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dimensions according to subtree-subcube mapping.
Dense submatrices partitioned dynamically in two

2-D partitioning of matrix among processors.

Columns distributed via subtree-subcube mapping.

Column-wise 1-D partitioning of matrix.A:

D:

C:

B:

    (Np log(p))

Mapping:  Subtree-subcube

    (Np)

Scalability:

Mapping:  Global

Ω 1.5Scalability:     (p    )

Ω

1.5    (p    (log(p))  )

0.5Ω Θ 0.5    (Np     )    (Np     log(p))

Θ

A B

Ω

3

D

Mapping:  Global

C

Global Mapping Subtree-to-Subcube Mapping

Partitioning

in Both

Dimensions

Columnwise

Partitioning

Partitioning:  1-DPartitioning:  1-D

Communication overhead:Communication overhead:

Partitioning:  2-DPartitioning:  2-D

Communication overhead:Communication overhead:

    (p  )    ((p log(p))  ) ΩΩ 33Scalability: Scalability:

Mapping:  Subtree-subcube
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(c)  Frontal matrices at the second level of the elimination tree
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(b)  Update matrices after one step of elimination in each frontal matrix
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(f)  Update matrices after the third parallel extend-add operation
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(a)  Update matrices before the first parallel extend-add operation

(b)  Update matrices after the first parallel extend-add operation

(c)  Update matrices before the second parallel extend-add operation

(d)  Update matrices after the second parallel extend-add operation

(e)  Update matrices before the third parallel extend-add operation
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(d)  Update matrices before fourth parallel extend-add
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(c)  Update matrices before third parallel extend-add

(e)  Final distribution on 16 processors
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(b)  Subtree-submesh assignment of level-4 subtrees and the corresponding logical mesh for level-0 supernode
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(a)  Subtree-subcube assignment of level-4 subtrees and the corresponding logical mesh for level-0 supernode
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��j�qHeg�Ïz{nvz{j�pk�²z�~��Òfi��xbpkjdq�n9hkhkj,p9` �2'*)-� K g¦d·¹£K¢g§ÃC£V�Ï³�¯¬¿v£b«U¯ .u³ø¢C£#ÀW�K«½¢g«O¯»¤¹«U¯¬³i¢g§0��C±�ºK¦d«U¯´£! �b�	4 ö�� B 6dög¡����b�9�,����`

� �Hö�� ���»egl �(nvj,pi�,n�e,lbñ�a�j�hknvx�r�c	` ÿÕ��`��;��~;` ��g±�º#¦d«½¿v·0�ÏC§�¦d«U¯¬C£ê9"PXÃ¢C·Y �¿M�,º�¢g·s¤v¿ � �¤¹¯´«U¯ZG�¿1[�¿\.�£P¯´«½¿=�P¸�¤¹«½¿v±�¤ `���pinvl�fk�»q�nvÿ
��e,���U����aP�;�9�,����`

� �v¡�� ���»egl �(nHj,pi�,n��]a�j�hknvxbrSc	` ÿÕ��`=�;��~;��e,lbñ]�}hkz{j,lbñ �ø` ÿO�ø`÷���b`þtuj�zøz�~�l��»qvegfk��j,lSpinHñd~bq�fk��j,lS��l�xbe,pie,����nv��hkxbe,pihkn
tur�j���n9hy���Å|¬e,q¹fij,pi��ô9eCfi��j�l�j�l�eJr���xKnvpsq�~�òKn,`ÅYÕl�\õ`7^ `7��nHegfkr;� n9ñd�Òfij,p9�_^ ¸iºb¿�·k³v¦b°s¿`��¦d§�«O¯ º#·k9³i¿�¤s¤vC·s¤Ua�b�c5d �}xbe,�,n9h
� B 3�6��g��3b`���Y��>\õ�b�}r����»e,ñ�nv��x�r��»e����C���M�H�,� B `

