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ɋɩɨɫɨɛ ɨɩɢɫɚɧɢɹ ɩɪɨɰɟɫɫɨɜ ɜ ɬɟɥɟɤɨɦɦɭɧɢɤɚɰɢɨɧɧɵɯ ɫɟɬɹɯ ɫ ɢɫɩɨɥɶ-
ɡɨɜɚɧɢɟɦ ɚɩɩɚɪɚɬɚ Max-plus ɚɥɝɟɛɪɚ

Вɜɟɞɟɧɢɟ

ɉɨɫɬɨɹɧɧɨ ɢɡɦɟɧɹɸɳɢɟɫɹ ɨɛɴɟɦ ɢ
ɫɬɪɭɤɬɭɪɚ ɬɪɚɮɢɤɚ ɬɟɥɟɤɨɦɦɭɧɢɤɚɰɢɨɧ-
ɧɵɯ ɫɟɬɟɣ ɫɨɡɞɚɥɢ ɧɟɨɛɯɨɞɢɦɨɫɬɶ ɞɥɹ ɤɚ-
ɱɟɫɬɜɟɧɧɨɝɨ ɢɡɦɟɧɟɧɢɹ ɦɟɯɚɧɢɡɦɨɜ
ɭɩɪɚɜɥɟɧɢɹ ɫɟɬɶɸ. ȼɨɡɦɨɠɧɨɫɬɶ ɭɩɪɚɜɥɟ-
ɧɢɹ ɪɟɫɭɪɫɚɦɢ ɫɟɬɢ ɡɚɥɨɠɟɧɨ ɜ ɫɥɟɞɭɸ-
ɳɢɯ ɤɨɧɰɟɩɰɢɹɯ: TMN [1], CORBA [2],
TINA [3] ɢ MPLS [4]. ȼɨ ɜɫɟɯ ɤɨɧɰɟɩɰɢɹɯ
ɩɪɨɰɟɫɫ ɤɨɧɬɪɨɥɹ ɪɚɛɨɬɵ ɫɟɬɢ ɦɨɠɧɨ
ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɞɜɚ ɷɬɚɩɚ: ɦɨɧɢɬɨɪɢɧɝ ɢ
ɚɧɚɥɢɡ. ɇɚ ɩɟɪɜɨɦ ɷɬɚɩɟ ɜɵɩɨɥɧɹɟɬɫɹ ɫɛɨɪ
ɞɚɧɧɵɯ ɨ ɫɟɬɢ. ȼɬɨɪɨɣ ɷɬɚɩ, ɜ ɡɚɜɢɫɢɦɨ-
ɫɬɢ ɨɬ ɫɪɟɞɫɬɜ, ɢɫɩɨɥɶɡɭɟɦɵɯ ɞɥɹ ɚɧɚɥɢɡɚ,
ɦɨɠɟɬ ɛɵɬɶ ɤɚɤ ɨɬɞɟɥɶɧɵɦ ɚɜɬɨɦɚɬɢɡɢɪɨ-
ɜɚɧɧɵɦ ɚɝɟɧɬɨɦ, ɬɚɤ ɢ ɫɥɨɠɧɨɣ ɷɤɫɩɟɪɬ-
ɧɨɣ ɫɢɫɬɟɦɨɣ. ɂɬɚɤ, ɪɚɡɧɨɨɛɪɚɡɧɨɟ ɤɨɥɢ-
ɱɟɫɬɜɨ ɩɪɢɥɨɠɟɧɢɣ, ɛɨɥɶɲɨɟ ɱɢɫɥɨ ɩɨɥɶ-
ɡɨɜɚɬɟɥɟɣ, ɨɩɪɟɞɟɥɟɧɧɵɟ ɬɪɟɛɨɜɚɧɢɹ ɤ ɤɚ-
ɱɟɫɬɜɭ ɨɛɫɥɭɠɢɜɚɧɢɹ ɬɟɯ ɢɥɢ ɢɧɵɯ ɩɪɢ-
ɥɨɠɟɧɢɣ – ɨɫɧɨɜɧɚɹ ɩɪɢɱɢɧɚ ɢɫɩɨɥɶɡɨɜɚ-
ɧɢɹ ɢɦɟɧɧɨ ɷɤɫɩɟɪɬɧɵɯ ɫɢɫɬɟɦ ɜ ɫɨɜɪɟ-
ɦɟɧɧɵɯ ɫɟɬɹɯ ɭɩɪɚɜɥɟɧɢɹ.

