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Anomalous behavior of normal kinematic restitution in the oblique impacts of a hard sphere
on an elastoplastic plate
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We observe oblique impacts of a hard aluminum oxide sphere on a thick elastoplastic polycarbonate plate by
recording stroboscopic photographs of the sphere trajectory and spin. The apparent kinematic coefficient of
normal restitution grows monotonically with the magnitude of the tangent of the angle of incidence, and the
apparent coefficient of friction decreases with increasing normal impact velocity. Although every collision
dissipates the total kinetic energy of the sphere, we observe restitution coefficients exceeding unity for the most
grazing impacts. We exploit this example to confirm that, although an apparent kinematic coefficient of normal
restitution below one is sufficient to guarantee dissipation of kinetic energy in any collision, this condition is
not necessary for oblique impacts of spheres on a plate.
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I. INTRODUCTION u=c—(d/2)wXn, @

Theories[1] and numerical simulationi2] for collisional  wheren is the unit normal vector perpendicular to the plate.
flows of granular materials predicate their success on modfhe incident angley betweenu andn characterizes the im-
eling the impacts of individual grains accurately. To makepact geometry, cgt=u-n/|uxn|. Because impacts occur
these theories tractable, individual collisions are describegyhenu-n<0, this angle lies in the range/2< y< .
using the simplified treatment that Walton propofgl Wal- The postcollision velocities are derived by writing the bal-
ton ignores the detailed dynamics of each impact. Instead, hgnce of linear and angular momenta in the collision and by
predicts the collision outcome using three constant paramnyoking Walton’s three-parameter closure. The first param-
eters. Experiments have shown that this simple model ackter is the kinematic coefficient of normal restitutien|t

equately describes binary impacts of spheféds| and  characterizes the incomplete restitution of the normal com-
slightly aspherical particle$], as well as impacts of spheres ponent ofu,

of various materials on flat platdd—7]. Discrete element

simulations incorporating this model have successfully re- n-u'=—en-u, 2
produced actual collisional flows carried out in microgravity
[8]. where primes denote conditions after the collision. The exis-

One of the three parameters in Walton’s model is a kinéence of a rebound requires=0.
matic coefficient of normal restitution. The conventional as-  The conventional assumptigd] is that the kinematic co-

sumption is that it is less than one. However, as this papegficient of normal restitution also satisfiess1. In fact, as
will show, there are peculiar instances in which this coeffi-chatterjee and Ruing®] pointed out, although this condition
cient exceeds unity for oblique impacts. We begin with ajs gyfficient to guarantee that the model predicts dissipation
summary of the model and its limitations. We then describe kinetic energy in the collision, it is not necessary for ob-
the apparatus briefly and discuss the significance of our eXique impacts of spheres. Using thin disks levitated on an air
perimental observations. table, Calsamigli@t al.[10] observed a single data point for
which the impact on a thick plate may have exhibited a nor-
Il. BACKGROUND mal restitution exceeding unity. As we will illustrate with a

To describe the impact of a sphere on another sphere or a
stationary wall, Walton invokes three assumpti¢8k First,
the contact area between the impact protagonists reduces to a
single point through which all forces are exerted. Second,
rather than modeling the time history of these forces, Walton
focuses instead on the total collisional impulsevhich rep-
resents their integral over the entire collision time. Third,
Walton closes his model using three constant parameters to
be determined experimentall$—7]. What follows is a sum-
mary of the corresponding analysis for a sphere impacting a
stationary half-space.

Consider a rigid sphere of diamet#rcenter-of-mass ve-
locity ¢, and spinw before impact(Fig. 1). The relative
velocity of the contact point is FIG. 1. Impact geometry.
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hard sphere colliding on an elastoplastic plate, values of angle of incidence, starting with negative values for nearly
>1 are indeed possible without implying that the impacthead-on collisions, and becoming positive throughout the
would artificially produce kinetic energy. rest of the sticking regime. In principlg, can also exceed

Smith and Liu[11] made a similar point for certain non- unity, as long as this does not imply the creation of kinetic
collinear impacts in which the normal at the contact point isenergy in the impact. Because typical spheres engaged in a
not directed along the line joining the centers of mass of thesollisional granular flow experience few contacts with
two colliding bodies. Using finite element modeling, these> v,, the crudeness of Eq4) seldom matters in practice
authors showed that the kinematic coefficient of normal resf18].
titution of the hemispherical ends of a circular rod impacting A convenient way to interpret data from an impact experi-

a half-space can exceed one. They briefly reported simplment is to follow Maw, Barber, and Fawcdtt6,17] and
experiments in which a “superball” bonded to the end of aproduce a plot of¥#,=—(u’-t)/(u-n) versus¥,;=-(u
cylindrical rod exhibited values d as high as 1.4. -t)/(u-n), wheret is a unit vector located in the collision