� �9��� ���»egl �(nvj�pk��n,��a,j�hynHx�r�c	` ÿ½�.`��;��~;�geglbñ;�}hkz{j,lbñ/�ø` ÿU��`C���P`�tuj�z{z.~�l��»qvegfk��j,l�pinHhk~���fihM|©j,p7xbe,pie,����nv��hyxPegpshyn÷turbj,��nHhk���
|¬e,q�fkj�pk��ôHegfk��j,lêj�lðeør���xPnHpiqv~�òKn,`1� ¢g·k¢C§´§�¿v§M� g±�º#¦d«O¯´£2 �M�H�býOö���4 �,� B 6��g������\*e����H�,����`

� �,3��²a�j,r�l�m�`B�(����òKnvpkf.eglbñ�moj�òPnHpyf.�dqsr�pinv��òKnvp9`ø������r����*xbegpseg����nH� hyxbe,pihkn�tur�j,��nHhk����|¬e,q�fkj,pi��ôHeCfi��j�l;` �('*)-� K C¦d·¹£#¢C§}g£
�#³v¯¬¿v£b«U¯ .u³.¢g£KÀe�P«Õ¢C«U¯»¤¹«O¯¬³s¢C§0� g±�º#¦d«O¯´£2 �M�Hö54��,���d��6K�,� B ���d�H�,���d`

  ¤



� � B � ��lPegl�fkr �(psegz²e��0��lbhyr�~��
�(~�xdfse���e,lbñ ����x���l 7 ~�z²egp9` Y[hkj�n�û�q���nvlPq���4�\JnHe,hk~�pi��lb�Åfir�nÅhiqve,��e,ò�������f[��j,| xPegpseg����nH�
eg���,j�pk��fkrbz{h]e,lbñ0e,piqsrb�ÒfinHq¹fi~�pinHhH` ' ����� � ¢C·k¢g§´§�¿�§ ¢C£#À [.¯»¤¹«O·¹¯¬°v¦d«½¿sÀ��b¿s³s¥�£Kg§�  g¸ �Ã��ý¬ö��N4��9��6d�d������~��,~Ph[f9�;�H���,ö�`

� �H��� ��lbj�j�x �(~bxdfie�eglPñ �uñd�]egpsñ mojgfir�òPnHpk�P` ��lXnvû�q���nvl�f�ò���j�qs��ÿ½j,pi��nHl�fknHñ�egx�x�pij�e�qsr fij�xPegpseg����nH�]hkxbe,pihkn�turbj,��nHhk���
|¬e,q�fkj�pk��ôHegfk��j,l;`AYÕl �P¦9ºb¿�·k³sg±�º#¦d«O¯´£2 �� b�� � ·k9³s¿s¿iÀg¯´£! g¤ �M�H���,öb`

� �H��� ��lPhyr�~����(~�x�fie�` )>£K¢g§�¸�¤¹¯»¤.¢C£KÀ;[�¿�¤¹¯� g£�#"��#³s¢g§�¢,°v§�¿ � ¢C·k¢g§´§�¿v§�)>§  �C·¹¯´«©¥�±�¤_"�C·-�#³v¯¬¿v£b«U¯ .u³���g±�º#¦d«O¯´£2 ` ��rPw fkr�n9hy�»hv�
��lb����nvpshy��f[�²jg| \���l�l�nHhkjgfse���\���l�l�n9egxKj,����hH��\J�.�;�H�����d`

� �g��� ��lPhyr�~��9�(~bxdfieb` 	be,hyf�eglbñXn@>Kn9q¹fk���,nJe,����j,pi�Òfir�z²h�|©j,p²�,psegxbr xbe,pyfi�Òfi��j�l���l��õeglbñXhyxPegpshynTz²eCfipk����j,psñdnHpk��l��b` '�� �
K C¦d·¹£#¢C§M#"�:�¿�¤�¿s¢g·k³i¥*¢C£#À [ø¿�GC¿�§�iºK±²¿v£b« ��¡b��ý[���,�.��4�� B �N6#�H��ö��,a�egl�~be,pk�	�C\*egpsqsr;�b�9�,� B `

