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Ââåäåíèå

Ìíîãèå ïðèáîðû è àãðåãàòû ëåòàòåëüíûõ àï-
ïàðàòîâ ñîäåðæàò áûñòðîâðàùàþùèåñÿ ðîòîðû.
Îïîðû ýòèõ ðîòîðîâ, êàê ïðàâèëî, ÿâëÿþòñÿ íå-
ëèíåéíûìè. Òðåáîâàíèå ñíèæåíèÿ âåñà è âèáðà-
öèè ýòèõ óñòðîéñòâ ïðèâîäèò ê íåîáõîäèìîñòè
ïîâûøåíèÿ òî÷íîñòè ðàñ÷åòà àìïëèòóäíî-÷àñòîò-
íûõ õàðàêòåðèñòèê â ðàçëè÷íûõ ðåæèìàõ ýêñï-
ëóàòàöèè.

Ïîïåðå÷íûå êîëåáàíèÿ âàëîâ ñ äèñêàìè â ëè-
íåéíîé ïîñòàíîâêå ñ ó÷åòîì ãèðîñêîïè÷åñêèõ
ìîìåíòîâ, âíåøíåãî è âíóòðåííåãî òðåíèÿ èñ-
ñëåäîâàíî Ô.Ì. Äèìåíòáåðãîì [1]. À.Ï. Ôèëèïïîâ
àíàëèçèðîâàë íåñòàöèîíàðíûå êîëåáàíèÿ íà íå-
ëèíåéíîì óïðóãîì îñíîâàíèè [2]. Ðàçëè÷íûå ìî-
äåëè âèáðàöèè ðîòîðîâ ðàññìîòðåíû â êíèãå [3].
Å.Ã. Ãîëîñêîêîâ èññëåäîâàë êâàçèïåðèîäè÷åñêîå
äâèæåíèå ðîòîðà [4]. Íåëèíåéíûå íîðìàëüíûå
ôîðìû êîëåáàíèé âðàùàþùåãîñÿ âàëà â ïîäøèï-
íèêàõ ñêîëüæåíèÿ èññëåäîâàíû â ñòàòüå [5].
Ê.Â. Àâðàìîâûì è Ê. Ïüåððîì ïðèìåíåí ìåòîä
íåëèíåéíûõ íîðìàëüíûõ ôîðì ê èññëåäîâàíèþ
êîëåáàíèé ñèñòåì ñ ãèðîñêîïè÷åñêèìè ñèëàìè [6].

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ èññëåäî-
âàíèå äèíàìèêè óïðóãîãî ðîòîðà ñ äèñêîì íà
íåëèíåéíûõ îïîðàõ.

1. Óðàâíåíèÿ äâèæåíèÿ ñèñòåìû

Ðàñ÷åòíàÿ ñõåìà ðîòîðà ïðåäñòàâëåíà íà ðèñ. 1.
Íà÷àëî êîîðäèíàò ïîìåùàåì â ñå÷åíèè îïîðû A.
Äëèíà âàëà – l, ðàññòîÿíèå îò îïîðû A äî äèñêà
– l1. Ïåðåìåùåíèÿ ñå÷åíèé âàëà ïî íàïðàâëåíè-
ÿì êîîðäèíàòíûõ îñåé îáîçíà÷èì ux, uy. Óãëû
ïîâîðîòà ñå÷åíèÿ âàëà îáîçíà÷åíû θ1, θ2, θ3.
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Ïîëó÷åíà ìîäåëü êîëåáàíèé íåñèììåòðè÷íîãî îäíîäèñêîâîãî ðîòîðà íà äâóõ ïîäøèï-
íèêàõ ñ êóáè÷åñêîé íåëèíåéíîñòüþ îïîð. Ó÷òåíû ãèðîñêîïè÷åñêèå ìîìåíòû äèñêà, óïðóãèå
ñâîéñòâà è ðàñïðåäåëåííàÿ ìàññà âàëà. Ìàòåìàòè÷åñêàÿ ìîäåëü êîëåáàíèé ðîòîðà ñâî-
äèòñÿ ê ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà. Äëÿ àíà-
ëèçà ïîëó÷åííîé ñèñòåìû ïðèìåíÿåòñÿ ìåòîä íåëèíåéíûõ íîðìàëüíûõ ôîðì Øîó-Ïüåððà.
Ïîëó÷åíû ôîðìû êîëåáàíèé âàëà ñ äèñêîì è ôàçîâûå òðàåêòîðèè ñèñòåì, ïîñòðîåíû
ñêåëåòíûå êðèâûå íåëèíåéíûõ êîëåáàíèé ðîòîðà.

