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L:CAOS F

5



8 <B9A>?YAQ=@<:L 9P:O>Ap:@@S[ =>TAP<CLAQ P:l:@= B<BC:L= WP=Q@:@<X R
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aA��� ú�þø R >�C ��ú�þø R GsZ]E �� úD ]DDIb F

; b 9= : L:pOW@=PAO@=k NA@V:P:@;<k 9A QSM<B><C:>?@AX L:[=@<N: < BAQP:Z
L:@@SL 9P<N>=O@SL 9PATP=LL@SL B<BC:L=L jK8uu8 B]DD^ F a]EZH G L=k
]DD^ TFR U>WlC=bF

�b G]ö	 ��? �þ�  >E\�:FF õþ >�? � ���ú �õú�ö �õþ õ G � �@� �þö ��ú �þø
��@� �þö ��úZA ú��� � �� ü���ö �õþ÷ a��úú� R �� ? �þD R GsZ GI ���ö�?��  ]DD^bF

I b 99 NPSLBN=k AB:@@kk L=C:L=C<M:BN=k lNA>=ZB<L9AY<WL x89:NCP=>?@S:
< wQA>v;<A@@S: Y=O=M<y aGIZ]^ B:@Ck`Pk ]DD^ TFR 8:Q=BCA9A>? R oNP=<@=b F
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^b 8AQL:BC@SX B:L<@=P N=V:OP O<VV:P:@;<=>?@S[ WP=Q@:@<X < C:AP:C<Z
M:BNAX L:[=@<N< KABNAQBNATA =Q<=;<A@@ATA <@BC<CWC= aTF KABNQ= R I ANZ
Ck`Pk ]DD^ TFb F

iBB>:OAQ=@<k QS9A>@:@S 9P< 9AOO:Pp N: _ABB<XBNATA VA@O= VW@O=L:@Z
C=>?@S[ <BB>:OAQ=@<X a9PA:NC I D;ZDIZDDH�Gb R = C=Np: 9PATP=LLS L<@<Z
BC:PBCQ= A`P=YAQ=@<k < @=WN< _m J_=YQ<C<: @=WM@ATA 9AC:@;<=>= QSBl:X
lNA>S @= ]DD^K ]DGD TAOS LR P:T<BCP=;<A@@SX @AL:P ] FGFGME];� F

N�*�.��8.. � uA C:L: O<BB:PC=;<< A9W`><NAQ=@A G] P=`ACR Q CAL M<B>: s
BC=C?< < I C:Y<BAQ � <Y @<[ ] BC=C?< J Q <YO=@<k[ <Y 9:P:M@k R P:NAL:@OAQ=@@ATA
jUd F

O�)����)� . �*P�� )�*��� � q<BB:PC=;<k BABCA<C <Y QQ:O:@<k R M:CSP:[
T>=Q R Y=N>vM:@<k < B9<BN= ><C:P=CWPS F g`n<X A`Q:L P=`ACS BABC=Q>k:C GG^
BCP=@<; F f<`><ATP=V<k BAO:Pp <C I G @=<L:@AQ=@<: F

��}��z� �zR ��S }T�� �}{z��
U� //�-��.. A`AB@AQ=@= =NCW=>?@ABC? C:LS O<BB:PC=;<< R 9P<Q:O:@ A`Z

YAP BAQP:L:@@ATA BABCAk@<k A`>=BC< <BB>:OAQ=@<k < O=@A NP=CNA: A9<B=@<:
BAO:Pp=@<k O<BB:PC=;<< F

U 7�)/�V W��/� 9P<QAO<CBk A`YAP <YQ:BC@S[ M<B>:@@S[ L:CAOAQ P:l:@<k
Y=O=M< dAl< O>k B<BC:L O<VV:P:@;<=>?@AZ=>T:`P=<M:BN<[ WP=Q@:@<X

{
dy
dt

= f(y, x, t),

G(y, x, t) = 0,

aGb

y(0) = y0, x(0) = x0.
a]b

y : R
1 −→ R

n, x : R
1 −→ R

m, t ∈ R
1,

f : R
n+m+1 −→ R

n, G : R
n+m+1 −→ R

m.< QSPApO:@@S[ <@C:TPAZO<VV:P:@;<=>?@S[ B<BC:L F
U� /��)�V W��/� M<B>:@@A: P:l:@<: Y=O=M< aGb R a]b P=BBL=CP<Q=:CBk B

9AY<;<< L:CAO= 9PAOA>p:@<k 9A @=<>WMl:LW =PTWL:@CWF
c=<>WMl<L =PTWL:@CAL Y=O=M< aGb R a]b @=YSQ=:CBk =PTWL:@CR OABC=Q>kvZ

n<X B<BC:L: WP=Q@:@<X 9PAOA>p:@<k @=<>WMlWv A`WB>AQ>:@@ABC? F
uWBC? <@C:TP=> Y=O=M< aGb R a]b

f(y, x, t) = 0, f(y0, x0, t0) = 0,
f = (f1, . . . , fn+m)T

aHb
Y=O=:C Q

(n+m+1)
ZL:P@AL :QN><OAQAL 9PABCP=@BCQ:

