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Ââåäåíèå

Ðàññìîòðèì çàäà÷ó äâèæåíèÿ áåñïèëîòíîãî ëåòàòåëüíîãî àïïàðàòà (ÁÏËÀ) ïî ðàñïèñà-
íèþ, ò.å. òàêîãî äâèæåíèÿ, ïðè êîòîðîì ÁÏËÀ ïðîëåòàåò çàäàííûå òî÷êè ãåîìåòðè÷åñêîãî
ïðîñòðàíñòâà (ïóòåâûå òî÷êè) â çàäàííûå ìîìåíòû âðåìåíè. Ïðè ýòîì â êàæäûé ìîìåíò
âðåìåíè çíà÷åíèÿ ïåðåìåííûõ ñîñòîÿíèÿ è óïðàâëåíèé äîëæíû ïîä÷èíÿòüñÿ îïðåäåëåííûì
îãðàíè÷åíèÿì, âûòåêàþùèì èç îñîáåííîñòåé ëåòàòåëüíîãî àïïàðàòà, óñëîâèé ïîëåòà è ò.ï.
Çàäà÷à ïëàíèðîâàíèÿ òðàåêòîðèè ÁÏËÀ ïðè íàëè÷èè îãðàíè÷åíèé äîñòàòî÷íî ñëîæíà è

îñíîâíûå ïðîáëåìû â òàêîé çàäà÷å ñâÿçàíû ñ íåîáõîäèìîñòüþ ó÷åòà îãðàíè÷åíèé. Îäèí èç
ïîäõîäîâ ê åå ðåøåíèþ| êîìïîíîâêà òðàåêòîðèè èç îïðåäåëåííîãî íàáîðà òèïîâûõ ìàíåâ-
ðîâ, êîòîðûå ôîðìèðóþòñÿ c èñïîëüçîâàíèåì àíàëèòè÷åñêèõ ìåòîäîâ ðàñ÷åòà òðàåêòîðèé,
ìåòîäîâ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ è ðàçëè÷íûõ ýâðèñòè÷åñêèõ àëãîðèòìîâ.
Çàäàííûå ïóòåâûå òî÷êè ðàçáèâàþò èñêîìóþ òðàåêòîðèþ íà ñåãìåíòû. Ðåøåíèå çà-

äà÷è óïðîùàåòñÿ, åñëè ïîòðåáîâàòü, ÷òîáû ðàñ÷åò î÷åðåäíîãî ñåãìåíòà òðàåêòîðèè íå âëèÿë
íà ðàñ÷åò ïîñëåäóþùèõ ñåãìåíòîâ è çàâèñåë òîëüêî îò ñîñòîÿíèÿ ÁÏËÀ, äîñòèãíóòîãî íà
ïðåäûäóùåì ñåãìåíòå. Â ðàìêàõ ýòîãî òðåáîâàíèÿ ïëàíèðîâàíèå òðàåêòîðèè ìîæíî ïðîâî-
äèòü ïîñëåäîâàòåëüíî, îò îäíîãî ñåãìåíòà ê äðóãîìó. Äîïîëíèòåëüíî ïðåäëàãàåòñÿ êàæäûé
ñåãìåíò ðåàëèçîâûâàòü êàê âûïîëíåíèå êîíå÷íîãî íàáîðà òàêèõ òèïîâûõ ìàíåâðîâ, êàê ðàç-
âîðîò, ïðè êîòîðîì èçìåíÿåòñÿ íàïðàâëåíèå äâèæåíèÿ ÁÏËÀ, ñìåíà ýøåëîíà | ìàíåâð â
âåðòèêàëüíîé ïëîñêîñòè, ðåàëèçóþùèé ñìåíó âûñîòû ïîëåòà (ýøåëîíà) è ñêîðîñòè, à òàêæå
ïðÿìîëèíåéíîå ðàâíîìåðíîå äâèæåíèå.
Â íàñòîÿùåé ðàáîòå ìû îãðàíè÷èìñÿ îáñóæäåíèåì ïëàíèðîâàíèÿ ìàíåâðà ñìåíû ýøå-

ëîíà. Ýòîò ìàíåâð â ñî÷åòàíèè ñ ïðÿìîëèíåéíûì ðàâíîìåðíûì äâèæåíèåì ïîçâîëÿåò ïëàíè-
ðîâàòü òå ñåãìåíòû òðàåêòîðèèÁÏËÀ, íà êîòîðûõ äâèæåíèåìîæåò ïðîõîäèòü â âåðòèêàëüíîé
ïëîñêîñòè, ò.å. ñ ïîñòîÿííûì çíà÷åíèåì ïóòåâîãî óãëà.
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Ñòàòüÿ îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Â ðàçä. 1 îïèñàíà ìàòåìàòè÷åñêàÿ ìîäåëü
äâèæåíèÿ ÁÏËÀ. Â ðàçä. 2 ïðèâåäåí ìåòîä ðåøåíèÿ òåðìèíàëüíîé çàäà÷è äâèæåíèÿ ñ ïî-
ìîùüþ ïîëèíîìîâ ïî âðåìåíè è ïðèâåäåí ïðèìåð åãî èñïîëüçîâàíèÿ. Â ðàçä. 3 ïðèâåäåíû
äâà àëãîðèòìà ïëàíèðîâàíèÿ ìàíåâðà ñìåíû ýøåëîíà íà îñíîâå íåêîòîðûõ ýâðèñòè÷åñêèõ
ôîðìóë, à â ðàçä. 4 ïðèâåäåíû ïðèìåðû èñïîëüçîâàíèÿ ýòèõ àëãîðèòìîâ. Íàêîíåö, â ðàçä. 5
ïðåäñòàâëåíû ðåçóëüòàòû ìîäåëèðîâàíèÿ è ñõåìà òåñòèðîâàíèÿ ïðåäëàãàåìîãî ìåòîäà ïëà-
íèðîâàíèÿ.