Nonetheless, Smith12] also showed that the condition plane (,n) and parallel to the plate. In collisions of a ho-
e<1 is not sufficient to guarantee energy dissipation for allmogeneous sphere that involves gross sliding,
possible frictional, noncollinear impacts of nonspherical bod-
ies. To insure that impacts always dissipate kinetic energy,
Wang and Masoh13] and Strongé¢14,15 proposed alterna-
tive definitions of restitution. The first defines normal resti-
tution as the ratio of impulses during the compression an@nd in collisions that do not,
restitution phases of the impalt3]. The other equates the
square of the normal restitution coefficient to the ratio of the Vo=—=BoV;. (6)
elastic strain energy released during restitution to that ab-
sorbed during compressigt4,15. However, because these
definitions are difficult to implement in the kinetic theory of
collisional granular materials or in the corresponding discret
element simulations, the kinematic closure in E2).is gen-
erally preferred, particularly if all grains are spherical.

The second parameter in Walton’s model arises whe
grazing collisions with incident angles neat/2 involve
gross sliding. For these, Walton assumes that sliding is re .
sisted by Coulomb friction and that the tangential and norm case where such a plot must be complemented by a detailed

components of the impulskare related by the coefficient of [0k at the dependence @ on W, and of . on normal
friction u, impact velocity.

7
Vo=V =5 (1+e)usgnu-v), ®)

Foersteret al. [4] provide a detailed derivation of these
equations. For positive values aof-t, ¥, represents the
énagnitude of the tangent of the incident angle. Similarly, the
ratio (W,/e) is the tangent of the rebound anglé between

n andu’. If the coefficientse, u, and 8, are constant, data
r;‘l)lotted asV, versusW¥, fall on two distinct straight lines
given by Egs.(5) and(6) that permit unambiguous identifi-
ation of the sliding and sticking regimes. This paper reports

InxJ|=u(n-J), ©) l1l. APPARATUS

whereu=0. The experimental apparatus is derived from that of Foer-

For greater values of the incident angle, the impact issteret al.[4]. A solenoid valve connected to a vacuum pump
closer to head-on and it no longer involves gross sliding ageleases a 99.5% alumina ceramic sphere of diameter 3.175

ceeds the limiting angle,, Walton replaces E¢3) with without spin above a thick and wide polycarbonate plate of
Lexan.
nxu'=—pBgnXxu, (4) A computer running theABviEw software coordinates

the release of the sphere and the image acquisition from a
where yo=m—arctan7(1+e)u/2(1+ Bo) ] and By is a con-  pulnix TM1010 digital charge coupled device camera with
stant tangential coefficient of restitution satisfyingsB,  1024x 1024 square pixels of 9 mm width. Stroboscopic illu-
<1. For simplicity, he then categorizes the collision asmination allows the camera to record successive positions of
“sticking” and assumes that the entire contact point isthe sphere before and after the collision through a TAMRON
brought to rest during impact. For sticking collisions, the 23FM25L lens of 25 mm focal length arfé/1.6 to 16(Fig.
definition of B, in Eq. (4) implies that some of the elastic 2). The digitized pictures are analyzed using computer vision
strain energy stored in the solid during impact is recoverablgoftware. A circle is superimposed upon each sphere image
through tangential compliance, so the tangential velocity oto establish the location of its center. Because the collision
the point of contact may be reversed. In Walton’s modelhas a very short duration, it cannot be observed. Instead, the
Egs. (3) and (4) are mutually exclusive, i.e., the point of position and velocity of the sphere at impact are extrapolated
contact is either slidingEq. (3)] or sticking[Eq. (4)]. This  from two successive images on the photograph. From this
exclusion thus distinguishes two separate impact regimes. extrapolation, we infer the unit normal and the linear ve-

~However, theorie$16,17,23 and experiment$4—7] in- |ocities c andc’ before and after impact. This permits us to
dicate that such exclusion is merely a convenient simplificaeyaluate the collisional impulse

tion. In fact, By, which represents the ratio of the tangential
contact velocities after and before impact, varies with the J=m(c’ —c), 7)
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FIG. 4. Plot of ¥, versusV,. The insert is a detail near the
origin.