R
n+m+1 <@C:TP=>?@WvNP<QWv

K
F uPA;:BB 9ABCPA:@<k wCAX NP<QAX LAp@A P=BBL=CP<Q=C? N=N Y=O=MW

X



9ABCPA:@<k L@Ap:BCQ= P:l:@<X B<BC:LS @:><@:X@S[ WP=Q@:@<X aHb R BAO:Pp=Z
n<[ 9=P=L:CPZ=PTWL:@C

t
R O>k P=Y><M@S[ Y@=M:@<X

t
F q>k 9ABCPA:@<k NP<QAX

L@Ap:BCQ= P:l:@<X B<BC:LS aHb 9P<L:@<L L:CAO 9PAOA>p:@<k 9A 9=P=L:CPWF
uWBC? R

x = x(t), y = y(t)
kQ>kvCBk VW@N;<kL< 9=P=L:CP=

t
R CATO= WP=Q@:@<k

9PAOA>p:@<k BCPAkCBk O<VV:P:@;<PAQ=@<:L aHb 9A 9=P=L:CPW
t

∂f

∂y

dy

dt
+
∂f

∂x

dx

dt
+
∂f

∂t
= 0.

as b
_=YP:l<L asb AC@AB<C:>?@A 9PA<YQAO@S[

(
dy
dt
dx
dt

)
= −J−1∂f

∂t
,

aEb

TO:
J =

[
∂f
∂y

∂f
∂x

] Z L=CP<;= <NA`< F
8Wn:BCQ:@@S: QSM<B><C:>?@S: CPWO@ABC< `WOWC QAY@<N=C? Q C:[ CAMN=[

NP<QAX L@Ap:BCQ= P:l:@<X B<BC:LS WP=Q@:@<X aHbR TO: kNA`<=@
det(J)

BC=@AZ
Q<CBk L=>SL F j C:[ CAMN=[ R Q NACAPS[ kNA`<=@ A`P=n =:CBk Q @A>? R wC< CPWOZ
@ABC< BC=@AQkCBk @:9P:AOA><LSL< F jBC=:C QA9PAB A BL:@: 9=P=L:CP= 9PAOA>Z
p:@<k < A QS`AP: @=<>WMl:TA 9=P=L:CP= 9PAOA>p:@<k P:l:@<k B<BC:LS aHb R
= Y@=M<CR < @=<>WMl:TA =PTWL:@C= B<BC:LS aGb R a]b F
j P=`AC=[ e Ff F dWY@:;AQ= R j Fi F % =>=l<><@= OAN=Y=@A R MCA @=<>WMl<L

=PTWL:@CAL B<BC:LS qUo kQ>k:CBk O><@= OWT< <@C:TP=>?@AX NP<QAX
λ
<

9P:O>Ap:@ =>TAP<CL @:9P:PSQ@ATA 9PAOA>p:@<k 9A @=<>WMl:LW =PTWL:@CWR
BAT>=B@A NACAPALW B<BC:L= aGb BQAO<CBk N B<BC:L: gqo 9WC:L O<VV:P:@Z
;<PAQ=@<k @:O<VV:P:@;<=>?@S[ BAAC@Al:@<X R 9AB>: M:TA 9P:A`P=YW:CBk N
@=<>WMl:LW =PTWL:@CWF

j O=@@AX T>=Q: P=BBL=CP<Q=:CBk 9P<L:@:@<: O<BNP:C@ATA Q=P<=@C= L:CAO=
9PAOA>p:@<k 9A @=<>WMl:LW =PTWL:@CW N B<BC:L: qUoF 8AT>=B@A O=@@ALW
9AO[AOW P:l:@<:

(xk+1, yk+1, tk+1) = (x, y, t)
@=

(k+1)
ZL l =T: 9PA;:OWPS <@C:Z

TP<PAQ=@<k Q CAMN: R BAACQ:CBCQWvn:X Y@=M:@<v 9=P=L:CP=
λ = λk+1,

<n:CBk
<Y B>:OWvn:X B<BC:LS WP=Q@:@<X h





dy
dλ

− f(y, x, t) dt
dλ

= 0,

G(y, x, t) = 0,
n∑

i=1

(y(i) − yk(i))
2 +

m∑

j=1

(x(j) − xk(j))
2 + (t− tk)

2 − ∆λ2
k = 0.

a; b

rO:B?
xk = x(λk)

R
yk = y(λk)

R
tk = t(λk)

K 9P<`><p:@@A: Y@=M:@<: P:l:Z
@<k R BAACQ:CBCQWvn:: 9=P=L:CPW

λ = λk
R
∆λk = λk+1 − λk

K O><@= l=T= 9A
9=P=L:CPW

λ.