1. Ìàòåìàòè÷åñêàÿ ìîäåëü

Äâèæåíèå ÁÏËÀ áóäåì îïèñûâàòü ìàòåìàòè÷åñêîé ìîäåëüþ, ïðåäñòàâëÿþùåé ñîáîé
ñèñòåìó èç øåñòè äèôôåðåíöèàëüíûõ óðàâíåíèé [1{4]:

V̇ = (nx − sinϑ)g, Ḣ = V sinϑ,

ϑ̇ =
(ny cos γ − cosϑ)g

V
, L̇ = V cosϑ cosψ,

ψ̇ = −nyg sin γ

V cosϑ
, Ż = −V cosϑ sinψ,

(1)

ãäå V | ïóòåâàÿ ñêîðîñòü; ϑ | óãîë íàêëîíà òðàåêòîðèè; ψ | óãîë êóðñà; H | âûñîòà;
L | ïðîäîëüíàÿ äàëüíîñòü; Z | áîêîâàÿ äàëüíîñòü; nx | ïðîäîëüíàÿ ïåðåãðóçêà; ny |
ïîïåðå÷íàÿ ïåðåãðóçêà; γ | óãîë êðåíà; g | óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ. Ïðîäîëüíàÿ
äàëüíîñòü L, âûñîòà H è áîêîâàÿ äàëüíîñòü Z ïðåäñòàâëÿþò ñîáîé êîîðäèíàòû ïîëîæåíèÿ
öåíòðà ìàññ ÁÏËÀ â íîðìàëüíîé çåìíîé ñèñòåìå êîîðäèíàò.
Â êà÷åñòâå óïðàâëåíèé ðàññìàòðèâàþòñÿ ïåðåãðóçêè nx, ny è óãîë êðåíà γ.
Ïîñëå çàìåíû óïðàâëåíèé

v1 = nx, v2 = ny cos γ, v3 = ny sin γ. (2)

â ñèñòåìå (1) ïîëó÷àåì àôôèííóþ (ò.å. ëèíåéíóþ ïî óïðàâëåíèÿì) ñèñòåìó èç øåñòè óðàâ-
íåíèé ñ òðåìÿ óïðàâëåíèÿìè:

V̇ = −g sinϑ+ gv1, Ḣ = V sinϑ,

ϑ̇ = −cosϑ

V
g +

g

V
v2, L̇ = V cosϑ cosψ,

ψ̇ = − g

V cosϑ
v3, Ż = −V cosϑ sinψ,

(3)

êîòîðàÿ äàëåå è ðàññìàòðèâàåòñÿ (íîâûå óïðàâëåíèÿ áóäåì íàçûâàòü âèðòóàëüíûìè).

2. Ðàñ÷åò t-ïàðàìåòðè÷åñêèõ òðàåêòîðèé

Ðàññìîòðèì çàäà÷ó ïëàíèðîâàíèÿ òðàåêòîðèè äâèæåíèÿ ÁÏËÀ, â êîòîðîé çàäàíû åãî
íà÷àëüíîå

x0 = (V0, ϑ0, ψ0, H0, L0, Z0) (4)
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è êîíå÷íîå
x∗ = (V∗, ϑ∗, ψ∗, H∗, L∗, Z∗) (5)

ñîñòîÿíèÿ, à òàêæå íà÷àëüíûå è êîíå÷íûå çíà÷åíèÿ óïðàâëåíèé:

v0 = (v10, v20, v30), v∗ = (v1∗, v2∗, v3∗). (6)

Òàêæå ñ÷èòàåì èçâåñòíûì èíòåðâàë [t0, t∗] ïëàíèðóåìîãî ïîëåòà. Òðåáóåòñÿ ïîñòðîèòü
òðàåêòîðèþ ïîëåòà ÁÏËÀ, óäîâëåòâîðÿþùóþ óêàçàííûì ãðàíè÷íûì óñëîâèÿì, à òàêæå ðàñ-
ñ÷èòàòü ðåàëèçóþùèå ýòó òðàåêòîðèþ óïðàâëåíèÿ.
Ïîñòàâëåííóþ çàäà÷ó íàçûâàþò òåðìèíàëüíîé. Äëÿ åå ðåøåíèÿ ìîæíî èñïîëüçîâàòü

ìåòîä, îñíîâàííûé íà ïðèâåäåíèè àôôèííîé ñèñòåìû ê êàíîíè÷åñêîìó âèäó è êîíöåïöèè
îáðàòíûõ çàäà÷ äèíàìèêè [2, 5].
Â êà÷åñòâå íîâûõ ïåðåìåííûõ ñîñòîÿíèÿ âûáåðåì ôóíêöèè

y1 = H, y2 = L, y3 = Z (7)

è èõ ïðîèçâîäíûå â ñèëó ñèñòåìû (3)

y4 = ẏ1 = V sinϑ, y5 = ẏ2 = V cosϑ cosψ, y6 = ẏ3 = −V cosϑ sinψ. (8)

Óêàçàííûé íàáîð ïåðåìåííûõ â îáëàñòè Ω ⊂ R6, çàäàííîé íåðàâåíñòâàìè |ϑ| < π

2
, |ψ| < π,

V > 0, îïðåäåëÿåò ãëàäêóþ íåâûðîæäåííóþ çàìåíó ïåðåìåííûõ, ïîñêîëüêó ñòàðûå ïåðå-
ìåííûå ñîñòîÿíèÿ âûðàæàþòñÿ ÷åðåç íîâûå ñ ïîìîùüþ ñîîòíîøåíèé

H = y1, L = y2, Z = y3,

V =
√
y2

4 + y2
5 + y2

6, sinϑ =
y4√

y2
4 + y2

5 + y2
6

,

sinψ = − y6√
y2

5 + y2
6

, cosψ =
y5√
y2

5 + y2
6

.