FIG. 2. Typical image withy=160°, ¥,=0.364, ¥,=0.033,
|”‘”|:f1'4 m/s, |”'ft|2?)8'a m/s, ande’ =250 rad/s at a strobo- ¢ rresponding values oF, and W ,. Foersteret al. provide
scope frequency o z further details of the experimental apparatus and data analy-
sis[4].
wherem is the mass of the sphere.
We also record the spin’ after impact by tracking the
angular position of a mark drawn on the white sph@ti. IV. RESULTS AND DISCUSSION
2). As Fig. 3 indig:at_es, this observation agrees well with the 11,4 4ata in Fig. 4 clearly reveals two impact regimes. For
value of w’ that is independently calculated from the mea—\I,l>\I,0:1.5i 0.2, oblique collisions appear to conform to
sured impulse, assuming that all forces are exerted atasingigq_ (5) with gross sliding. Below this value, Ed6) ad-
contact point, equately represents the relation betweeand y’ for nearly
head-on collisions withBy=0.26+0.05.

(o' —w)=—(d/2)nxJ, (8) However, as Fig. 5 shows, the apparent values of normal
restitution increase with¥’;. The growth is well-represented
by the empirical relation

wherel =md?/10 is the moment of inertia about the center
of the homogeneous sphere and, because this apparatus re- e=ey+(1—en) W, /¥ 9)
leases the sphere without initial spia= 0. 0 oL

From known linear and angular velocities, we then calcu- ) o .
late the relative velocities at contagtand u’ and plot the whereey=0.91 is the restitution for head-on collisions. Re-

markably, normal restitution clearly exceeds unity &
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FIG. 3. Postcollision rotation rate versts, for |u|=1.5 m/s.
The triangles represent rates inferred from Eqs. 7 and 8. The circles FIG. 5. Kinematic coefficient of normal restitution verswg
are rates measured by tracking the rotation of marks drawn on the|tany|. The triangles and circles are data wjtj=1.5 m/s
sphereqFig. 2). =12 cm) andu|=2.2 m/s ©=25 cm), respectively.
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(1-BYWE>—(7/2)(1-¢?) (14)
in the sticking regime and
7 1-e
‘I’l>‘];'051,u,(1+e)—ﬁ (15

in the sliding regime. In Walton’s model, the boundary be-
tween the two regimes occurs where

7
W =Wo= oM

1+e

1+—ﬂo . (16)

Thus, if 0< By=<1, requiringe<1 is sufficient to uphold Eq.
(14) in the sticking regime and, becaudg >V .., to satisfy
Eqg. (15) in the sliding regime as well. For head-on collisions
with ¥, =0, the conditiore<1 is also necessaffEq. (14)].
Thus, if the normal restitution conforms to E§), the latter
must satisfyey<1.

However, for oblique impactse<1 is not a necessary
condition. To illustrate this point, let us assume that normal

FIG. 6. Measured postcollision kinetic energies as a fraction off€stitution grows according to E¢9) and that the friction

the total kinetic energyK before impact for experiments with

coefficient is roughly constant. Let us then focus on values of

=25 cm. The circles, triangles, and squares represent the rotatiolf ;> W for which e> 1. Without much loss of generality, let

energyR’, translation energy{’, and total energ¥’, respectively.
The curves are a model based on E(®. through Eq.(13), u
=0.23 andB,=0.26. The insert shows details ned;=0. The

us also assume that normal restitution may only exceed one
in the sliding regime, i.e\V >V . Algebraic manipulations
of Egs.(9) and(15) yield a necessary and sufficient condi-

vertical dashed line denotes the transition between the sticking angon thate,, x, and ¥, must satisfy to guarantee the dissi-

sliding regimes.

>WV¥,=3.7. As Fig. 6 indicates, this does not imply that the
sphere rebounds with greater kinetic energy than what it pos-

sessed before impact.

pation of total energy in impacts at afy, >V,

7

Tar 17

1
\Pt>ma>{(1—e0) ZJFZ

In fact, the kinematic normal restitution of a sphere on aThus, if condition(17) is upheld, the apparent kinematic co-
half-space can exceed unity, even though the total kinetiefficient of normal restitution can in principle graad infini-
energy is dissipated in the collision. To show this, we firsttum through Eq.(9). Chatterjee and Ruina discuss this para-

evaluate the ratios of the kinetic energies of translafion

and rotationR’ after impact to the total kinetic enerdy

dox further for bodies of arbitrary geometr9].
Our observations suggest a subtle coupling between the

before impact. Denoting the sticking and sliding regimesnormal and tangential contact forces in the impact. Note that,

with the subscript$3 and i, respectively, these ratios are

T, 1
B_ 2 2452
—=—>]e+—(5-2 vil, 10
R, 1 10
B 2352
—=—>—(1+ w1, 11
in the sticking regime, and
. 1
M 2 2
—=——>{e"+[u(l+te)—V]}, 12
K = Lrgn (€t lutreo a2
R/ 1
—£= %(1+e)?, (13