Y



eB>< =PTWL:@C
λ
ACBM<CSQ=C? AC @=M=>?@AX CAMN< Y=O=M< aGbR a]b R CA @=Z

M=>?@S: WB>AQ<k 9P<LWC Q<O

y(0) = y0, x(0) = x0, t(0) = t0.
a�b

t:AL:CP<M:BN< P:l:@<: B<BC:LS a;b AY@=M=:CR MCA P:l:@<: @=
(k + 1)

ZL
l =T: Q CAMN: R BAACQ:CBCQWvn:X Y@=M:@<v 9=P=L:CP=

λ = λk+1
<n:CBk N=N

9:P:B:M:@<: <@C:TP=>?@AX NP<QAX Y=O=M< aGbR a]b < BV:PS P=O<WB=
∆λk

B ;:@Z
CPAL Q

k
ZX CAMN: F

uAB>: Y=L:@S 9PA<YQAO@S[ Q B<BC:L: a; b NA@:M@SL< P=Y@ABCkL< CP:`W:LAZ
TA 9APkON= R 9A>WM=:CBk B<BC:L= @:><@:X@S[ WP=Q@:@<X R NACAPWv @:A`[AO<LA
P:l =C? @= N=pOAL l=T: 9PA;:OWPS <@C:TP<PAQ=@<k F

8:P?:Y@AX 9PA`>:LAX 9P< M<B>:@@AL P:l:@<< B<BC:L @:><@:X@S[ WP=QZ
@:@<X kQ>k:CBk QS`AP @=M=>?@ATA 9P<`><p:@<k R NACAPA: R O>k CATA R MCA`S
L:CAO B[AO<>Bk R OA>p @A `SC? QS`P=@A OABC=CAM@A `><YNA N P:l:@<v Y=O=M< F

 APAl<L @=M=>?@SL 9P<`><p:@<:L O>k B<BC:LS a;b kQ>kvCBk Y@=M:@<k hZ

x(0) = xk +

(
1 +

∆λk

∆λk−1

)
(xk − xk−1),

y(0) = yk +

(
1 +

∆λk

∆λk−1

)
(yk − yk−1),

t(0) = tk +

(
1 +

∆λk

∆λk−1

)
(tk − tk−1).

aIb

t:AL:CP<M:BN< @=M=>?@A: 9P<`><p:@<: aIb 9P:OBC=Q>k:C BA`AX CAMNW 9:Z
P:B:M:@<k BV:PS P=O<WB=

∆λk
B ;:@CPAL Q CAMN:

(xk, yk, tk)
< 9PkLAX R 9PAQ:Z

O:@@AX M:P:Y CAMN<
(xk−1, yk−1, tk−1)

<
(xk, yk, tk)

F
j=p @SL 9P:<LWn:BCQAL L:CAO= O<BNP:C@ATA 9PAOA>p:@<k 9A BP=Q@:Z

@<v B @:9P:PSQ@SL kQ>k:CBk ACBWCBCQ<: @:A`[AO<LABC< O<VV:P:@;<PAQ=Z
@<k @:O<VV:P:@;<=>?@S[ BAAC@Al:@<X R CF: F B<BC:L= qUo 9P:A`P=YW:CBk N
@=<>WMl:LW =PTWL:@CW BP=YWR `:Y BQ:O:@<k N gqoF

_=BBLACP<L P:l:@<: B<BC:LS a;b B 9ABCAk@@SL l=TAL
∆λ

F uAB>: Y=L:@S
9PA<YQAO@S[ NA@:M@SL< P=Y@ABCkL< 9:PQATA 9APkON= R B<BC:L= 9P<L:C Q<O h





y − yk = f(yk, xk, tk)(t− tk),
G(y, x, t) = 0,

n∑

i=1

(y(i) − yk(i))
2 +

m∑

j=1

(x(j) − xk(j))
2 + (t− tk)

2 − ∆λ2 = 0.

a^b
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8 WM:CAL A`AY@=M:@<X

Fk+1(z)=





y − yk − f(yk, xk, tk)(t− tk)

G(y, x, t)

}
= Φk+1(z)

n∑

i=1

(y(i) − yk(i))
2 +

m∑

j=1

(x(j) − xk(j))
2 + (t− tk)

2 − ∆λ2,

aGDb

B<BC:L= a^b LAp:C `SC? Y=9<B=@= Q Q<O:
Fk+1(z) = 0.

aGGb
iC:P=;<< L:CAO= c?vCA@= O>k O=@@AX B<BC:LS <L:vC Q<O




z

(i+1)
k+1 = z

(i)
k+1 −

[
∂Fk+1

∂z
(z

(i)
k+1)

]−1

Fk+1(z
(i)
k+1), i = 0, 1, ...

z
(0)
k+1 = 2zk − zk−1.

aG]b

rO:B? M:P:Y
zk

A`AY@=M:@A Y@=M:@<: 9P<`><p:@@ATA P:l:@<k R @=XO:@@A:
@=

k
ZL a9P:OSOWn:Lb l =T: R

i
J @AL:P <C:P=;<< F

qAN=Y=@= B>:OWvn=k C:AP:L= F
6��)��� � b �
cd �e��fghic 
h 
f jk�il	 j �
f ��	h m
no p q �� j

S(z0, R)
� jq jg	 j r�k�s	 tnu v twu 
�l j
c ��jc 	 jk	g
c �jgg�x

w o y fh gj�hr�	 g� ��
f jkgjz q �{j ��
i
�e��fgh jc 
h �
f ��	 j ‖Fk(zk)‖ < ε,

k = 1, 2, ...p− 1;| o pe��fgh jc 
h gj���jg
c ��
‖F ′

k(z1) − F ′
k(z2)‖ ≤ γ‖z1 − z2‖, ∀z1, z2 ∈ S(z0, R);