(9)

Ýòè ñîîòíîøåíèÿ ïîêàçûâàþò, ÷òî îáëàñòüΩ â íîâûõïåðåìåííûõ îïèñûâàåòñÿ íåðàâåíñòâîì
y2

5 + y2
6 > 0.

Ïîëàãàåì, ÷òî îáëàñòü â ïðîñòðàíñòâå ñîñòîÿíèé, îïðåäåëÿåìàÿ îãðàíè÷åíèÿìè íà ïå-
ðåìåííûå ñîñòîÿíèÿ, öåëèêîì ñîäåðæèòñÿ â îáëàñòè Ω. Ýòî ïîçâîëÿåò çàïèñàòü ñèñòåìó â
íîâûõ ïåðåìåííûõ.
Â ïåðåìåííûõ (7), (8) ñèñòåìà (3) ïðèìåò êàíîíè÷åñêèé âèä [6]:

ẏ1 = y4,

ẏ4 = −g + v1g sinϑ+ v2g cosϑ,

ẏ2 = y5,

ẏ5 = v1g cosϑ cosψ − v2g sinϑ cosψ + v3g sinψ,

ẏ3 = y6,

ẏ6 = −v1g cosϑ sinψ + v2g sinϑ sinψ + v3g cosψ,

(10)

ãäå ïåðåìåííûå ϑ è ψ âûðàæàþòñÿ ÷åðåç íîâûå ïåðåìåííûå ñîãëàñíî (9).
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Èñêëþ÷àÿ èç ñèñòåìû (10) ïåðåìåííûå y4, y5, y6, ïîëó÷èì ñèñòåìó òðåõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé 2-ãî ïîðÿäêà:

ÿ1 = −g + v1g sinϑ+ v2g cosϑ,

ÿ2 = v1g cosϑ cosψ − v2g sinϑ cosψ + v3g sinψ,

ÿ3 = −v1g cosϑ sinψ + v2g sinϑ sinψ + v3g cosψ.

(11)

Ñèñòåìà (11) â îáëàñòè Ω ðàçðåøèìà îòíîñèòåëüíî óïðàâëåíèé:

v1 =
(ÿ1 + g) sinϑ+ ÿ2 cosϑ cosψ − ÿ3 cosϑ sinψ

g
,

v2 =
(ÿ1 + g) cosϑ− ÿ2 sinϑ cosψ + ÿ3 sinϑ sinψ

g
,

v3 =
ÿ2 sinψ + ÿ3 cosψ

g
.

(12)

Ýòî çíà÷èò, ÷òî äëÿ ëþáîé òðàåêòîðèè äâèæåíèÿ, çàäàííîé ñîîòíîøåíèÿìè

y1 = y1(t), y2 = y2(t), y3 = y3(t), t ∈ [t0, t∗], (13)

óðàâíåíèÿ (12) îäíîçíà÷íî îïðåäåëÿþò óïðàâëåíèÿ v1, v2, v3, ðåàëèçóþùèå ýòó òðàåêòîðèþ.
Âûÿñíèì, ïðè êàêèõ óñëîâèÿõ òðàåêòîðèÿ (13) îáåñïå÷èâàåò âûïîëíåíèå ãðàíè÷íûõóñëî-

âèé (4){(6).
Ãðàíè÷íûå óñëîâèÿ (6) çàäàþò ãðàíè÷íûå çíà÷åíèÿ óïðàâëåíèé v1, v2, v3:{

v1(t0) = v10, v2(t0) = v20, v3(t0) = v30,

v1(t∗) = v1∗, v2(t∗) = v2∗, v3(t∗) = v3∗.
(14)

Ãðàíè÷íûå óñëîâèÿ íà ñîñòîÿíèå è óïðàâëåíèÿ ñîãëàñíî (7), (8) è (11) îïðåäåëÿþò íà
êîíöàõ îòðåçêà âðåìåíè [t0, t∗] ãðàíè÷íûå óñëîâèÿ íà ôóíêöèè yi(t), i = 1, 2, 3, èõ ïåðâûå è
âòîðûå ïðîèçâîäíûå. Òàê ïðè t = t0 íàõîäèì:

y10 = H0, y20 = L0, y30 = Z0,

ẏ10 = V0 sinϑ0, ẏ20 = V0 cosϑ0 cosψ0, ẏ30 = −V0 cosϑ0 sinψ0,

ÿ10 = −g + v10g sinϑ0 + v20g cosϑ0,

ÿ20 = v10g cosϑ0 cosψ0 − v20g sinϑ0 cosψ0 + v30g sinψ0,

ÿ30 = −v10g cosϑ0 sinψ0 + v20g sinϑ0 sinψ0 + v30g cosψ0,

(15)