Êëþ÷åâûå ñëîâà: ðîòîð, íåëèíåéíûå îïîðû, ìåòîä íåëèíåéíûõ íîðìàëüíûõ ôîðì, ôàçî-
âûå òðàåêòîðèè, ñêåëåòíûå êðèâûå.

Óãëîâûå ñêîðîñòè ñå÷åíèé âàëà ïðåäñòàâèì
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ãäå ωx, ωy, ωz – óãëîâûå ñêîðîñòè îòíîñè-
òåëüíî îñåé x, y, z.

Óãëîâàÿ ñêîðîñòü ðîòîðà ðàâíà
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Ðèñ. 1. Ðàñ÷åòíàÿ ñõåìà ðîòîðà

Çàâèñèìîñòè óãëîâ ïîâîðîòà îò ïðîãèáîâ âàëà
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Êèíåòè÷åñêóþ ýíåðãèþ âàëà BΤ ïðåäñòàâèì
òàê:
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ãäå ρ – ïëîòíîñòü ìàòåðèàëà âàëà,
I – ìîìåíò èíåðöèè ñå÷åíèÿ âàëà,
S – ïëîùàäü ñå÷åíèÿ âàëà.

Êèíåòè÷åñêàÿ ýíåðãèÿ äèñêà DΤ çàïèøåòñÿ
òàê:
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ãäå I1 – ýêâàòîðèàëüíûé ìîìåíò èíåðöèè
äèñêà,

I0 – ïîëÿðíûé ìîìåíò èíåðöèè äèñêà,
m0 – ìàññà äèñêà.

Ïîòåíöèàëüíàÿ ýíåðãèÿ âàëà BΠ çàïèøåòñÿ
òàê:
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ãäå E – ìîäóëü óïðóãîñòè ìàòåðèàëà âàëà.
Ïðèìåì, ÷òî ðåàêöèè îïîð èìåþò êóáè÷åñ-

êóþ íåëèíåéíîñòü:
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ãäå Rx1, Ry1, Rx2, Ry2 – ïðîåêöèè ñèë íà
îñè x, y â ïåðâîé è âòîðîé îïîðàõ,

K1, K3 – êîýôôèöèåíòû æåñòêîñòè îïîð.
Òîãäà ïîòåíöèàëüíàÿ ýíåðãèÿ äåôîðìàöèè ïîä-

øèïíèêîâ ΠΠ çàïèøåòñÿ òàê:

( )
( ).

4

2
4

2
4
2

4
1

4
1

3

2
2

2
2

2
1

2
1

1

yxyx

yxyx

uuuuK

uuuuK

++++

++++=ΠΠ

(8)

Äåìïôèðîâàíèå îïîð èìååò êóáè÷åñêóþ íå-
ëèíåéíîñòü. Òîãäà äèññèïàòèâíàÿ ôóíêöèÿ Ô çà-
ïèøåòñÿ òàê:
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ãäå C1, C3 – êîýôôèöèåíòû äåìïôèðîâàíèÿ.
Îïðåäåëèì ïåðåìåùåíèÿ âàëà òàê [5]:
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ãäå ( )tU nx, , ( )tU ny, – îáîáùåííûå êîîðäè-