K~ (1+w? 2"

in the sliding regime. A necessary and sufficient condition

for total kinetic energy dissipation isT(+R’)<K or,
equivalently,

because our experiments do not resolve the detailed dynam-
ics of the collision, they only yield apparent values of normal
restitution and friction that are based upon the fixed nommal

to the whole plate. However, as Larsson and Sers
showed[19], the oblique indentation of a hard solid on a
softer half-space leads to asymmetric deformations of the
latter. Then, on the microscopic scale, the normahay not
remain a meaningful measure of the relative orientation of
the contact surfaces throughout the duration of oblique col-
lisions.

Instead, the gradual increase of the apparent restitution
with ¥, =|tany| may be associated with a small rotation of
the effective normal, which could arise from local deforma-
tions of the plate’s surface. If the latter rotated toward the
incoming sphere by an angle, the restitution and friction
based om would appear, in the sliding regime, as

e=[(e'—utana)+(1+e’)V¥;tana]/(1+ ptana)
(18)

and
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FIG. 7. Kinematic coefficient of normal restitution versus nor-
mal velocity at contact; for symbols, see Fig. 5. The solid and FIG. 9. Dependence of the friction coefficient on the tangential

dashed lines represent models combining Egs.and (20) for h  impact velocity. The solid lines are fits to the data fl
=25 cm and 12 cm, respectively. =15 m/s (triangles and |u|=2.2 m/s (circles combining Egs.
(20) and(21).

p=(u'+tana)/(1-p' tana), (19 fected by the plate inclination, which determines the impact
geometry through;, and by the release heightwhich sets

wheree’ and ' are the values of restitution and friction the velocity magnitude,
based on the new local orientation. Becausetana and
tana<1, Eqgs.(18) and (19) reduce approximately tq.’ |u-n|=y2gh/ 1+ 3,
~u ande~e'+(1+e')W¥, tana. Comparing this expres-
sion with the empirical fit in Eq(9) suggests that a typical
local surface rotation, if it exists, is on the order af
~0.8°. Because we measure the relative orientatiamarfid
u to a precision better than 0.1°, the increaseeithat we
observe cannot arise from a systematic error in our measur
ment of y, and therefore, it is not an artifact of our experi-
ments.

Finally, the normal restitution is likely to depend upon
normal impact velocity. Several authors have proposed the
ries predicting variations oé with |u-n| for elastoplastic
sphere$20-24. Gorham and Kharal7] recently conducted

(20

whereg=9.81 m/¢ is the acceleration of gravity.

In an attempt to distinguish the role of the impact geom-
etry and that of the normal velocity, we released the sphere
from two possible heighte=12 or 25 cm above the plate.
As Fig. 5 shows, the data sets@fersus¥, corresponding
% the two magnitudes ofu| are indistinguishable within
experimental error. In contrast, data from the two heights
collapse less well on a graph efversus|u-n| (Fig. 7). In
fact, the data is reasonably captured by an expression com-
Qoining Eqgs.(9) and(20). Thus, it is unlikely that variations of
e can be solely attributed to a dependencewm]|.
careful experiments showing a substantial dependenae of When th? qontacts are In gross slip. we observe that the

. L . apparent friction decreases with increasing normal impact
on |u-n| for both head-on and oblique collisions of alumi- . : : .
velocity |u-n| (Fig. 8), thus supporting the conjecture of

num oxide spheres on an aluminum plate. Unfortunately, i : :
our apparatus and theirs, the normal velocity is equally afrborham and Khara7]. The data can be fitted using

M:Md""(//’s_ﬂd)exr(_w'nllvc)a (21)
0.5 T T
A
0.5 T AT
0.4 . A
04
n
m
0.3 b
03
0.2
0 0.5 1.0 1.5 02
lu-nl (m/s) 0 5 10 15

FIG. 8. Dependence of the friction coefficient on the normal
impact velocity; for symbols, see Fig. 5. The solid line is the em-  FIG. 10. Dependence of the friction coefficient ¥n; for sym-
pirical fit of Eq. (21). bols and lines, see Fig. 9.
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with us=0.45, uy=0.05, andv.,=1.4 m/s. In contrast, the of the apparent friction coefficient on the normal impact
friction data do not correlate well witfu-t| alone(Fig. 9,  velocity.
or with W, alone(Fig. 10.
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