� �d��� ��lPhyr�~��0�(~�xdfse�` �(pie,x�rõxbegpkfk��fk��j,lb��l��Åòbe,hknHñ�hyxbe,pihkn²z²eCfipk���õj,psñdnvpi��lb�*eg���,j�pk��fkr�z²h |©j�p���l�fknHpk��j,pkÿUxKj,��l�f.z{n�fir�jdñ�hv`
^ÃnHqsr�l��»qve,�Km�nvxKj,pkf]m�t��,�g¡!3 B ýO�,�g¡��,���¹�,Y[Z]\�^ `dab`�c�eCfihkj,lðmonHhknHe,piqsrTtunvl�fknHpH����j,pi��fkjC�olê��nv���,r�fihH�d�o�ø��\Je��ê�d���
�H����3b`

� �,��� ��lPhyr�~��L�(~�xdfse�`(c � �u��4bc�eCfshyj�lJ�,psegxbr�xbegpkfk��fk��j,l���l���ý¬eglPñJhyxPegpshyn�z²egfkpi�Ò��j,psñdnHpk��l����oxbe,qs�Ceg��n�4]��hknvpsh�z²e,l�~Peg�U`
^ÃnHqsr�l��»qve,�MmonHxPj�pyf>m�t �g�,¡��,öðýO�,�,¡�� B �¹�dY[Z]\ ^ `PaP`bc�eCfshyj�lJmonHhknHe,piqsrJtunvl�finvp9����j,pi��fkjC�ol���nH����r�fihH�P�o�ø�K\*e��`3��
�H����3b`

� �gö�� ��lPhyr�~��P�(~�x�fie eglbñ;����x���l�7 ~�z²egp9`��7nHpy|©j�pkz²e,lbq�nux�pkj�xPnHpyfi��n9hAjg|P�»egpi�,n]hiqveg��n÷xbegpseg����nH�dhy�dhyfknvz²hH`QK C¦d·¹£K¢g§P#" � ¢C·k¢g§´§�¿�§
¢C£#ÀW[�¯»¤¹«U·¹¯¬°�¦d«Õ¿sÀ&��C±�ºK¦d«U¯´£! �7�H�	4 �,ög¡�6��C¡�¡b�#�H���,ö�`�����hkjêe��Ceg���»egò���n�e,h>^Mn9qsr�l��»qveg�7monHxPj�pyf>^om3����ÿÕö����bw>nvxbe,pyfizønHl�f
jg|�tuj,z{x�~dfinvp��dqv��nHlbq�n��b��lb����nvpshy��f[��jg|7\���l�l�nHhkjgfse���\���l�l�n9egxKj,����hH�b\J�.`

� �C¡�� ��lPhyr�~���(~�xdfieêeglbñH�>��x���lS7 ~�z²e,pH`�� hiqveg�»egòb��n�xbe,pie,����nv�Ãeg���,j,pi��fkr�z |©j,p>hkxbe,pihkn z{egfkpi�Ò�ð|¬e,q�fkj�pk��ôHegfk��j,l;`]^Mn9qsr�l��»qve,�
monHxPj�pyfu�,¡gÿs�H�b�gw�nHxbegpkfkz{nvl�f÷jg|Ãtuj,z{x�~dfinvp]�dq���nvlbqvn,����l����,nHpihk��f[�.jg|;\���l�l�n9hyj,fieb��\���l�l�n9egxKj,����hH��\*���K�H�,�,¡b` �Vhkr�j,pkf
�,nHpihk��j,l�egx�xKnHe,pih���l �K¦9º�¿v·k³sC±�ºK¦d«U¯´£! 	� b�
 � ·k9³s¿i¿sÀg¯´£! g¤ `#^om e��Ceg���»egò���n���l ¦�¤v¿�·s¤½¼d¶g¦d±²¢C· eCf(egl�j�l���z{j,~Ph"	7^o��hk�Òfin
"s«ÒºÏ®´³�¤�®�¦d±ø£K®´¿sÀg¦ `