íàòû,
N – êîëè÷åñòâî êîîðäèíàòíûõ ôóíêöèé

âàëà,
N+1, N+2 – íîìåðà ôóíêöèé, ñîîòâåò-

ñòâóþùèå ïåðåìåùåíèÿì îïîð. Ñîîòíîøåíèÿ (10)
ââîäèì â êèíåòè÷åñêóþ è ïîòåíöèàëüíóþ ýíåð-
ãèè. Â ðåçóëüòàòå êèíåòè÷åñêàÿ è ïîòåíöèàëüíàÿ
ýíåðãèè ñòàíóò ôóíêöèÿìè îáîáùåííûõ êîîð-
äèíàò è ñêîðîñòåé:
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Ñîñòàâèì óðàâíåíèå äâèæåíèÿ â âèäå óðàâ-
íåíèé Ëàãðàíæà âòîðîãî ðîäà. Â ðåçóëüòàòå ïîëó-
÷èì:

[ ]{ } [ ]{ } [ ]{ } [ ]{ } [ ]{ } [ ]{ } ,0~~ 33 =+++++ UCUKUKUCUGUM &&&&& (12)

ãäå [ ]K è [ ]K~ – ìàòðèöû æåñòêîñòè,

[ ]G – ãèðîñêîïè÷åñêàÿ ìàòðèöà,

[ ]C è [ ]C~ – ìàòðèöû äåìïôèðîâàíèÿ,

[ ]M – ìàòðèöà ìàññ,

{ }U – âåêòîð ïåðåìåùåíèé.
Êîýôôèöèåíòû ìàòðèö èìåþò ñëåäóþùèé âèä

(íå÷åòíûå èíäåêñû îòíîñÿòñÿ ê ïåðåìåùåíèÿì
ïî îñè x, ÷åòíûå – ïî îñè y, n = 1,... ,N;
m = 1,...,N):
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Îñòàëüíûå êîýôôèöèåíòû ìàòðèö ðàâíû
íóëþ.

Ââåäåì îáîçíà÷åíèÿ:
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òîãäà (12) ïðèìåò âèä:

{ } [ ]{ } [ ]{ } [ ]{ } [ ]{ } .0ˆˆ 33 =++++ UCUKUKUCU &&&& (15)

2. Íåëèíåéíûå ôîðìû êîëåáàíèé

Íåëèíåéíûå íîðìàëüíûå ôîðìû (ÍÍÔ) ÿâ-
ëÿþòñÿ ýôôåêòèâíûì ìåòîäîì ðåøåíèÿ çàäà÷
íåëèíåéíîé äèíàìèêè. Îñíîâà ýòîãî ìåòîäà çàê-
ëþ÷àåòñÿ â òîì, ÷òî ñèñòåìà N íåëèíåéíûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé çàìåíÿåòñÿ îäíèì
óðàâíåíèåì.
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Ïðèíèìàåì, ÷òî ïðè äâèæåíèè ïî ÍÍÔ îáîá-
ùåííûå êîîðäèíàòû èçìåíÿþòñÿ ñèíõðîííî. Òîã-
äà âñå ôàçîâûå êîîðäèíàòû ìîæíî âûðàçèòü ÷å-
ðåç îäíó, âûáðàííóþ ïðîèçâîëüíî, ïàðó ôàçî-

âûõ êîîðäèíàò [7]: p – ýòî ïåðåìåùåíèå è pq &=
– ýòî ñêîðîñòü. ÍÍÔ ïðåäñòàâèì òàê:
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ãäå UV &= – îáîáùåííûå ñêîðîñòè,

[ ]γ – ìàòðèöà êîýôôèöèåíòîâ ðàçëîæå-
íèÿ ïåðåìåùåíèé è ñêîðîñòåé â ñòåïåííîé ðÿä
ïî ôàçîâûì êîîðäèíàòàì:
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ãäå n=1,...,2N + 4 – íîìåðà ñòåïåíåé ñâîáîäû.
Êîýôôèöèåíòû ëèíåéíîé ÷àñòè (15) îïðåäå-