} o ∃ [F ′
k(z)]

−1 : ‖ [F ′
k(z)]

−1 ‖ ≤ m, ∀z ∈ S(z0, R)
x

~ o ‖f(z)‖ ≤ M, ‖G′(z)‖ ≤ K, ∀z ∈ S(z0, R);b �
cd
ε
�e�	��jc 
h c ��v sc ��e 	z jf � z j
c � gj���jg
c ��

ε < 1
2γm2

	

R′ =
p(1 −

√
1 − 2α)

mγ
< R,

{kj
α = m2γ(ε+ C∆λ)

v
C = max{1 +M,K} o��{k� �� 	 �e��� j q �{� 
jc �	 	r 
��cg�q jg	h

∆λ ≤ 1 − 2εγm2

2γm2C
,

��
f jk���c jfdgej �� 	�f	� jg	h
z

(i)
k

v �es	
f jgge j �� 	cj���	�gg�� 
� j�
z j tnwu 
� �khc 
h � � jq jg	i

zk
o b� 	 �c �z 	z jjc z j
c � ��jg�� �q	��	 m

‖z(i)
k − zk‖ ≤ (2α)2i

mγ2i
.

aGHb

``



�=Np: Q O=@@AX T>=Q: 9P<Q:O:@S P=Y><M@S: 9P<L:PS P:l:@<k @=M=>?@AX
< NP=:QAX Y=O=M O>k B<BC:L qUoR O:LA@BCP<PWvn<: wVV:NC<Q@ABC? 9P:O>AZ
p:@@ATA 9AO[AO= F

U �)����V W��/� P=BBL=CP<Q=:CBk M<B>:@@A: P:l:@<: B<BC:LS
<@C:TPAO<VV:P:@;<=>?@AZ=>T:`P=<M:BN<[ WP=Q@:@<X B Y=9=YOSQ=vn<L =PZ
TWL:@CAL




dy
dt

= f(y, yτ , ẏτ , x, xτ , ẋτ , z, zτ , żτ , t),

G(y, yτ , x, xτ , z, zτ , t) = 0,

Fi

(
t, y, yτ , ẏτ , x, xτ , ẋτ , z, ż, zτ , żτ ,

t∫
t0

Ki[x(ξ), y(ξ), z(ξ), ξ]dξ

)
=0,

i = 1, k

aGs b

WOAQ>:CQAPkvn:: @=M=>?@SL WB>AQ<kL




y(t) = ỹ(t), ẏ(t) = ŷ(t),
x(t) = x̃(t), ẋ(t) = x̂(t), t ∈ [t0 − τ, t0),
z(t) = z̃(t), ż(t) = ẑ(t),

y(t0) = ỹ(t0) = y0, x(t0) = x̃(t0) = x0, z(t0) = z̃(t0) = z0,

aGEb

y : R → R
n, x : R → R

m, z : R → R
k, t ∈ R,

f : R
3(n+m+k)+1 → R

n, G : R
2(n+m+k)+1 → R

m, F : R
3n+3m+4k+1 → R

k.rO:B?
ỹ(t), ŷ(t), x̃(t), x̂(t), z̃(t), ẑ(t)

J Y=O=@@S: @:9P:PSQ@S: VW@N;<< R
<@O:NB

τ > 0
A9P:O:>k:C Y=9=YOSQ=@<: =PTWL:@C= VW@N;<< R CF: F

yτ (t) = y(t−
τ)
R
xτ (t) = x(t − τ)

R
zτ (t) = z(t − τ)

R
ẏτ (t) = ẏ(t − τ)

R
ẋτ(t) = ẋ(t − τ)

R
żτ (t) = ż(t− τ)

F
_:l:@<: Y=O=M< aGs bR aGEb P=BBL=CP<Q=:CBk B 9AY<;<< L:CAO= 9PAOA>p:@<k

9A @=<>WMl:LW =PTWL:@CWF
uA>WM:@ B>:OWvn<X P:YW>?C=CF

6��)��� � y fh c �{�v sc ��e r�k�s� � �q	 tn}u v tn~u kfh 
	
c jze
	gc j{� �k	��j� jg�	�fdg���f {j���	sj
�	� ����gjg	� 
 r���rke ��il	z �� {��
z jgc �z �� j����r���cd � g�	f�sq jz � �� {�z jgc �v g j��� �k	z � 	 k�
c �c �sg�
�e���cd � ��sj
c �j c �����{� kf	g� k� {	

λ
v �c 
s	ce ��jz �i �k�fd 	gc j�

{��fdg�� �� 	��� r�k�s	 o
c=<>WMl<X =PTWL:@C Y=O=:CBk BAAC@Al:@<:L

dλ2 =
n∑

i=1

dy2
i +

m∑

j=1

dx2
j +

k∑

l=1

dz2
j + dt2.