è, àíàëîãè÷íî, ïðè t = t∗

y1∗ = H∗, y2∗ = L∗, y3∗ = Z∗,

ẏ1∗ = V∗ sinϑ∗, ẏ2∗ = V∗ cosϑ∗ cosψ∗, ẏ3∗ = −V∗ cosϑ∗ sinψ∗,

ÿ1∗ = −g + v1∗g sinϑ∗ + v2∗g cosϑ∗,

ÿ2∗ = v1∗g cosϑ∗ cosψ∗ − v2∗g sinϑ∗ cosψ∗ + v3∗g sinψ∗,

ÿ3∗ = −v1∗g cosϑ∗ sinψ∗ + v2∗g sinϑ∗ sinψ∗ + v3∗g cosψ∗,

(16)
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Ëþáûå ãëàäêèå ôóíêöèè yi(t), i = 1, 2, 3, óäîâëåòâîðÿþùèå ãðàíè÷íûì óñëîâèÿì (15),
(16), îáåñïå÷èâàþò âûïîëíåíèå óñëîâèé (4){(6). Íàïðèìåð, òàêèå ôóíêöèè ìîæíî íàéòè
ñðåäè ìíîãî÷ëåíîâ ïåðåìåííîé t ïÿòîé ñòåïåíè. Äåéñòâèòåëüíî, ïóñòü äëÿ ìíîãî÷ëåíà p(t)
çàäàíû óñëîâèÿ

p(t0) = f0, ṗ(t0) = ḟ0, p̈(t0) = f̈0, p(t∗) = f∗, ṗ(t∗) = ḟ∗, p̈(t∗)| = f̈∗. (17)

Çàïèøåì ìíîãî÷ëåí â âèäå

f(t) =
2∑

j=0

f
(j)
0

j!
(t− t0)

j +
2∑

j=0

cj(t− t0)
3+j. (18)

Òîãäà îí, íåçàâèñèìî îò çíà÷åíèé ïàðàìåòðîâ cj , óäîâëåòâîðÿåò çàäàííûì ãðàíè÷íûì óñëî-
âèÿì ïðè t = t0.
×òîáû âûïîëíÿëèñü óñëîâèÿ (17) ïðè t = t∗, ïàðàìåòðû cj äîëæíû óäîâëåòâîðÿòü ñèñòåìå

óðàâíåíèé 
∆3c1 + ∆4c2 + ∆5c3 = f∗ − f0 − ḟ0∆− f̈0

2
∆2,

3∆2c1 + 4∆3c2 + 5∆4c3 = ḟ∗ − ḟ0 − f̈0∆,

6∆c1 + 12∆2c2 + 20∆3c3 = f̈∗ − f̈0,

(19)

ãäå ∆ = t∗ − t0 6= 0. Ðåøåíèå ýòîé êâàäðàòíîé ñèñòåìû âñåãäà ñóùåñòâóåò è åäèíñòâåííî,
òàê êàê åå îïðåäåëèòåëü ðàâåí 2∆9 6= 0.
Èòàê, äëÿ çàäàíèÿ òðàåêòîðèè ïîëåòà ÁÏËÀôóíêöèè y1(t), y2(t), y3(t), óäîâëåòâîðÿþùèå

ãðàíè÷íûì óñëîâèÿì (15), (16), ìîæíî âûáðàòü â âèäå ìíîãî÷ëåíîâ ïÿòîé ñòåïåíè, ïðè÷åì
â ýòîì ñëó÷àå êîýôôèöèåíòû òðåõ ìíîãî÷ëåíîâ ãðàíè÷íûìè óñëîâèÿìè îïðåäåëÿþòñÿ îäíî-
çíà÷íî.
Ïðèìåð 1. Ðàññìîòðèì t-ïàðàìåòðè÷åñêóþ òðàåêòîðèþ ðàçâîðîòà íà 175 ãðàä â òå÷å-

íèå 11,5 ñ, âûáðàâ ñëåäóþùèå íà÷àëüíûå è êîíå÷íûå çíà÷åíèÿ ïåðåìåííûõ ñîñòîÿíèÿ è
óïðàâëåíèé:

Íà÷àëüíîå
ñîñòîÿíèå

Êîíå÷íîå
ñîñòîÿíèå

Ñêîðîñòü V , êì/÷ 80 80

Óãîë íàêëîíà ϑ, ãðàä 0 0

Óãîë êóðñà, ψ, ãðàä 0 175

Âûñîòà H , ì 1000 1010

Äàëüíîñòü L, ì 0 0

Îòêëîíåíèå Z, ì 0 −150

Ïðîäîëüíàÿ ïåðåãðóçêà nx 0,0 0,0

Ïîïåðå÷íàÿ ïåðåãðóçêà ny 1,0 1,0

Óãîë êðåíà γ, ãðàä 0 0

Íà ðèñ. 1 ïðèâåäåíà ïðîñòðàíñòâåííàÿ òðàåêòîðèÿ äâèæåíèÿ èçîáðàæàþùåé òî÷êè, íàðèñ.1

ðèñ. 2 | ãðàôèêè çàâèñèìîñòåé ïåðåìåííûõ ñîñòîÿíèÿ îò âðåìåíè, à íà ðèñ. 3 | ãðàôèêèðèñ.2

ðèñ.3
çàâèñèìîñòåé óïðàâëåíèé îò âðåìåíè.
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Ðèñ. 1

Ðèñ. 2
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Ðèñ. 3

Îòìåòèì, ÷òî âðåìÿ äâèæåíèÿ ëåòàòåëüíîãî àïïàðàòà ñèëüíî âëèÿåò íà ôîðìó òðàåêòî-
ðèè, ïëàíèðóåìîé ñ ïîìîùüþ ïîëèíîìîâ: êàê ïîêàçûâàåò ïðàêòèêà, íåáîëüøèå èçìåíåíèÿ
âðåìåíè äâèæåíèÿ ìîãóò ïðèâîäèòü ê ñóùåñòâåííîìó èçìåíåíèþ çàâèñèìîñòåé ïåðåìåí-
íûõ ñîñòîÿíèÿ è óïðàâëåíèé îò âðåìåíè. Ýòî ïîêàçàíî íà ðèñ. 4 è ðèñ. 5, ãäå ïðèâåäåíûðèñ.4

ðèñ.5 ãðàôèêè çàâèñèìîñòåé ïåðåìåííûõ ñîñòîÿíèÿ è óïðàâëåíèé îò âðåìåíè, ïîëó÷åííûå ïðè
ïëàíèðîâàíèè òðàåêòîðèè ñ òåìè æå ãðàíè÷íûìè óñëîâèÿìè, íî ñ âðåìåíåì äâèæåíèÿ 15 ñ.