ëÿþòñÿ òàê [7]:
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ãäå ζ è δ – äåéñòâèòåëüíàÿ è ìíèìàÿ ÷àñòè ñîá-
ñòâåííûõ âåêòîðîâ ëèíåéíîé ÷àñòè ñèñòåìû (15),

n = 1,...,2N + 4. Ïðîäèôôåðåíöèðîâàâ (17)
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ãäå j – íîìåð ôîðìû. Ïîäñòàâèâ (20) â (19)
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Ïðèðàâíÿâ êîýôôèöèåíòû ïðè îäèíàêîâûõ

ñòåïåíÿõ νμqp , ïîëó÷èì ñèñòåìó ëèíåéíûõ àë-

ãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî êîýôôè-

öèåíòîâ ìàòðèöû [ ]γ . Â ðåçóëüòàòå ðåøåíèÿ ýòîé
ñèñòåìû ïîëó÷àåì ÍÍÔ.

Ïîëó÷åííóþ ÍÍÔ (17) ââîäèì â ïåðâîå óðàâ-
íåíèå ñèñòåìû (20). Â ðåçóëüòàòå ïîëó÷èì îäíî
îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå,
îïèñûâàþùåå äâèæåíèå ïî ÍÍÔ:
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Ïîñêîëüêó ìû ïðèíÿëè êóáè÷åñêóþ íåëèíåé-
íîñòü êâàäðàòè÷íûå ÷ëåíû â (22) îòñóòñòâóþò.

2. ×èñëåííûé àíàëèç êîëåáàíèé

Íà ðèñ. 2 è 3 ïîêàçàíû ÍÍÔ êîëåáàíèé ðîòîðà
íà íåëèíåéíûõ îïîðàõ ñî ñëåäóþùèìè ïàðàìåòðà-
ìè l = 1 ì, l1 = 0,25 ì, äèàìåòð âàëà
d = 0,02ì, m0 = 10 êã, I1 = 0,1 êã⋅ì2,
I0= 0,2 êã⋅ì2, ω = 628,3 ðàä/ñ. Êîýôôèöèåíòû æå-
ñòêîñòè è äåìïôèðîâàíèÿ îïîð: K1 = 100 Í/ì,
K3 = 10 Í/ì3, C1 = 10  Í⋅ñ/ì, C3 = 1  Í⋅ñ3/ì3.

Ðèñ. 2. ÍÍÔ ñ ëèíåéíûì äåìïôèðîâàíèåì

Ðèñ. 3. ÍÍÔ ñ íåëèíåéíûì äåìïôèðîâàíèåì

Ïðîâåðêà ïðàâèëüíîñòè ïîñòðîåíèÿ ÍÍÔ
âûïîëíåíà ÷èñëåííûì èíòåãðèðîâàíèåì ïîëíîé
ñèñòåìû óðàâíåíèé äâèæåíèÿ (19) ïðè çàäàíèè
íà÷àëüíîé òî÷êè ôàçîé òðàåêòîðèè íà ïîâåðõ-
íîñòè íîðìàëüíîé ìîäû. Ôàçîâûå òðàåêòîðèè íà
ÍÍÔ ïîêàçàíû òî÷å÷íûìè ëèíèÿìè íà ðèñ. 2 è 3.

Ðèñ. 4. Ñêåëåòíàÿ êðèâàÿ æåñòêîãî âàëà

Ðèñ. 5. Ñêåëåòíàÿ êðèâàÿ óïðóãîãî âàëà

Äëÿèññëåäîâàíèÿ àìïëèòóäíî-÷àñòîòíûõõàðàê-
òåðèñòèê (À×Õ) ýòèõ êîëåáàíèé ïðèìåíåí ìåòîä
ãàðìîíè÷åñêîãî áàëàíñà [8]. Íà ðèñ. 5è ðèñ. 6 ïîêà-
çàíû ñêåëåòíûå êðèâûå, ñîîòâåòñòâåííî, áåç ó÷åòà
è ñ ó÷åòîì æåñòêîñòè è ðàñïðåäåëåííîé ìàññû
âàëà.