aG; b

`�



q>k B<BC:LS WP=Q@:@<X R P=YP:l:@@S[ AC@AB<C:>?@A 9PA<YQAO@AX




dy
dt

= f(y, yτ , ẏτ , x, xτ , ẋτ , z, zτ , żτ , t),

G(y, yτ , x, xτ , z, zτ , t) = 0,

dzl

dt
=Fl

(
t, y, yτ , ẏτ , x, xτ , ẋτ , z, zτ , żτ ,

t∫
t0

Kl[x(ξ), y(ξ), z(ξ), ξ]dξ

)
,

l = 1, k

aG�b

B @=M=>?@SL< WB>AQ<kL< aGEb 9P:O>Ap:@S =>TAP<CLS @:9P:PSQ@ATA < O<BZ
NP:C@ATA 9PAOA>p:@<k F

K:CAO @:9P:PSQ@ATA 9PAOA>p:@<k BABCA<C Q O<VV:P:@;<PAQ=@<< Q:NCAPZ
VW@N;<<

G
9A

λ
R 9AB>: M:TA B WM:CAL BLSB>= @=<>WMl:TA =PTWL:@C= R B<BC:Z

L= aG�b Y=9<BSQ=:CBk Q Q<O:




Yi − fiT = 0, i = 1, n
n∑

i=1

G,yi
Yi +

m∑

j=1

G,xj
Xj +

k∑

l=1

G,zl
Zl+

+(
n∑

i=1

G,yiτ
ẏiτ +

m∑

j=1

G,xjτ
ẋjτ +

k∑

l=1

G,zlτ
żlτ +G,t)T = 0,

Zl − FlT = 0, l = 1, k
n∑

i=1

YiYi +

m∑

j=1

XjXj +

k∑

l=1

ZlZl + TT = 1,

aGIb

rO:B? <B9A>?YAQ=@S A`AY@=M:@<k
dy

dλ
= Y,

dx

dλ
= X,

dz

dλ
= Z,

dt

dλ
= T.

aG^b
8<BC:LW aGIb B>:OW:C P=YP:l<C? AC@AB<C:>?@A 9PA<YQAO@S[ R 9AB>: M:TA LS

9P<O:L N B<BC:L: O<VV:P:@;<=>?@S[ WP=Q@:@<X Q @APL=>?@AX VAPL: aG^b R
NACAP=k LAp:C `SC? P:l:@= N=N<LZ><`A M<B>:@@SL L:CAOAL P:l:@<k B<BC:L
A`SN@AQ:@@S[ O<VV:P:@;<=>?@S[ WP=Q@:@<X F

8AAC@Al:@<k L:CAO= ÿX>:P= O>k B<BC:LS aG^b <L:vC Q<O

y
(k+1)
i = y

(k)
i +hλkYi(y

(k), y
(k)
τ , ẏ

(k)
τ , x(k), x

(k)
τ , ẋ

(k)
τ , z(k), z

(k)
τ , ż

(k)
τ , S(k), t(k)),

x
(k+1)
i = x

(k)
i +hλkXi(y

(k), y
(k)
τ , ẏ

(k)
τ , x(k), x

(k)
τ , ẋ

(k)
τ , z(k), z

(k)
τ , ż

(k)
τ , S(k), t(k)),

z
(k+1)
i = z

(k)
i +hλkZi(y

(k), y
(k)
τ , ẏ

(k)
τ , x(k), x

(k)
τ , ẋ

(k)
τ , z(k), z

(k)
τ , ż

(k)
τ , S(k), t(k)),

t(k+1) = t(k)+hλkT (y(k), y
(k)
τ , ẏ

(k)
τ , x(k), x

(k)
τ , ẋ

(k)
τ , z(k), z

(k)
τ , ż

(k)
τ , S(k), t(k)),

a]Db

TO:
y

(k)
τ = y(t(k) − τ), x

(k)
τ = x(t(k) − τ), z

(k)
τ = z(t(k) − τ), λ(k+1) = λ(k) + hλk.

`ñ



rO:B? <@C:TP=> QSM<B>k:CBk 9A VAPLW>: CP=9:;<X

S
(k)
l =

t(k)∫

t0

Kl[x(ξ), y(ξ), z(ξ), ξ]dξ ≈
1

2

k∑

i=1

(K
(i−1)
l +K

(i)
l )(t(i) − t(i−1)),

a]Gb

TO:
K

(i)
l = Kl(x

(i), y(i), z(i), t(i)).uP=QS: M=BC< BAAC@Al:@<X a]Db Y=Q<BkC AC VW@N;<X
y(t(k)− τ) R ẏ(t(k)− τ) R

x(t(k) − τ)
R
ẋ(t(k) − τ)

R
z(t(k) − τ)

R
ż(t(k) − τ)

R 9P<M:L R Q A`n:L B>WM=: R CAMN<
θ = t(k) − τ

@: Q[AOkC Q BABC=Q CAM:N B:CN< <@C:TP<PAQ=@<k F q>k @=[ApO:@<k
Y@=M:@<X

y(θ)
R
ẏ(θ)

R
x(θ)

R
ẋ(θ)

R
z(θ)

R
ż(θ)

9P:O>=T=:CBk <B9A>?YAQ=C? <@C:P9AZ
>k;<A@@S: 9A><@ALS ò=TP=@p= QCAPATA 9APkON= R NACAPS: <L:vC Q<O

Lf(t) =
s+2∑

i=s

f (i)
∏

j 6=i

(t− t(j))

