg_gZ ijb ih^^_j`d_ Jhkkbckdh]h
Nhg^Z nmg^Zf_glZevguo bkke_^h\Zgbc +JNNB, 0
ijh_dl <9034033886 b :f_jbdZgkdh]h nhg^Z
]jZ`^Zgkdbo bkke_^h\Zgbc b jZajZ[hlhd +CRDF) -
]jZgl R2-133.
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The Continuous Skeleton of The Digital
Binary Image
Leonid Mestetskiy

Tver State university
Tver, Russia

Abstract

We consider the problem of  obtaining of the
continuous skeleton for the binary bitmap. Our approach
includes two phases: approximation of the binary bitmap by
polygonal region (contourization) and calculation of the
continuous skeleton for this region (skeletonization).

The simple and reliable method is presented for
arbitrary complicated images (with the winding boundary
and the complex topology of the image's shape).

The contourization problem is solved by search,
tracing and stretching of border contours. The first step is
the search of the pare of adjacent variegated points in  the
bitmap (search). The second step is tracing of all adjacent
variegated points connected with the same contour
(tracing). And the third step is calculation of the  minimum
perimeter polygon separating all adjacent variegated points
(stretching).

The skeletonization problem is solved by generalized
Delaunay triangulation - the dual graph for the Voronoi
diagram. The proposed approach allows to find all pares of
adjacent sites of the polygonal region’s boundary and
calculate their middle axes without Voronoi diagram
building.

Key words: binary image, continuous skeleton, generalized
Delaunay triangulation.
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