Âëèÿíèå âàëà çàêëþ÷àåòñÿ â ñíèæåíèè æåñò-
êîñòè è ðåçîíàíñíûõ ÷àñòîò ñèñòåìû.

Çàêëþ÷åíèå

Ðàçðàáîòàíà ìåòîäèêà èññëåäîâàíèÿ íåëèíåé-
íûõ êîëåáàíèé óïðóãîãî ðîòîðà ñ ðàñïðåäåëåí-
íîé ìàññîé è äèñêîì íà íåëèíåéíûõ îïîðàõ. Ïî-
ñòðîåíû íåëèíåéíûå íîðìàëüíûå ôîðìû è ôà-
çîâûå òðàåêòîðèè ñèñòåìû ïðè ëèíåéíîì è íå-
ëèíåéíîì äåìïôèðîâàíèè. Èññëåäîâàíî âëèÿíèå
äåìïôèðîâàíèÿ íà äèíàìè÷åñêîå ïîâåäåíèå ñè-
ñòåìû. Èññëåäîâàíû ñêåëåòíûå êðèâûå ñèñòåìû
ñ ó÷åòîì ðàñïðåäåëåííîé ìàññû âàëà è ïîñòðîå-
íû ñêåëåòíûå êðèâûå ñèñòåì ñ æåñòêèì è ñ óï-
ðóãèì ðîòîðîì íà íåëèíåéíûõ îïîðàõ.
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Îòðèìàíî ìîäåëü êîëèâàíü íåñèìåòðè÷íîãî îäíîäèñêîâîãî ðîòîðà íà äâîõ ï³äøèïíè-
êàõ ç êóá³÷íîþ íåë³í³éí³ñòþ îïîð. Âðàõîâàíî ã³ðîñêîï³÷í³ ìîìåíòè äèñêà, ïðóæí³ âëàñòè-
âîñò³ é ðîçïîä³ëåíà ìàñà âàëà. Ìàòåìàòè÷íà ìîäåëü êîëèâàíü ðîòîðà çâîäèòüñÿ äî ñèñ-
òåìè çâè÷àéíèõ äèôåðåíö³àëüíèõ ð³âíÿíü äðóãîãî ïîðÿäêó. Äëÿ àíàë³çó îòðèìàíî¿ ñèñòåìè
çàñòîñîâóºòüñÿ ìåòîä íåë³í³éíèõ íîðìàëüíèõ ôîðì Øîó-Ïüºðà. Îòðèìàíî ôîðìè êîëè-
âàíü âàëà ç äèñêîì ³ ôàçîâ³ òðàºêòîð³¿ ñèñòåì, ïîáóäîâàíî ê³ñòÿêîâ³ êðèâ³ íåë³í³éíèõ
êîëèâàíü ðîòîðà.

Êëþ÷îâ³ ñëîâà: ðîòîð, íåë³í³éí³ îïîðè, ìåòîä íåë³í³éíèõ íîðìàëüíèõ ôîðì, ôàçîâ³ òðàº-
êòîð³¿, ê³ñòÿêîâ³ êðèâ³.

The model of oscillations of an asymmetrical single-disk rotor on two bearings with cubic
nonlinearity of a rigidity and damping is obtained. Gyroscopic torques, elasticity and the allocated
mass of the shaft are taken into account. This model is reduced to a system of ordinary
differential second-kind equations. To research of a system the method of nonlinear normal
modes of Shaw and Pierre is applied. The modes of road with disk oscillations and phase paths
are obtained. The skeletal curves of nonlinear oscillations of a rotor are constructed.

Key words: rotor, nonlinear bearings, nonlinear normal modes method, phase pathes, skeletal
curves.
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