(t(i) − t(j))
.

a]]b

rO:B?
f (i) = f(t(i))

K Y@=M:@<: <@C:P9A><PW:LAX VW@N;<< Q CAMN:
t(i)

R
t(s) ≤ θ ≤ t(s+1), s ∈ N

F
�=Np: O>k B<BC:L Q<O= aG�b 9P:O>Ap:@ L:CAO O<BNP:C@ATA 9PAOA>p:@<k

9A @=<>WMl:LW =PTWL:@CWF 8AT>=B@A O=@@ALW 9AO[AOWR P:l:@<:
(y, x, z, t)

@=
(i+1)

ZL l=T: Q CAMN: R BAACQ:CBCQWvn:X 9=P=L:CPW
λ = λi+1

R <n:CBk <Y B>:Z
OWvn:X B<BC:LS WP=Q@:@<X h




dy
dλ

− f(y, yτ , ẏτ , x, xτ , ẋτ , z, zτ , żτ , t)
dt
dλ

= 0,

G(y, yτ , x, xτ , z, zτ , t) = 0,
dzl

dλ
− Fl (t, y, yτ , ẏτ , x, xτ , ẋτ , z, zτ , żτ , Sl(t))

dt

dλ
= 0, l = 1, k,

m∑

j=1

(xj − x
(i)
j )2 +

n∑

j=1

(yj − y
(i)
j )2 +

k∑

j=1

(zj − z
(i)
j )2+

+(t− t(i))2 − ∆λ2
i = 0.

a]Hb

d=N < Q @:9P:PSQ@AL 9PAOA>p:@<< R <@C:TP=> QSM<B>k:CBk 9A VAPLW>:
CP=9:;<X a]GbF

uAB>: Y=L:@S 9PA<YQAO@S[ NA@:M@SL< P=Y@ABCkL< 9A>WM=:L B<BC:Z
LW <Y

(n+m+k+1)
ZTA @:><@:X@ATA WP=Q@:@<k AC@AB<C:>?@A @:<YQ:BC@S[

(x(i+1), y(i+1), z(i+1), t(i+1))
R NACAPWv @:A`[AO<LA P:l =C? N=N<LZ><`A <C:P=;<Z

A@@SL L:CAOAL P:l:@<k B<BC:L @:><@:X@S[ WP=Q@:@<X F
uP<Q:O:@ PkO 9P<L:PAQ R O:LA@BCP<PWvn<[ wVV:NC<Q@ABC? 9P:O>Ap:@@AZ

TA 9AO[AO= F _=BBLACP:@= LAO:>?@=k Y=O=M= R NACAP=k @: P:l=:CBk `:Y 9P:A`Z
P=YAQ=@<k N @=<>WMl:LW =PTWL:@CWF �<B>:@@S: P:YW>?C=CS 9AN=Y=>< R MCA
O<BNP:C@A: 9PAOA>p:@<: A`>=O=:C `A>?l:X CAM@ABC?v R M:L @:9P:PSQ@A: F

`$



� ��/�)��0 W��/� 9ABQkn:@= M<B>:@@ALW P:l:@<v P=Y><M@S[ 9P<N>=OZ
@S[ Y=O=M B <B9A>?YAQ=@<:L 9P:O>Ap:@@S[ L:CAOAQ F

_=BBL=CP<Q=:CBk P:l:@<: B<BC:LS WP=Q@:@<X R A9<BSQ=vn:X 9PA;:BB Q<`Z
PABQ:P>:@<k F uA>@=k B<BC:L= WP=Q@:@<X LAO:>< 9PA;:BB= Q<`PABQ:P>:@<k BAZ
BCA<C <Y WP=Q@:@<X OQ<p:@<k <@BCPWL:@C= < WP=Q@:@<X A`P=YAQ=@<k @AQS[
9AQ:P[@ABC:X F oP=Q@:@<k OQ<p:@<k <@BCPWL:@C= Q `:YP=YL:P@S[ 9:P:L:@@S[
<L:vC Q<O




d2ξ

dβ2 +
(
2ζ(2πfax)

dξ
dβ

+ (2πfax)
2ξ
)
dτ
dβ

=

=
(
(2πp)2A0sin(2πpτ) − (2πfax)

2k
q η̄

q
)
dτ
dβ,

d2ψ

dβ2 +
(
µζ2ζ(2πfax)

dψ
dβ

+ (2πfrot)
2ψ
)
dτ
dβ

=
(
−µP (2πfax)