� �,��� ��lPhyr�~���(~�xdfieêeglbñU����x���lS7 ~�z²egp9`u� e,pie,����nv�;e,����j,pi�Òfir�z²h÷|©j,po|©j�pk�]egpsñðeglbñTòbe�qs�0hk~�òbhyfk��fk~dfi��j�l���lJñ���pinHq�f>hyj���~�fk��j,l
jg|7hyxPegpshyn(����l�n9egp�hk��hyfknHz²hv` YÕl �P¦9ºb¿�·i³ig±�º#¦d«O¯´£2 �� b� � ·kH³s¿s¿sÀC¯´£2 C¤ �bw>nHqvnvz.òKnvp.�H�,���d`

� ��3��²\õ`�^ ` ��n9eCfir;�M�uhyz{j�lbñ �ø` ÿO�ø`����P�ueglPñ�Z]egpipk��c	`��7nH��fij,l;` � egpseg����nH�÷e,����j,pi�Òfir�z²h�|©j�p{hkxbe,pihkn0����l�nHe,p{hk�dh[finvz²hH`
�2' )�� :>¿�G9¯¬¿vª �÷ö�ö54 ¡��g��6�¡!3,���÷�H������` ���»hyj�egx�xKnHe,pihø��l 7{`L�.`?� eg�������Cegl�nvf�eg�U`1� ¢C·k¢g§´§�¿v§M)>§  �C·¹¯´«©¥�±�¤-"�g·`�*¢g«O·¹¯��
��C±�ºK¦d«Õ¢C«U¯¬C£b¤ `K��Y���\õ�P��r�����e�ñdnv��x�r��»e����C�.�;�H���,�b`

� � B �²\õ`�^ `9��nHegfkr.e,lbñ�� e,ñdz²e�m�eg�,rPe���e,l;`gw>��hyfkpi��òb~dfkn9ñ.hkj,��~dfk��j,l�j,|bhyxbe,pihkn�����lbnHegpAhy�dhyfknHz{hH`,^ÃnHqsr�lb��qHeg��monvxKj,pkfÃ�,ögÿi� B ��ö��
w>nvxbe,pyfizønHl�f]j,|�tuj�z{x�~dfknHp��dq���nvlPq�n,�P��l����,nHpihk�Òf[�²j,|AYÕ������l�j���hH����piòbe,lbe��dY#�}�;�H���,ö�`

� �g�����Me,~�pi��nð��~���òPnHpyfêe,lbñ �uegpi���#zø� �[nv��hk���O` �;��z{�Òfi��l���q�j�z{z.~�l��»qvegfk��j,l ��lXxbegpseg����nv�ohyxPegpshyn�tur�j,��nHhk���Å|¬e�q¹fij,pi��ô9eCfk��j,lM`
�2' )�� K C¦d·¹£K¢g§ÃC£S�#³v¯¬¿�£P«O¯ .÷³.¢g£KÀe�P«Õ¢C«U¯»¤s«U¯¬³s¢C§_��g±�º#¦d«O¯´£2 �;����ýU�.�N4��,�9�g¡�6K�,�9� B ����nvx�fknvz�òPnHp��H�����,`

� �g���;�(nvj�pk��nS7�egpi��x��»hv����lbhkr�~��4�(~�xdfieb�(e,lbñ �>��xb��l 7 ~�z²egp9`�� egpseg����nH��|©j�pkz�~���egfk��j,l jg|.��l�fknvpi��j,pðxPj���l�f�eg���,j,pi��fkr�z²hH`
^ÃnHqsr�l��»qve,�,monHxPj�pyfM�,¡gÿ[�g���9w�nHxbegpkfkz{nHl�fÃjg|btuj,z{x�~dfinvpA��q���nvlbqvn,�C��l����,nHpihk��f[��jg|�\���l�l�n9hyj,fie���\���l�l�n9egxKj,����hH�C\J������x�pi���
�H���g¡P`ê��r�j,pkfknHp��,nHpihk��j�lbh�egxbxPn9egp���l �P¦9ºb¿�·k³sg±�º#¦d«O¯´£2 �� b�
 � ·iH³s¿s¿sÀC¯´£! g¤ eglbñ � ·k9³s¿s¿iÀg¯´£! g¤0#"²«©¥�¿Ua�bAb�H[�' �`);�D�
� C·k¶C¤y¥biº�C£ � ¢C·k¢g§´§�¿v§ � ·iH³s¿�¤i¤¹¯´£2 09"O[�¯»¤v³v·k¿v«½¿e<Mº#«O¯´±ø¯��9¢C«U¯¬C£ � ·k�°�§�¿v±�¤ `