Ⱦɥɹ ɤɨɪɪɟɤɬɧɨɣ ɪɚɛɨɬɵ ɬɚɤɨɣ ɫɢɫ-
ɬɟɦɵ ɧɟɨɛɯɨɞɢɦɚ ɚɞɟɤɜɚɬɧɚɹ ɨɰɟɧɤɚ ɪɟ-
ɚɤɰɢɢ ɬɟɥɟɤɨɦɦɭɧɢɤɚɰɢɨɧɧɨɣ ɫɟɬɢ ɧɚ
ɩɪɨɢɡɨɲɟɞɲɟɟ ɫɨɛɵɬɢɟ. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ,
ɡɚɞɚɱɢ ɦɚɬɟɦɚɬɢɱɟɫɤɨɝɨ ɩɪɟɞɫɬɚɜɥɟɧɢɹ
ɩɪɨɰɟɫɫɨɜ, ɚ ɬɚɤɠɟ ɦɨɞɟɥɢɪɨɜɚɧɢɟ ɫɨ-
ɫɬɨɹɧɢɣ ɫɟɬɢ ɜ ɡɚɜɢɫɢɦɨɫɬɢ ɨɬ ɬɨɝɨ ɢɥɢ
ɢɧɨɝɨ ɫɨɛɵɬɢɹ ɹɜɥɹɸɬɫɹ ɚɤɬɭɚɥɶɧɵɦɢ.

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɢ

Ɏɭɧɤɰɢɢ ɤɚɧɚɥɶɧɨɝɨ ɭɪɨɜɧɹ ɦɨɞɟɥɢ
ɜɡɚɢɦɨɞɟɣɫɬɜɢɹ ɨɬɤɪɵɬɵɯ ɫɢɫɬɟɦ ɨɬɪɚ-
ɠɚɸɬɫɹ ɜ ɬɚɤɢɯ ɩɚɪɚɦɟɬɪɚɯ ɤɚɤ ɜɪɟɦɹ ɩɟ-
ɪɟɞɚɱɢ ɩɚɤɟɬɚ ɧɚ ɜɵɯɨɞɧɨɣ ɩɨɪɬ (ɞɥɹ ɬɟɯ-
ɧɨɥɨɝɢɢ ɩɚɤɟɬɧɨɣ ɤɨɦɦɭɬɚɰɢɢ), ɜɪɟɦɹ

ɫɛɨɪɚ ɩɚɱɤɢ ɞɚɧɧɵɯ (ɞɥɹ ɬɟɯɧɨɥɨɝɢɣ ɩɚ-
ɱɟɱɧɨɣ ɨɩɬɢɱɟɫɤɨɣ ɤɨɦɦɭɬɚɰɢɢ). Ɋɚɫ-
ɫɦɨɬɪɢɦ ɨɛɚ ɫɥɭɱɚɹ

ȼ ɤɚɛɟɥɶɧɨɣ ɷɥɟɤɬɪɨɧɧɨɣ ɫɟɬɢ ɩɟɪɟ-
ɞɚɱɢ ɞɚɧɧɵɯ ɧɚ ɧɟɫɤɨɥɶɤɨ ɩɨɪɬɨɜ ɤɨɦɦɭ-
ɬɚɬɨɪɚ ɩɨɫɬɭɩɚɸɬ ɩɨɬɨɤɢ ɩɚɤɟɬɨɜ. ȿɫɥɢ
ɧɟɨɛɯɨɞɢɦɵɣ ɜɵɯɨɞɧɨɣ ɩɨɪɬ ɤɨɦɦɭɬɚɬɨ-
ɪɚ ɫɜɨɛɨɞɟɧ, ɬɨ ɨɫɭɳɟɫɬɜɥɹɟɬɫɹ ɤɨɦɦɭɬɚ-
ɰɢɹ ɩɚɤɟɬɚ. ȿɫɥɢ ɧɟɬ, ɬɨ ɡɚɹɜɤɚ ɨɫɬɚɟɬɫɹ ɜ
ɜɵɯɨɞɧɨɦ ɛɭɮɟɪɟ ɤɨɦɦɭɬɚɬɨɪɚ. ȿɫɥɢ ɜɵ-
ɯɨɞɧɨɣ ɛɭɮɟɪ ɤɨɦɦɭɬɚɬɨɪɚ ɡɚɩɨɥɧɟɧ, ɬɨ
ɩɚɤɟɬ ɭɞɚɥɹɟɬɫɹ ɤɨɦɦɭɬɚɬɨɪɨɦ.

