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Abstract

This Note studies the self-excited stick–slip oscillations of a rotary drilling system with a drag bit, using a discrete
which takes into consideration the axial and torsional vibration modes of the bit. Coupling between these two vibratio
takes place through a bit-rock interaction law which accounts for both frictional contact and cutting processes at the bit-rock
interface. The cutting process introduces a delay in the equations of motion which is ultimately responsible for the existence
self-excited vibrations, exhibiting stick–slip oscillations under certain conditions.To cite this article: T. Richard et al., C. R.
Mecanique 332 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Oscillations stick–slip auto-entretenues d’un outil de forage. Cette Note traite du problème des oscillations au
entretenues du type adhérence–glissement (stick–slip), qui se manifestent souvent dans les structures de forage pé
outils monobloc à taillants. Ce problème estétudié sur la base d’un modèle discret,dont les modes de vibrations axiales et
torsion sont couplés par une loi d’interaction roche-outil qui prend en compte les phénomènes de frottement et de c
processus de coupe introduit un délai dans les équations du mouvement, qui conduit à l’apparition de vibrationsauto-entretenue
pouvant dégénérer en oscillations stick–slip dans certaines conditions.Pour citer cet article : T. Richard et al., C. R. Mecanique
332 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Des vibrations de torsion auto-entretenues du type adhérence–glissement (stick–slip) se manifestent fréqu
ment dans le train de tiges d’une structure de forage pétrolier. L’utilisation d’outils de forage monoblocs à taillan
accentue ce phénomène. L’existence d’un tel régime d’instabilité est souvent interpretée comme étant la man
tation d’une loi d’interface outil-roche, caracterisée par une diminution du couple résistant à l’outil avec la
de rotation [2,1,3]. Cependant, on reconnaît également que lanature particulière de l’interaction outil-roche est un
source de vibrations axiales de la structure de forage [5].

Dans cette Note, on étudie le phénomène d’oscillations stick–slip sur la base d’un système équivalen
degrés de liberté qui peut vibrer en torsion et axialement, et d’une loi d’interaction outil-roche qui est indép
de la vitesse angulaire, voir Fig. 1(a). La loi d’interface impose un couplage entre les deux modes de vib
Le modèle discret est constitué d’un ressort de torsion de rigiditéC (correspondant à la section supérieure du t
de tige) et en un point de masseM et d’inertieI (représentant les masses-tiges au-dessus de l’outil), cf. (1)
conditions en surface sont interpretées comme correspondant à une vitesse angulaire constanteΩ◦ et une force
verticale constanteH◦ (dirigée vers le haut) appliquées au ressort. La réponse de l’outil est décrite par deu
de variables conjuguées : le poids sur l’outilW et la vitesse d’avancement axialeV d’une part, le coupleT et la
vitesse angulaireΩ d’autre part. Les positions axialeU et angulaireΦ de l’outil sont obtenues par intégration
V et Ω . Le système d’équations qui combine les conditions en surface (2), les équations de mouvement
loi d’interaction roche-outil(9) accepte une réponse trivialeR◦, qui n’évolue pas dans le tempst (stationnaire).
Les variables correspondantesW◦, V◦, T◦, Ω◦, dépendent alors uniquement des conditions imposées en surf
de la loi d’interaction roche-outil, cf. (2) et (9).

Pour l’étude de la réponse non-triviale, qui se manifeste par des vibrations de l’outil, on considère un
de forage de rayona, constitué den lames radiales espacées par un angle de 2π/n, voir Fig. 1(b). Chaque
lame possède un méplat d’épaisseur�n, en contact frottant avec la roche. En l’absence de vibrations laté
la profondeur de coupedn est constante et identique pour chaque lame, cf. (4). Elle est fonction du délaitn (t) qui
est le temps nécessaire à l’outil pour tourner d’un angle 2π/n et atteindre sa position actuelle au tempst , cf. (5).
En conditions normales de forage (V > 0, Ω > 0), les forces de coupe agissant sur l’outil sont proportionne
à la profondeur de passe et à l’énergie spécifiqueε, tandis que les forces de frottement mobilisées le long
méplats correspondent à une contrainte de contactσ admise constante [7] et à un coefficient de frottemenµ,
cf. (6) et (7) [6]. Dans le cas où l’outil se déplace vers le haut (V < 0), on admet une perte complète du cont
méplat-roche. Durant une phase d’adhérence, l’outil demeure immobile ; dû à la rotation continue en surface
couple appliqué sur l’outil augmente jusqu’à ce que la condition de glissement soit satisfaite, cf. (8). On supp
que l’amplitude de la composante de frottement du couple est suffisante pour empêcher toute rotation rét