Ðèñ. 4
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Ðèñ. 5

3. Àëãîðèòìû ïëàíèðîâàíèÿ ñìåíû ýøåëîíà è ñêîðîñòè

Ìàíåâð ñìåíû ýøåëîíà ïëàíèðóåòñÿ â âåðòèêàëüíîé ïëîñêîñòè. Ýòà ïëîñêîñòü îäíî-
çíà÷íî îïðåäåëÿåòñÿ íà÷àëüíûì ïîëîæåíèåì ÁÏËÀ è åãî ïóòåâûì óãëîì. Èç ñîîáðàæå-
íèé ñèììåòðèè ìîæíî ñ÷èòàòü, ÷òî íà÷àëüíûå çíà÷åíèÿ êîîðäèíàò ïîëîæåíèÿ íóëåâûå, ò.å.
H0 = 0, L0 = 0, Z0 = 0. Íà÷àëüíûé ïóòåâîé óãîë òàêæå ìîæíî ñ÷èòàòü íóëåâûì: ψ0 = 0. Â
ýòîì ñëó÷àå âåðòèêàëüíàÿ ïëîñêîñòü äâèæåíèÿ åñòü êîîðäèíàòíàÿ ïëîñêîñòü Z = 0. Ñëåäî-
âàòåëüíî, â êîíå÷íîé òî÷êå òðàåêòîðèè äîëæíî áûòü Z∗ = 0 è ψ∗ = 0.
Ïðåäïîëàãàåòñÿ, ÷òî èçâåñòíî âðåìÿ äâèæåíèÿ t∗ (ïðè ýòîì t0 = 0) è íà÷àëüíàÿ ñêîðîñòü

V0. Â êà÷åñòâå íà÷àëüíûõ è êîíå÷íûõ çíà÷åíèé óïðàâëåíèé ïðèíèìàåì v10 = v1∗ = 0,
v20 = v2∗ = 1, v30 = v3∗ = 0.
Ïðè óêàçàííûõ èñõîäíûõ äàííûõ è äîïóùåíèÿõ ìîæíî ïîñòàâèòü òåðìèíàëüíóþ çàäà÷ó,

çàäàâ êàêîå-ëèáî çíà÷åíèå êîíå÷íîé ñêîðîñòè V∗, îäíàêî ïðè áîëüøèõ çíà÷åíèÿõ äàëüíîñòè
ïåðåëåòà óäîáíî â äâèæåíèè âûäåëÿòü ïðÿìîëèíåéíûé ó÷àñòîê, ïî êîòîðîìó ïðîèñõîäèò
ðàâíîìåðíîå ïðÿìîëèíåéíîé äâèæåíèå. Â ýòîì ñëó÷àå òðàåêòîðèÿ áóäåò ñîñòîÿòü èç äâóõ
ó÷àñòêîâ, íà ïåðâîì èç êîòîðûõ âûïîëíÿåòñÿ ìàíåâð ñìåíû ýøåëîíà, à íà âòîðîì | ïðÿìî-
ëèíåéíîå ðàâíîìåðíîå äâèæåíèå.
Äëÿ óêàçàííîãî ðàçäåëåíèÿ òðàåêòîðèè íåîáõîäèìî âûáðàòü ïðîìåæóòî÷íóþ òî÷êó Am.

Äëÿ ýòîé òî÷êè Hm = H∗, Zm = 0, ϑm = 0, ψm = 0, v1m = 0, v2m = 1, v3m = 0 (ýòè óñëîâèÿ
âûòåêàþò èç òîãî, ÷òî äâèæåíèå îò ïðîìåæóòî÷íîé òî÷êè ê êîíå÷íîé ÿâëÿåòñÿ ïðÿìîëè-
íåéíûì è ðàâíîìåðíûì). Äëÿ ïîëíîãî çàäàíèÿ ïðîìåæóòî÷íîãî ñîñòîÿíèÿ è ïëàíèðîâàíèÿ
ìàíåâðà ñìåíû ýøåëîíà îñòàåòñÿ çàäàòü çíà÷åíèÿ Lm äàëüíîñòè è Vm êîíå÷íîé ñêîðîñòè, à
òàêæå âðåìÿ âûïîëíåíèÿìàíåâðà tm. Îòìåòèì, ÷òî ýòè òðè âåëè÷èíû ñâÿçàíû ñîîòíîøåíèåì
|L∗ − Lm| = Vm(t∗ − tm).
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Ïàðàìåòðû tm è Lm ìîæíî çàäàòü ðàçëè÷íûìè ñïîñîáàìè. Âûáîð êàêîãî-ëèáî âàðèàíòà
îïðåäåëÿåò, áóäóò ëè íàðóøåíû óñòàíîâëåííûå îãðàíè÷åíèÿ íà ïåðåìåííûå ñîñòîÿíèÿ è
óïðàâëåíèÿ. Íåîäíîçíà÷íîñòü âûáîðà è ñëîæíîñòü çàäà÷è ó÷åòà îãðàíè÷åíèé óêàçûâàþò íà
òî, ÷òî ïîäáîð çíà÷åíèÿ Lm íîñèò ýìïèðè÷åñêèé õàðàêòåð.
Ïðè ïîñòðîåíèè àëãîðèòìà âû÷èñëåíèÿ ïàðàìåòðîâ tm è Lm áóäåì ó÷èòûâàòü äèàïàçîí

[Vmin, Vmax] äîïóñòèìûõ çíà÷åíèé ñêîðîñòè ïîëåòà.
Ïðåäëàãàþòñÿ äâà âàðèàíòà ðàñ÷åòà ïàðàìåòðîâ Lm è tm.