2k
q η̄

q
)
dτ
dβ
,

dτ
dβ

= 1 − dψ
dβ
,

a]s b

TO:
η̄ =

[
1
2(2(η1 + η2))

q
]1/q J 9P<Q:O:@@=k CA>n<@= B@<L=:LATA B>Ak F

rO:B?
ξ
J `:YP=YL:P@A: AB:QA: BL:n:@<: <@BCPWL:@C= R

ψ
J `:YP=YL:P@SX

WTA> 9AQAPAC= BQ:P>= QANPWT AB< R
τ
J `:YP=YL:P@A: QP:Lk R

β
J `:YP=YL:P@SX

WTA> 9AQAPAC= <@BCPWL:@C= a9P=QATA B:M:@<k BQ:P>=b AC@AB<C:>?@A O:C=>< R
qJ 9=P=L:CP @:><@:X@ABC< Y=NA@= P:Y=@<k R

fax, frot
J `:YP=YL:P@S: BA`BCQ:@Z

@S: M=BCACS AB:QS[ < NPWC<>?@S[ NA>:`=@<X <@BCPWL:@C= R
k
J `:YP=YL:P@=k

p:BCNABC? P:Y=@<k R
ζ
J `:YP=YL:P@SX NAwVV<;<:@C O:L9V<PAQ=@<k R

µP , µζJ @:NACAPS: L=BlC=`<PWvn<: L@Ap<C:>< F
oP=Q@:@<k A`P=YAQ=@<k @AQS[ 9AQ:P[@ABC:X O>k <@BCPWL:@C= B OQWLk P:Z

pWn<L< NPALN=L< <L:vC Q<O




∆1(β) = [Z0(τ(β))−Z0(τ(0))]+ξ(β) −H + τ(β) − Λ2 (β − 0.5) ,
∆2(β) = [Z0(τ(β))−Z0(τ(0))]+ξ(β) −H + τ(β) − Λ1 (β − 0.5) ,

η1(β) = max(0,∆1(β)), η2(β) = max(0,∆2(β)),
Λ1(β) = Λ2(β − 0.5) + η1(β),
Λ2(β) = Λ1(β − 0.5) + η2(β).

a]Eb

rO:B?
∆j(β)

Z `:YP=YL:P@A: P=BBCAk@<: AC
j
ZX P:pWn:X NPALN< OA @:A`Z

P=`AC=@@AX 9AQ:P[@ABC< R
Λj(β)

Z 9AQ:P[@ABC? R 9A>WM=:L=k Y= BM:C B@kC<k
LT@AQ:@@AX CA>n<@S B@<L=:LATA B>Ak

ηj(β)
B 9AQ:P[@ABC< R BVAPL<PAQ=@@AX

x9P:OSOWn:Xy P:pWn:X NPALNAX R
H

Z `:YP=YL:P@A: P=BBCAk@<: AC <@BCPWZ
L:@C= OA BP:O@:X 9AQ:P[@ABC< CAP;= O:C=>< Q @=M=>?@SX LAL:@C QP:L:@< R
Z0(t) = A0sin(ω0t)

J Y=NA@ R 9A NACAPALW Q<`P=CAP Y=O=:C OQ<p:@<: >:QALW
B:M:@<v NP:9>:@<k <@BCPWL:@C= F

uA>@=k B<BC:L= WP=Q@:@<X LAO:>< 9PA;:BB= Q<`PABQ:P>:@<k 9P:OBC=Q>k:C
`'



BA`AX B<BC:LW O<VV:P:@;<=>?@AZ=>T:`P=<M:BN<[ WP=Q@:@<X B Y=9=YOSQ=vZ
n<L =PTWL:@CAL a]sb R a]EbF
q =@@=k B<BC:L= P:l=>=B? B <B9A>?YAQ=@<:L @:9P:PSQ@ATA < O<BNP:C@ATA

9PAOA>p:@<k 9A @=<>WMl:LW =PTWL:@CWF j [AO: P:l:@<k QSM<B>k>=B? @:QkYZ
N= =>T:`P=<M:BNAX M=BC< B<BC:LS R NACAP=k O>k L:CAO= O<BNP:C@ATA 9PAOA>Z
p:@<k AN=Y=>AB? Y@=M<C:>?@A L:@?l: R M:L O>k @:9P:PSQ@ATA F

�=Np: Q O=@@AX T>=Q: 9PAQ:O:@A <BB>:OAQ=@<: LAO:>:X @:BC=;<A@=P@S[
w>:NCP<M:BN<[ ;:9:X F _=BBLACP:@= LAO:>? OQW[NA@CWP@AX w>:NCP<M:BNAX ;:Z
9< R A9<BSQ=:LAX B<BC:LAX <@C:TPAO<VV:P:@;<=>?@AZ=>T:`P=<M:BN<[ WP=Q@:Z
@<X aQSPApO:@@S[ <@C:TPAZO<VV:P:@;<=>?@S[ WP=Q@:@<XbÁ