On définit de nouvelles variables adimensionelles fonctions d’un temps normaliséτ , par le biais d’un temp
caractéristiquet∗ et d’une longueur caractéristiqueL∗ : u, v, ϕ, ω, W, T , cf. (11). La réponse du systèm
dépend de deux groupes de paramètres adimensionels : (i) deux paramètres opératoires, le poids sur l’outilW◦
et la vitesse angulaire de surfaceω◦, (ii) trois nombres décrivant l’outil, la roche et la structure de forage,β , λ

etψ , outre le nombre de lamesn. Les perturbationsu(τ) etϕ(τ) de la solution triviale, cf. (14), sont régies par l
équations de mouvement, les lois d’interaction roche-outil, l’équation de delai et les conditions de stick–slip
exprimées sous forme adimensionelle, cf. (15). Une analyse de stabilité linéaire permet de conclure que la
triviale est instable.

Les conditions initiales sont données par la solution triviale. Une perturbation est introduite au tempst = 0,
sous la forme d’une variation soudaine de l’énergie spécifiqueε. La convergence vers le cycle limite est illustré
la Fig. 2 pourβ = 0,3 etβ = 1,3. Dans le premier cas, l’amplitude des oscillations croit jusqu’à ce qu’un ré
d’oscillations périodiques auto-entretenues avec stick–slip soit atteint ; dans le second cas, les oscillatio
entretenues restent de faibles amplitudes. La variation dev, ω, W, T une fois que le système a atteint un cy
limite est illustrée à la Fig. 3 pourβ = 0,3.
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1. Introduction

Rotary drilling systems equipped with drag bits, which consist of fixed blades or cutters mounted on the
of a bit body, are used to drill deep boreholes. Downhole measurements [1] indicate that these system
experience torsional vibrations, which can often degenerate into stick–slip oscillations, characterized by
phases with the bit stopping completely and slipping phases with the angular velocity of the toolΩ increasing up
to two times the imposed angular velocity.

Modelling of the stick–slip oscillations of drag bits is typically carried out by considering only the tors
vibration of the drill string and by reducing the bit-rock interface to an equivalent frictional contact with a ve
weakening friction coefficient [2,3]. Stick–slip vibrations have also been shown to take place with a co
friction coefficient, provided that axial vibrations are introduced in the model [4]; however, the torsional oscil
should more appropriately be considered as forced (by the axial vibrations) rather than self-excited. Final
also been recognized that the particular nature of the bit rock interaction is a source of axial instabilities [5]. In this
Note, we describe a discrete model of the drilling system which excludes any rate-dependence in the de
of the bit-rock interface. This model takes into consideration the axial and torsional vibration modes and th
coupling between these two modes through bit-rock interaction laws which account forboth frictional contact and
cutting processes at the bit-rock interface. We show that this model experiences self-excited vibrations, w
degenerate into stick–slip oscillations under certain conditions.

2. Model of a drilling system

A rotary drilling structure consists essentially of a rig, a drill string, and a bit. The principal components of t
drill string are the bottom hole assembly (BHA) composed mainly of heavy steel tubes to provide a large do
force on the bit, and a set of drill pipes made of thinner tubes. We assume that a constant upward forceHo and a
constant angular velocityΩo are applied by the rig on the drill string, that the borehole is vertical, and that
are no spurious lateral motions of the bit.