Âàðèàíò 1. Â ýòîì âàðèàíòå âåëè÷èíû amax è ϑmax ÿâëÿþòñÿ ïàðàìåòðàìè àëãîðèòìà è
îòðàæàþò ìàêñèìàëüíîå óñêîðåíèå è ìàêñèìàëüíûé óãîë íàêëîíà ïðè ìàíåâðå. Ïàðàìåòð τ
îòðàæàåò òî÷íîñòü âû÷èñëåíèé (ïðè |x| < τ ñ÷èòàåì, ÷òî x = 0).
1. Ðàñ÷åò ïàðàìåòðà Lm ïðîèçâîäèòñÿ ïî ôîðìóëàì:

Vs =

√
L2
∗ +H2

∗

T
, κ =

|Hm| · amax

V 2
0 + V 2

s

, cosϑ = max

{
2√

κ2 + 4 + κ
, cosϑmax

}
,

Sm =

 0, | sinϑ| < τ,

|dH|
sinϑ

, | sinϑ| ≥ τ ;
S = max

{
|V 2

s − V 2
0 |

2amax

, Sm

}
; Lm =

√
S2 −H2

∗ .

2. Åñëè ïîëó÷åííîå çíà÷åíèåLm ïðåâûøàåòL∗, òî ñ÷èòàåì, ÷òî ó÷àñòîê ïðÿìîëèíåéíîãî
ðàâíîìåðíîãî äâèæåíèÿ îòñóòñòâóåò, è ïîëàãàåì Lm = L, tm = T . Åñëè æå Lm < L∗, òî
âû÷èñëÿåì âðåìÿ âûïîëíåíèÿ ìàíåâðà:

tm = max

{
2S

(V0 + Vs)
,

V0 + Vs

amax · tgϑ

}
;

åñëè t1 > T , òî ïîëàãàåì t1 = T , L1 = L, V2m = V2; èíà÷å V2m =
L− L1

T − t1
.

Ïî âû÷èñëåííûì çíà÷åíèÿì Lm è tm îïðåäåëÿåì âåëè÷èíó ñêîðîñòè Vm =
|L∗ − Lm|
t∗ − tm

â
ïðîìåæóòî÷íîé òî÷êå è ïðîâåðÿåì åå íà ïîïàäàíèå â äèàïàçîí [Vmin, Vmax]. Ïðè Vm < Vmin

ïîëàãàåì Vm = Vmin è ñîîòâåòñòâóþùèì îáðàçîì êîððåêòèðóåì çíà÷åíèå Lm, íå ìåíÿÿ tm.
Ïðè Vm > Vmax ïîëàãàåì Vm = Vmax è êîððåêòèðóåì âðåìÿ tm, íå ìåíÿÿ Lm.

Âàðèàíò 2. Â ýòîì àëãîðèòìå ïàðàìåòðàìè ÿâëÿþòñÿ âåëè÷èíà dk, êîòîðàÿ â ðåçóëüòàòå
âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ áûëà ïðèíÿòà ðàâíîé 0,85, è Vτ , ïðèíÿòàÿ ðàâíîé 5 êì/÷.

1. Ðàñ÷åò Vs =

√
L2
∗ + H2

∗
T

è ∆V = Vs − V0.

2. Åñëè |∆V | < Vτ , òî ó÷àñòîê ïðÿìîëèíåéíîãî äâèæåíèÿ íå ïëàíèðóåì, à â êà÷åñòâå
êîíå÷íîé ñêîðîñòè âûáèðàåì V∗ = 2Vs − V0.
3. Åñëè æå |∆V | ≥ Vτ , òî âû÷èñëÿåì ñïåöèàëüíûé êîýôôèöèåíò δ:

δ =


min

{
Vmax − Vs

∆V
, 1

}
· dk, ∆V > Vτ ;

min
{

Vmin − Vs

∆V
, 1

}
· dk, ∆V < Vτ .

http://technomag.edu.ru/doc/367724.html 9

http://technomag.edu.ru/doc/367724.html


Çàòåì âû÷èñëÿåì íóæíûå ïàðàìåòðû:

tm =
2t∗δ

1 + δ
, Vm = Vs + δ ·∆V, Lm = L∗ − vm(t∗ − tm).

4. Åñëè Lm ≤ 0 èëè δ ≤ 0,3, òî ó÷àñòîê ïðÿìîëèíåéíîãî äâèæåíèÿ íå ïëàíèðóåì. Åñëè

Lm < H∗ èëè L∗ < 2H∗, òî ïîëàãàåì Lm = 0,9L∗, tm = t∗ −
L∗ − Lm

Vm
.

Ðàñ÷åò ó÷àñòêà ïðÿìîëèíåéíîãî äâèæåíèÿ ìîæíî ïðîâîäèòü êàê ðåøåíèå òåðìèíàëü-
íîé çàäà÷è ñ îïðåäåëåííûìè òðåáîâàíèÿìè ê ãðàíè÷íûì óñëîâèÿì. Â äàííîì ñëó÷àå ïðÿ-
ìîëèíåéíîå äâèæåíèå ôîðìèðóåòñÿ â ãîðèçîíòàëüíîé ïëîñêîñòè. Ïðè ýòîì Hm = H∗,
Zm = Z∗ = 0, ϑm = ϑ∗ = 0, ψm = ψ∗ = 0, Vm = V∗ =

L∗ − Lm

t∗ − tm
, v1m = v1∗ = 0, v2m = v2∗ = 1,

v3m = v3∗ = 0. Ïðè ýòèõ óñëîâèÿõ ïîëèíîìû ïÿòîé ñòåïåíè, äàþùèå ðåøåíèå òåðìèíàëü-
íîé çàäà÷è, îêàçûâàþòñÿ ëèíåéíûìè ôóíêöèÿìè âðåìåíè, à ýòî è îçíà÷àåò ïðÿìîëèíåéíîå
ðàâíîìåðíîå äâèæåíèå.