� ö,���;�(nvj�pk��n�7�egpi��x���h}eglbñ��>��xb��l/7 ~bz{e,pH`C��lbeg���dhy�»h�j,|;z.~���fk����nH�,nH�b�,psegxbr²xbegpkfk��fk��j,l���l��P`#^ÃnHqsrbl���qHeg�KmonvxKj,pkf÷^om�����ÿÕ�,ö B �
w>nvxbe,pyfizønHl�f]j,|�tuj�z{x�~dfknHp��dq���nvlPq�n,�P��l����,nHpihk�Òf[�²j,|7\J��l�lbnHhkjgfieb�Ï�H�����d`

� ö����;�(nvj�pk��ne7�egpi��x���h.eglbñL�>��xb��l 7 ~bz{e,pH` � |¬e,hyf�e,lbñõr����,r ��~be,����f[��z.~���fk����nH�,nH�÷hiqsr�nvz{n²|©j�p.xbe,pyfi�Òfi��j�l���l��J��pkpinv��~���e,p
�,psegxbrbhv`7^ÃnHqsr�l��»qve,�;monvxKj,pkf�^om&����ÿÕ�,ö��d��w�nHxbegpkfkz{nHl�f�j,| tuj�zøxb~dfknHp>�dq���nvlPq�n,����l����,nvpshk�Òf[��j,|A\���l�l�n9hyj,fieb�;�H�����d`

� ö����;�(nvj�pk��nO7�egpi��x��»hue,lbñe�>��x���l`7 ~bz{e,pH`A� egpseg����nH�Pe,����j,pi�Òfir�z²h |©j,p]z�~��Òfi����nv��nv�#�,psegxbr�xbegpkfk��fk��j,lb��l��øeglbñ0hyxPegpshyn>z{egfkpi�Ò�
j,psñdnHpk��l��b`=K C¦d·¹£#¢C§M#" � ¢C·k¢g§´§�¿v§7¢g£KÀ [.¯»¤¹«O·¹¯¬°v¦d«Õ¿iÀV� g±�º#¦d«O¯´£2 �P¡��	4 B �N6����d�P�H�,����`

 '£



� ö,ö����#`F�ø`57 pseCfkôHnvp]eglbñ ��`�aP`btu��n9egpi�,`7��xbegpshkn>z²eCfipk���²|¬e,q�fkj�pk��ôHegfk��j,l�j�lT��Y[\*w&xbegpseg����nH�Kqvj,z{x�~dfinvpshv`AYÕl ���»egl �(nHj,pi�,n��
a�j,r�l²m�`��(����òPnHpyf9��e,lbñ{a,j�hynHx�r{c	` ÿÕ��`!�;��~;�,n9ñd�Òfij,pshv�8
 ·k¢iºb¥��#¥b¿ig·¹¸ø¢g£KÀ%�gºb¢C·s¤v¿��*¢C«U·¹¯��U� g±�º#¦d«½¢g«O¯¬g£�¤ `��dx�pk��l���nvpkÿ
� nvpi�»eg�b�d��nv� ��j,pi�K�������;�9�,��ö�`

� ög¡��W����x���l�7 ~bz{e,pH� ��lbegl�firJ�(psegz²e�� ��lbhkr�~b�?�(~�xdfieb�MeglPñ �(nHj,pi�,n;7�e,pk��x��»hH` '¹£P«O·k9ÀC¦b³v«U¯¬C£õ«Õ � ¢C·k¢g§´§�¿v§O��C±�ºK¦d«U¯´£! ��
[ø¿¹¤¹¯� ,£Å¢C£#À )>£#¢C§�¸�¤¹¯»¤.#"�)>§  �g·¹¯´«´¥d±.¤ `�Z÷nvl �ye,z{��lT��tu~�z{z{��l���hv��m�nHñd�÷j�j�ñJtu��f[�,�Pt��.�;�H���g¡b`