The bit motion and the forces acting on the bit can be calculated knowing the prescribed surface b
conditions, the mechanical properties of the drill string and the bit-rock interaction law. We consider a d
model of the drill string stripped to its essential elements, i.e., a point massM and moment of inertiaI to represen
the BHA and a linear spring of torsional stiffnessC to model the drillpipes, see Fig. 1(a). Expressions forM, I ,
andC are readily obtained by assuming that both the drillpipes and the BHA correspond to continuous shafts w
constant cross-sections and densityρ

M = ρπ
[(

ro
b

)2 − (
r i
b

)2]
Lb, I = ρJbLb, C = GJp

Lp
, J = π

2

[(
ro)4 − (

r i)4]
(1)

with r i
p (r i

b), ro
p (ro

b), Lp (Lb), Jp (Jb) denoting respectively the inner radius, outer radius, length, and polar mo
of inertia of the drillpipe (BHA).

The bit response, which is generally a function of timet , consists of two sets of conjugated quantities:
weight-on-bitW and the vertical bit velocityV on the one hand, and the torque-on-bitT and the angular bi
velocity Ω on the other hand. (Refer to Fig. 1(a) for the sign convention.) It is also convenient to introdu
vertical positionU and the angular positionΦ of the bit.

There is a steady-state (trivial) response of the bit, characterized by constant quantitiesWo, Vo, To, Ωo.
Although complete determination of this trivial response requires the knowledge of the bit-rock interfac
it can already be stated that

Wo = Ws − Ho, Ω = Ωo, Φo = Ωot − To/C (2)

whereWs is the submerged weight of the drillstring. The non-trivial response can be determined in principle fro
the surface conditions and bit-rock interface laws, together with the following angular and axial equations of
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Fig. 1. (a) Simplified model of a drilling system; (b) section of the bottom-hole profile located between two successive blades of a drill b

Fig. 1. (a) Modèle simplifié d’une structure de forage ; (b) section du profile du fond de trou située entre deux lames voisines d’un

I
d2Φ

dt2 + C
(
Φ − Φo

) = To − T , M
d2U

dt2 = Wo − W (3)

noting that bothT andW are, through the bit-rock interaction laws, functionals of the history ofΦ (denoted byt0Φ)
andU (denoted byt0U ), i.e.,T = T (t0Φ, t

0U ) andW = T (t0Φ, t
0U ).

3. Bit-rock interaction

We restrict consideration to an idealized drag bit of radiusa, consisting ofn identical radial blades regularl
spaced by an angle equal to 2π/n, see Fig. 1(b). Each blade is characterized by a sub-vertical cutting surfac
a wearflat of width�n orthogonal to the bit axis. In the absence of any lateral motion, the depth of cut per bladn

(i.e. the thickness of the rock ridge in front of the blade) is constant along the blade and identical for each blad

dn(t) = U(t) − U(t − tn) (4)

The timetn(t) required for the bit to rotate by 2π/n to its current position at timet is a tn
(
t
)

is a solution of

Φ(t) − Φ(t − tn) = 2π/n (5)

The combined depth of cut and equivalent wear flat for the bit ared = ndn and� = n�n.
Consider first the ‘normal’ case whenV > 0 andΩ > 0. The drilling action of a drag bit consists of a pu

cutting process in front of each blade and a frictional process along the wear flats. Both the weight-on-bitW and
the torque-on-bitT can thus be expressed as

W = Wc + Wf, T = Tc + Tf (6)

where the subscript c denotes the cutting component, andf the frictional component. The forces associated wit
the cutting process are taken to be proportional to the depth of cutd while the frictional forces mobilized along th
wearflats depend on a rate-independent friction coefficientµ. The cutting and frictional components ofW andT

are explicitly given by [6]

Wc = aζεd, Wf = a�σ, Tc = a2

2
εd, Tf = a2

2
γµ�σ (7)

whereε is the intrinsic specific energy (the amount of energy required to cut a unit volume of rock),ζ characterizes
the inclination of the cutting force on the cutting face (typically, 0.6 � ζ � 0.8), andσ is the magnitude of the
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normal stress acting across the wear flat interface. The numberγ globally characterizes the spatial orientation a
distribution of thechamfers/wearflats; for a flat-bottom bit, 1� γ � 4/3. Single cutter experiments on rock sho
that σ is virtually constant (andapproximately equal toε) once the wearflat is in conforming contact with t
rock [7]. Here, we assume thatσ is a constant whenV > 0 andΩ > 0 and the bit is cutting rock (d > 0). Thus
drilling occurs in the normal case, only ifW > Wf andT > Tf .