4. Ïðèìåðû ðàñ÷åòà òðàåêòîðèé ñî ñìåíîé ýøåëîíà

Ïðèâåäåì äâà ïðèìåðà ïëàíèðîâàíèÿ òðàåêòîðèè â âåðòèêàëüíîé ïëîñêîñòè.
Ïðèìåð 2. Ðàññìîòðèì çàäà÷ó ïëàíèðîâàíèÿ äâèæåíèÿ ÁÏËÀ â òå÷åíèå 30 ñ ñî ñëåäóþ-

ùèìè èñõîäíûìè äàííûìè:

Ïàðàìåòð Íà÷àëüíîå
çíà÷åíèå

Êîíå÷íîå
çíà÷åíèå

Ñêîðîñòü V , êì/÷ 100 {
Âûñîòà H , ì 100 400

Äàëüíîñòü L, ì 0 800

Îòêëîíåíèå Z, ì 0 0

Äèàïàçîí äîïóñòèìûõ ñêîðîñòåé çàäàäèì ñëåäóþùèì îáðàçîì: Vmin = 20 êì/÷, Vmax =

140 êì/÷. Äëÿ ïåðâîãî àëãîðèòìà îïðåäåëèì ïàðàìåòðû τ = 10−5, amax = g, ϑmax = 20 ãðàä.
Ìîäåëèðîâàíèå ïîêàçûâàåò, ÷òî îáà àëãîðèòìà ðàñ÷åòà ñìåíû ýøåëîíà äàþò áëèçêèå

ðåçóëüòàòû. Ó÷àñòîê ïðÿìîëèíåéíîãî äâèæåíèÿ íå ïëàíèðóåòñÿ, êîíå÷íàÿ ñêîðîñòü â ïåðâîì
ñëó÷àå ðàâíà V∗ = 102,5 êì/÷, âî âòîðîì | V∗ = 105 êì/÷.
Ðåçóëüòàòû ðàñ÷åòîâ äëÿ ïåðâîãî àëãîðèòìà ïðåäñòàâëåíû íà ðèñ. 6{8.ðèñ.6

ðèñ.8 Ïðèìåð 3. Èçìåíèì èñõîäíûå äàííûå ïðåäûäóùåãî ïðèìåðà, óâåëè÷èâ âðåìÿ äâèæåíèÿ
äî 45 ñ, à òàêæå çíà÷åíèå äàëüíîñòè L â êîíå÷íîé òî÷êå:

Ïàðàìåòð Íà÷àëüíîå
çíà÷åíèå

Êîíå÷íîå
çíà÷åíèå

Ñêîðîñòü V , êì/÷ 100 {
Âûñîòà H , ì 100 400

Äàëüíîñòü L, ì 0 1500

Îòêëîíåíèå Z, ì 0 0

Äèàïàçîí äîïóñòèìûõ ñêîðîñòåé è ïàðàìåòðû ïåðâîãî àëãîðèòìà îñòàâèì òàêèå æå, êàê â
ïðèìåðå 2.
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Ðèñ. 6

Ðèñ. 7
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Ðèñ. 8

Â ýòîì ñëó÷àå îáà àëãîðèòìà ïðèâîäÿò ê òðàåêòîðèè, âêëþ÷àþùåé ó÷àñòîê ïðÿìîëèíåé-
íîãî äâèæåíèÿ. Îäíàêî ðàñ÷åòû ïî ïåðâîìó àëãîðèòìó äàþò Lm = 824 ì, tm = 27,6 ñ, â òî
âðåìÿ êàê ðàñ÷åòû ïî âòîðîìó àëãîðèòìó ïðèâîäÿò ê áîëåå óäàëåííîé ïðîìåæóòî÷íîé òî÷êå
è áîëüøåìó âðåìåíè ïîëåòà äî íåå: Lm = 1160 ì, tm = 36,1 S. Îáà àëãîðèòìà äàþò áëèçêèå
çíà÷åíèÿ ñêîðîñòü Vm â ïðîìåæóòî÷íîé òî÷êå.
Ðåçóëüòàòû ðàñ÷åòîâ äëÿ ïåðâîãî àëãîðèòìà ïðèâåäåíû íà ðèñ. 9{11. Íà ãðàôèêàõ âèäåíðèñ.9

ðèñ.11 ó÷àñòîê ïîäúåìà íà çàäàííóþ âûñîòó è ïîñëåäóþùèé ó÷àñòîê ïðÿìîëèíåéíîãî äâèæåíèÿ,
íà êîòîðîì ïîëåò èäåò íà ïîñòîÿííîé âûñîòå ñ ïîñòîÿííîé ñêîðîñòüþ.