(
BL

0

)
di

dt
+

(
BR

A

)
i+

(
BC̃

0

) t∫

0

idτ + j̃ = 0.
a]; b

rO:B?
A
J WY>AQ=k L=CP<;= R

B
J NA@CWP@=k L=CP<;= R

R, L, C̃
J O<=Z

TA@=>?@S: L=CP<;S BA9PAC<Q>:@<X R <@OWNC<Q@ABC:X < Q:><M<@ R A`P=C@S[
:LNABC< BAACQ:CBCQ:@@A R

i
J Q:NCAP P=B9P:O:>:@<k CANAQ 9A Q:CQkL ;:9< R

j̃ = (0, 0, j(t), 0, 0)T, j(t)
J CAN <BCAM@<N= F

q>k P:l:@<k O=@@AX Y=O=M< 9P<L:@k><B? OQ= 9AO[AO= h L:CAO R AB@AQ=@@SX
@= VAPLW>=[ O<VV:P:@;<PAQ=@<k @=Y=O a9P:O>Ap:@@SX Q P=`AC: e Fj F �<Z
BCkNAQAXb < L:CAO O<BNP:C@ATA 9PAOA>p:@<k 9A @=<>WMl:LW =PTWL:@CWF j
9:PQAL B>WM=: O>k O<BNP:C<Y=;<< O<VV:P:@;<=>?@AX M=BC< B<BC:LS <B9A>?Z
YAQ=><B? VAPLW>S O<VV:P:@;<PAQ=@<k @=Y=O ] 9APkON= R = <@C:TP=>?@SX
M>:@ =99PANB<L<PAQ=>Bk 9P< 9ALAn< VAPLW>S CP=9:;<X F jA QCAPAL B>WM=:
9P< P:l:@<< 9P:A`P=YAQ=@@AX Y=O=M< <B9A>?YAQ=><B? NA@:M@AZP=Y@ABC@S:
=99PANB<L=;<< QCAPATA 9APkON= R = <@C:TP=> C=Np: QSM<B>k>Bk 9A VAPLWZ
>: CP=9:;<X F uA>WM=vn=kBk B<BC:L= @:><@:X@S[ WP=Q@:@<X P:l =>=B? 9P<
9ALAn< L:CAO= c?vCA@= F

% =T 9P:A`P=YAQ=@@AX Y=O=M< QS`<P=>Bk C=N R MCA`S Y=O=M= `S>= 9PA<@Z
C:TP<PAQ=@= Y= CAZp: M<B>A l =TAQ R MCA < @:9P:A`P=YAQ=@@=k F uP< wCAL 9AZ
TP:l@ABC? 9P< P:l:@<< Y=O=M< R 9P:A`P=YAQ=@@AX N @=<>WMl:LW =PTWL:@CW
9A>WM<>=B? Y@=M<C:>?@A L:@?l: R M:L 9P< P:l:@<< @:9P:A`P=YAQ=@@AX Y=O=Z
M< aO>k QSM<B>:@<k 9ATP:l@ABC< <B9A>?YAQ=>AB? P:l:@<: R 9A>WM:@@A: B L:@?Z
l<L l=TAL bF
�=Np: P=BBLACP:@ B>WM=X @:><@:X@AX ;:9< R BABCAkn:X <Y O<AO= R N=CWlN<

<@OWNC<Q@ABC< R NA@O:@B=CAP= < P:Y<BCAP= FÀ q =@@=k ;:9? A9<BSQ=:CBk B>:OWZ
��°¬±¥¦§¤ ¨ ©æ © å ¯¬¦]é °°¶¯]¦§¤ç±  ·¯£¯ç± §é·¦�]¯ççé¸ ç¬¯�·¦ì]�� ¯·¯çë¤¶´çé¸ ²·¤§ç¯ìç³  ¸ ê·¶¦� ¯ç± © ì ^ °° © ©©© ¥ ©� ©ì¹ ©ç © ª·¥²¬°¥ ¾ �ÝÝÁ ©�æ¶¤¸ ª © å ¤£ççé¯ ¹¯¬¦]é ¤ç¤¶\¤  ê·¦¯¥¬·¦§¤ç± µ¶¯¥¬·¦ççé¸ °¸¯¹ © ÙÙ ª © æ¶¤¸ ¾ è «ç�¸¤¶ ©ìå ©½_¤]¦  °§±\´ ¾ �¿ÀÀ ©ìÞZÝ° ©
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vn:X B<BC:LAX O<VV:P:@;<=>?@AZ=>T:`P=<M:BN<[ WP=Q@:@<X




q′1 − iC = 0,

q′2 − u1 + u2 = 0,
q1 − Cu2 = 0,
q2 − LiL = 0,

iL + [exp(ku1) − 1] − j(t) = 0,
iL − iC −Gu2 = 0,

a]�b

TO:
q1
J Y=PkO @= NA@O:@B=CAP: R

q2
J L=T@<C@SX 9ACAN M:P:Y N=CWlNW <@OWNZ

C<Q@ABC< R
iC, iL

J CAN< R C:NWn<: M:P:Y NA@O:@B=CAP < N=CWlNW <@OWNC<Q@ABC<
BAACQ:CBCQ:@@A R

j(t)
J CAN <BCAM@<N= F

r=O=M= C=Np: P:l=>=B? 9P< 9ALAn< OQW[ 9AO[AOAQ h `:Y 9P:A`P=YAQ=@<k
N @=<>WMl:LW =PTWL:@CW < B <B9A>?YAQ=@<:L O<BNP:C@ATA 9PAOA>p:@<k 9A
@=<>WMl:LW =PTWL:@CWF q>k O<BNP:C<Y=;<< @:9P:A`P=YAQ=@@AX Y=O=M< 9P<Z
L:@k><B? VAPLW>S O<VV:P:@;<PAQ=@<k @=Y=O ] 9APkON= R 9P< P:l:@<< 9P:Z
A`P=YAQ=@@AX Y=O=M< C=Np: <B9A>?YAQ=><B? NA@:M@AZP=Y@ABC@S: =99PANB<Z
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