Consider next the caseV < 0 andΩ > 0 when the bit is moving upwards. We assume a complete loss of co
between the wearflat and the rock, so that the frictional componentsWf andTf vanish. Note thatd < 0 corresponds
to cases of bit bouncing, when the bit losses momentarily contact with the rock.

Finally the caseV = 0 andΩ = 0 corresponds to the stick phase when the bit remains immobile. Durin
phase,U = U

(
tk

)
andΦ = Φ(tk), with tk denoting the time at which the bit sticks. Since rotation of the d

pipes continues at the surface, the torque applied by the drillstring on to the BHA builds up until its magn
sufficient to overcome the reacting torque; the bit slips at timetp when

C
[
Ω◦tp − Φ(tk)

] = a2

2

[
εd(tk) + µγ lσ

]
(8)

The magnitude of the frictional torque is assumed to be sufficient to restrain the bit from rotating backwar
clockwise).

Steady-state drilling conditions (W = Wo, Ω = Ωo) represent particular instances of the normal case (V > 0,
Ω > 0). The delaytn is constant and given bytn = 2π/nΩo and thusd = 2πVo/Ωo. The penetration rateVo and
torque-on-bitTo are then readily deduced from the bit-rock interaction laws (6) and (7)

Vo = (Wo − Wf)Ωo

2πaζε
, To = Tf + a(Wo − Wf)

2ζ
if Wo > Wf (9)

The bit is not drilling ifWo � Wf , i.e.Vo = 0 andTo = aγµWo/2.

4. Dimensionless formulation

It is convenient to formulate the model in dimensionless form. First, we introduce a characteristi
t∗ = √

I/C and a characteristic lengthL∗ = 2C/εa2 (typically, t∗ ∼ 1 s andL∗ ∼ 1 mm). The scaled kinemat
and dynamic quantities at the bit,u, v, ϕ, ω, W, T are then defined as

u = U − Uo

L∗
, v = V t∗

L∗
, ϕ = Φ − Φo, ω = Ωt∗, W = W

ζεaL∗
, T = T

C
(10)

whereUo = Vot is the vertical bit position according to the trivial response. All these quantities are function of
dimensionless timeτ = t/t∗. The scaled bit responseB(τ ) = {W, v, T , ω} depends on two sets of parameters

– the control parametersWo = Wo/ζ εaL∗ andωo = Ωot∗;
– the problem parameters characterizing the geometry and wear state of the bit, the rock, and the drillin

ture, i.e., the number of bladesn, and the lumped parametersβ = µγ ζ, λ = σ�/ζεL∗, andψ = ζ εaI/MC.

The typical range of variation of both control parameters is[1,10]. The bluntness numberλ is of order 1, while
the bit-rock interaction numberβ is typically within the interval[0.1,1]. The system numberψ is the only large
number of this problem as it is of order 102. The largeness ofψ dictates that the inertia of the BHA in the axi
direction cannot be neglected.