Ðèñ. 9
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Ðèñ. 10

Ðèñ. 11
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5. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå äîïóñòèìûõ òðàåêòîðèé

Äëÿ òåñòèðîâàíèÿ èçëîæåííûõ àëãîðèòìîâ ïëàíèðîâàíèÿ ìàíåâðà ñìåíû ýøåëîíà ðàç-
ðàáîòàíà ñïåöèàëüíàÿ ïðîãðàììà â ñðåäå Matlab, êîòîðàÿ ïî çàäàííîé ñåòêå íà÷àëüíûõ è
ãðàíè÷íûõ óñëîâèé îñóùåñòâëÿåò ïðîâåðêó òðàåêòîðèé ñ ìîäåëèðîâàíèåì ïîëåòà ÁÏËÀ ïî
ðàññ÷èòàííîé òðàåêòîðèè. Âàðüèðóåìûìè ïåðåìåííûìè ÿâëÿþòñÿ íà÷àëüíàÿ è ñðåäíÿÿ ñêî-
ðîñòè ìàíåâðà, ðàçíîñòü âûñîò êîíå÷íîé è íà÷àëüíîé òî÷åê, ïðîäîëüíàÿ äàëüíîñòü. Âðåìÿ
ìàíåâðà ðàññ÷èòûâàåòñÿ ïî ñðåäíåé ñêîðîñòè è ïðîäîëüíîé äàëüíîñòè.
Êà÷åñòâî ïëàíèðîâàíèÿìàíåâðà ñìåíû ýøåëîíà îïðåäåëÿåòñÿ äîëåé òðàåêòîðèé, êîòîðûå

íå ïðîøëè ïðîâåðêó íà îãðàíè÷åíèÿ, íàëîæåííûå íà ïåðåìåííûå ñîñòîÿíèÿ è óïðàâëåíèÿ.
Ðàññìîòðèì ðåçóëüòàòû òåñòèðîâàíèÿ äëÿ ñëåäóþùåé ñåòêè:

• ñòàðòîâàÿ ñêîðîñòü è ñðåäíÿÿ ñêîðîñòè îò 45 äî 135 êì/÷ ñ øàãîì 15 êì/÷;
• ïðîäîëüíàÿ äàëüíîñòü îò 500 äî 2500 ì ñ øàãîì 500 ì;
• ïåðåïàä âûñîò îò −2000 äî 2000 ì ñ øàãîì 500 ì.

Ýòà ñåòêà âêëþ÷àåò 2205 óçëîâ. Â ïðîöåññå ñêàíèðîâàíèÿ ïî ýòîé ñåòêå èç 2205 òðàåêòî-
ðèé áûëî îòáðàêîâàíî 109 ïåðâûì àëãîðèòìîì è 148 âòîðûì. Ïîñëåäîâàòåëüíîå ïðèìåíåíèå
ýòèõ àëãîðèòìîâ ñîêðàùàåò êîëè÷åñòâî áðàêîâàííûõ òðàåêòîðèé äî 92. Ýòè ðåçóëüòàòû ïî-
êàçûâàþò, ÷òî ïðåäëîæåííûå àëãîðèòìû ïëàíèðîâàíèÿ ìàíåâðà ñìåíû ýøåëîíà îêàçàëèñü
ýôôåêòèâíûìè.

Çàêëþ÷åíèå

Ïðåäëîæåí àëãîðèòì ïëàíèðîâàíèÿ òðàåêòîðèè ÁÏËÀíà îñíîâå òèïîâîãî ìàíåâðà ñìåíû
ýøåëîíà. Ïëàíèðîâàíèå ìàíåâðà áàçèðóåòñÿ íà îäíîì èç äâóõ ïðåäëîæåííûõ àëãîðèòìîâ
ýâðèñòè÷åñêîãî õàðàêòåðà. Ðåçóëüòàòû ìîäåëèðîâàíèÿ ïîêàçûâàþò, ÷òî ïðåäëîæåííûé àë-
ãîðèòì ïëàíèðîâàíèÿ â öåëîì óñïåøíî ñïðàâëÿåòñÿ ñ ïîñòàâëåííîé çàäà÷åé. Ýòîò àëãîðèòì
ìîæíî èñïîëüçîâàòü êàê ñîñòàâíóþ ÷àñòü àëãîðèòìîâ ïëàíèðîâàíèÿ ñëîæíûõ ïðîñòðàí-
ñòâåííûõ òðàåêòîðèé, îñíîâàííûõ íà ñî÷åòàíèè íåñêîëüêèõ òèïîâûõ ìàíåâðîâ.
Ðàáîòà âûïîëíåíà ïðèôèíàíñîâîé ïîääåðæêåÐÔÔÈ(ãðàíòû11-01-00733, 12-07-00329,

12-07-00267) èÏðîãðàììûÏðåçèäåíòàÐÔïî ãîñóäàðñòâåííîé ïîääåðæêå âåäóùèõ íàó÷íûõ
øêîë (ãðàíò ÍØ-3659.2012.1).
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The problem under consideration is trajectory planning of the unmanned airal vehicle (UAV).
UAV should flied by the preset traveling points during the preset moments of time. State variables
and controls are restricted too.
The main problem is to find the permissible trajectory which satisfy to given restrictions. The

approach based on design of a trajectory from a certain set of sample maneuvers is offered. These
maneuvers are formed with use of a combination of analytical methods of trajectories calculation,
methods of mathematical simulation and various heuristic algorithms.
The sequence of traveling points breaks a required trajectory into segments. Essential simplifi-

cation of the problem can be obtained by the demand that calculation of the trajectory segment does
not affect on calculation of the subsequent segments and depends only on values of state variables
and controls of UAV reached on the previous segment. In this case planning of a trajectory is
carried out consistently, from one segment to another.
In this paper the maneuver planning problem of an echelon change is solved. This maneuver

in a combination with rectilinear uniform movement allows to plan those segments of a UAV
trajectory on which movement can take place in the vertical plane, i.e. with constant value of a
traveling angle.
The nonlinear mathematical model of UAV movement as material point in the trajectory

reference frame is described. The proposed method of the solution of a terminal problem is based
on using of polynoms on time. Two heuristic algorithms of maneuver planning of echelon change
are described. Examples are given. Results of modeling and the scheme of testing of an offered
planning method are presented.
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