� ö����W����x���l&7 ~�z²egp9����lbegl�fkr �(psegz²eb����lPhyr�~���(~�xdfieb�Ke,lbñ �(nvj�pk��n%7�egpi��x���hH` �ÏC§�¦d«U¯¬C£b¤��*¢C£b¦b¢g§!"�g·�'�£b«U·kHÀg¦b³�«U¯¬C£�«Õ
� ¢g·k¢C§´§�¿v§0��g±�º#¦d«O¯´£2 `}Z÷nHl �yegz{��lT�,tu~�z{z{��l���hH��monHñ��uj�jdñTtu��f[�,�#t����;�9�,�g¡P`

� ö�3��W����x���l�7 ~�z²e,p(e,lbñ ��lbhyr�~����(~�x�fie�`4��lbeg����ôv��l��ThkqHeg�»egò�������f[�Tjg|}xPegpseg����nH�Ãeg���,j�pk��fkrbz{h(eglPñ*egpsqsr���fkn9q¹fk~bpkn9hv`WK C¦d·¹£K¢g§
#" � ¢g·k¢C§´§�¿�§Ã¢g£KÀ%[.¯»¤¹«O·¹¯¬°v¦d«Õ¿iÀV� g±�º#¦d«O¯´£2 �b����ýOö��N4 ö B ��6dö,�����d�H���g¡b`B���»hyj{e��Ceg����e,ò���n(e,h÷^Mn9qsr�l��»qve,�#m�nvxKj,pkf]^om ����ÿs�H�b�
w>nvxbe,pyfizønHl�f]j,|�tuj�z{x�~dfknHp��dq���nvlPq�n�w>nvxbe,pyfizønHl�fH����lb����nvpshy��f[��jg| \���l�l�n9hyj,fie���\J��l�lbnHegxKj,���»hv��\J�.`

� ö B �²m�`gaP`��;��xdfkj�l;�,w�`gab`gm�j�hkn,�,e,lbñ.moj�òPnHpyf_��`g^Ãe,p �ye,l;`P�(nvl�nHpie,����ôvn9ñ�l�n9h[finHñøñd�»hkhknHq�fk��j,l;` �('*)�� K C¦d·¹£#¢C§bg£ R�¦d±²¿v·¹¯¬³i¢g§
)>£K¢g§�¸�¤¹¯»¤ �;�,3	4 ö,¡A3�6dö��,�����9� B �b`

� ö,���²m�`Aab`��M��x�fkj,l e,lbñ�moj,òKnvpkf;��`M^Ãe,p �ye,l;`H� hynHxbegpseCfij,p(fkr�nHj,pinvzù|©j,p.xb��e,lbegp���pie,x�rbhH` �2' )�� K C¦d·¹£#¢C§ug£ )uº�ºK§�¯¬¿sÀ
�*¢C«©¥�¿v±{¢g«O¯¬³�¤ �PöA354�� B�B 6K�9�,���b�H� B ��`

� ö,���²a�j�hknvx�r�c	` ÿÕ��`��;��~;`d^]r�n÷z.~���fk��|©pkj�l�fieg��z{n�fir�jdñ�|©j�pAhkxbegpshkn�z²eCfkpi���.hyj���~dfi��j�lQ4M^]r�nHj,pi�(e,lbñ�xbpie�q¹fk�»q�n�` �('*)-� :�¿@G9¯¬¿�ª �
ög¡I4 ���E6#�H�,�b���H������`

� ¡����²moj�òPnHpyf�	÷`	�;~Pqve,hH` �#C§�GH¯´£2 �º#§�¢C£#¢C·�¤¹¸�¤¹«Õ¿�±�¤�9"�¿���¦b¢g«O¯¬g£�¤.C£�ÀC¯»¤¹«O·¹¯¬°v¦d«Õ¿iÀ��Õ±{¿v±²C·¹¸²±ø¦d§�«O¯ º#·k9³i¿�¤s¤vC·s¤ `}��rPw fkr�n9hy�»hv�
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