In the absence of vibrations, the responseB is the trivial solution{Wo, vo, To, ωo}, with vo andTo given by

vo = ωo

2π
(Wo − λ), To =Wo + λ(β − 1) (11)
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if cutting is taking place (Wo > λ). The non-trivial responseB(τ ) is governed by the conditions at the surface a
at the bit-rock interface, and by the momentum balance equations (3), which can be rewritten as

ü = ψ(Wo −W), ϕ̈ + ϕ = To − T (12)

The bit-rock interaction laws are functions of the combined depth of cutδ = d/L∗ for the bit. We choose to expre
δ as a perturbation from the depth of cut per revolution for the trivial motion,δo = 2πvo/ωo; i.e.,δ = δo+ δ̂ with

δ̂ = nvoτ̂n + n(u − ũ) (13)

whereũ(τ ) = u(τ − τn) is the delayed motion, and̂τn = τn − τno with τn(τ ) the actual delay andτno = 2π/nωo the
constant delay for the trivial response. The algebraic equation governing the delay perturbationτ̂n(τ ) is deduced
from (5) and the above definitions to be

ωoτ̂n + ϕ(τ) − ϕ̃(τ ) = 0 (14)

with ϕ̃(τ ) = ϕ(τ − τn).
The bit-rock interaction lawscan be summarized as follows. Ifϕ̇ > −ωo,

W −Wo = δ̂ +Wf − λ, T − To = δ̂ + β(Wf − λ) (15)

whereWf = λ if u̇ > −vo andWf = 0 if u̇ < −vo. The bit sticks at timeτk whenϕ̇
(
τk

) = −ωo and then slips a
time τp given by

τp = τk + [
ϕ(τk) + T (τk) − To

]
/ωo (16)

The prescribed rotation speedωo of the drillstring enters therefore the governing equations via the delay fun
τn(τ ), as a consequence of the nature of the bit-rock interface.

5. Self-excited oscillations

A linear stability analysis indicates that the trivial motion is unstable. We consider a small perturbation (u, ϕ) of
the trivial motion starting atτ = 0 and analyze the growth of (u, ϕ) at a timeτ when the motion at the delayed tim
τ − τn(τ ) was already perturbed, i.e.,ũ �= 0 andϕ̃ �= 0. We assume, however, that the perturbation has rema
small enough untilτ that u̇ > −vo from the beginning; hence,Wf = λ. Under these conditions, the equatio
governing (u, ϕ) can be written as

ü + ψδ̂ = 0, ϕ̈ + ϕ + δ̂ = 0, δ̂ = nvoτ̂n + n(u − ũ), ωoτ̂n + ϕ − ϕ̃ = 0 (17)

Expressions for the perturbation in the delayτ̂n and in the depth of cut̂δ in terms ofu and ϕ and their time
derivatives atτ can be obtained by expandingũ andϕ̃ in Taylor series to the second order, and by substituting
truncated series in (17)c and (17)d after approximatingτn asτno. It follows that

τ̂n = −τno

ωo

(
ϕ̇ − τno

2
ϕ̈

)
, δ̂ = nτ̂nvo + nτno

(
u̇ − τno

2
ü

)
(18)

Introducing the above expressions in the momentum balance equations (17)a and (17)b gives, after some
manipulations, two identical third order differential equations forϕ andu

a3
...
f + a2f̈ + a1ḟ + a0f = 0 (19)

wheref represents eitheru or ϕ, anda3 = nω3
o −2π2(ψωo −vo), a2 = 2πnωo(ψωo−vo), a1 = ωo(nω2

o −2π2ψ),
anda0 = 2πnω2

oψ. An exhaustive analysis of the roots of the characteristic polynomial for a realistic ran
values ofn, ψ , vo andωo indicates that there is at least one root with apositive real part. We can conclude that t
trivial solution is unstable and that the vibrations of the system are of a self-excited nature. These conclus
independent ofβ , which does not appear in the equations governing the evolution of the perturbation.
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6. Numerical results and limit cycle

Numerical solution of the system of Eqs. (12)–(15) confirms that any perturbations to the trivial motion ca
system to evolve towards one regime of self-excited axial and torsional vibrations. Several such regimes ex
some characterized by stick–slip oscillations or bit bouncing.It appears that most of theseregimes of solutions ar
either periodic characterized by a limit cycle or quasi-periodic, i.e. they evolve extremely slowly compared to t
characteristic time of the system. The evolution of the bit angular velocityω towards a limit cycle is illustrated in
Fig. 2 for two cases corresponding toβ = 0.3 andβ = 1.3. Forβ = 0.3, the amplitude of the torsional oscillatio
grows until a stationary regime of stick–slip oscillations is established; forβ = 1.3, the regime of oscillation
remains at a low amplitude, even though the starting perturbation is initially damped. In both cases, the domina
vibration frequency is slightly less than the torsional resonance frequency of the discrete model. The varia
with time of the bit response over four periods, once the system has reached a limit cycle, is shown in F
β = 0.3. In contrast to the quasi-monochromatic character of the angular velocityω, all the other quantitiesW , T ,
v experience fluctuations over a wide range of frequencies.

Fig. 2. Influence of the bit parameterβ on the evolution ofω, following a perturbation atτ = 0: (a)β = 0.3; (b) β = 1.3 (Wo = 7, ωo = 5,

λ = 5, ψ = 50, n = 6).

Fig. 2. Influence du paramètreβ sur l’évolution deω, suite à une perturbation àτ = 0 : (a) β = 0,3 ; (b) β = 1,3 (Wo = 7, ωo = 5,

λ = 5, ψ = 50, n = 6).

Fig. 3. Evolution of the bit response during a limit cycle: (a)ω(τ), v(τ ); (b) W(τ ), T (τ ); (c) phase plane for angular positio
(Wo = 7, ωo = 5, β = 0.3, λ = 5, ψ = 50, n = 6).

Fig. 3. Evolution de la réponse de l’outil pendant un cycle limite : (a)ω(τ), v(τ ) ; (b) W(τ ), T (τ ) ; (c) diagramme de phase pour la positi
angulaire (Wo = 7, ωo = 5, β = 0,3, λ = 5, ψ = 50, n = 6).
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an Rock
The root cause of the self-excitation is the cutting process which introduces, via the delayed axial positio
of the bit, a feedback into the equations of motion. Growth of the axial oscillations is hindered, however
intermittent ‘high-frequency’ loss of contact at the wearflat/rock interface, which is limiting the transfer of energ
from the torsional to the axial motion. The coefficientβ , which encapsulates the asymmetry between the a
and torsional interface laws, affects the ratio between the energy going into the cutting process and th
dissipated in frictional contact. In fact, stick–slip oscillations take place only ifβ < 1. Interestingly,β directly
controls the variation ofT with the drilling efficiencyη = Tc/T under constantW; T increases withη if β < 1
and decreases withη if β < 1.

The results of an extensive series of numerical experiments can be summarized into the following gen
servations. In the absence of bit bouncing, the system reaches strictly a limit cycle wheneverβ > 1, or if stick–slip
develops whenβ < 1, see Fig. 2. If there is no stick–slip and bit bouncing in the caseβ < 1, the response reach
‘rapidly’ a quasi-periodic regime, with the amplitude of the torsional oscillations increasing extremely slowl
sumably towards an limit cycle with stick–slip oscillations. The susceptibility to stick–slip motion increase
a reduction of the angular velocityωo and with an increase ofWo, in accordance with field observations.

7. Concluding remarks

In this paper we have described a novel model for investigating the axial and torsional vibrations of a fixe
bit, that are often observed to take place when drilling deep boreholes. The proposed model differs in signifi
ways from the standard approach used to analyze stick–slip torsional vibrations. First, we consider bo
and torsional vibrations of the bit, as well as the coupling between the two vibration modes through the
interaction laws. Second, the interface laws account both for cutting of the rock and for frictional contact betwe
the cutter wearflats and the rock. The cutting forces are formulated in terms of the depth of cut, a variabl
brings into the equations the position of the bit at a previous a priori unknown time. Also, the nature of the cont
at the wearflat/rock interface is such thatthis contact is lost as soon as the bit instantaneous axial velocity is dir
upwards. Finally, all the parameters characterizing the interface laws are rate-independent, and can in principle
determined from single cutter experiments. Within the framework of the discrete model considered here
paper, the evolution of the system is governed by two coupled delay differential equations, with the dela
part of the solution, and by discontinuous contact conditions. This type of delay differential equations appears
be quite unusual, and work is currently under way to understand their full implications.
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