ɇɚ ɞɚɧɧɵɣ ɦɨɦɟɧɬ, ɜ ɨɩɬɨɷɥɟɤɬɪɨɧ-
ɧɨɣ ɫɟɬɢ ɩɟɪɟɞɚɱɢ ɞɚɧɧɵɯ, ɤɨɦɦɭɬɚɬɨɪ
ɨɫɧɨɜɚɧ ɧɚ ɨɩɬɨ-ɷɥɟɤɬɪɧɧɨ-ɨɩɬɢɱɟɫɤɨɦ
ɩɪɟɨɛɪɚɡɨɜɚɧɢɢ [5]. ɗɬɨ ɨɡɧɚɱɚɟɬ, ɱɬɨ ɧɚ
ɜɯɨɞɧɨɣ ɩɨɪɬ ɤɨɦɦɭɬɚɬɨɪɚ, ɨɩɬɢɱɟɫɤɢɣ,
ɩɨɫɬɭɩɚɸɬ ɩɚɱɤɢ ɩɚɤɟɬɨɜ. Ɂɚɬɟɦ ɩɪɨɢɫɯɨ-
ɞɢɬ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ ɡɚɝɨɥɨɜɤɚ ɩɚɤɟɬɚ
(ɩɚɱɤɢ) ɜ ɷɥɟɤɬɪɨɧɧɭɸ ɮɨɪɦɭ, ɨɫɭɳɟɫɬɜ-
ɥɹɟɬɫɹ ɤɨɦɦɭɬɚɰɢɹ, ɨɛɪɚɬɧɨɟ ɩɪɟɨɛɪɚɡɨ-
ɜɚɧɢɟ ɫɢɝɧɚɥɚ ɜ ɨɩɬɢɱɟɫɤɭɸ ɮɨɪɦɭ ɢ ɩɟ-
ɪɟɞɚɱɚ ɧɚ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɣ ɜɵɯɨɞɧɨɣ
ɩɨɪɬ ɤɨɦɦɭɬɚɬɨɪɚ. Ʉɨ ɜɪɟɦɟɧɢ ɩɨɫɬɭɩɥɟ-
ɧɢɹ ɩɚɱɤɢ ɧɚ ɜɵɯɨɞɧɨɣ ɩɨɪɬ, ɨɩɬɢɱɟɫɤɢɦ
ɤɨɦɦɭɬɚɬɨɪɨɦ ɪɟɡɟɪɜɢɪɭɟɬɫɹ ɞɥɢɧɚ ɜɨɥ-
ɧɵ,  ɧɚ ɤɨɬɨɪɨɣ ɛɭɞɟɬ ɨɫɭɳɟɫɬɜɥɹɬɶɫɹ ɩɟ-
ɪɟɞɚɱɚ. ȿɫɥɢ ɟɫɬɶ ɡɚɪɟɡɟɪɜɢɪɨɜɚɧɧɚɹ ɩɨ-
ɥɨɫɚ, ɬɨ ɩɚɱɤɚ ɩɟɪɟɞɚɟɬɫɹ, ɟɫɥɢ ɧɟɬ, ɬɨ
ɩɚɱɤɚ ɭɞɚɥɹɟɬɫɹ.

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɜɨɡɧɢɤɚɟɬ ɡɚɞɚɱɚ ɨ
ɩɪɟɞɫɬɚɜɥɟɧɢɢ ɩɪɨɰɟɫɫɨɜ ɤɨɦɦɭɬɚɰɢɢ ɜ
ɜɢɞɟ ɦɨɞɟɥɟɣ,  ɤɨɬɨɪɵɟ ɛɭɞɭɬ ɨɬɨɛɪɚɠɚɬɶ
ɨɫɨɛɟɧɧɨɫɬɢ ɩɪɨɰɟɫɫɚ.

Ɉɛщɢɣ ɩɨɞɯɨɞ ɤ ɦɨɞɟɥɢɪɨɜɚɧɢɸ ɩɪɨ-
ɰɟɫɫɨɜ

Ɋɚɫɫɦɨɬɪɢɦ ɩɟɪɟɱɢɫɥɟɧɧɵɟ ɜɵɲɟ
ɩɪɨɰɟɫɫɵ ɫ ɬɨɱɤɢ ɡɪɟɧɢɹ ɫɢɫɬɟɦ ɦɚɫɫɨɜɨ-
ɝɨ ɨɛɫɥɭɠɢɜɚɧɢɹ.
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ɉɪɢɟɦɧɢɤɢ ɩɨɪɬɨɜ ɤɨɦɦɭɬɚɬɨɪɚ
ɦɨɠɧɨ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɤɚɤ ɢɫɬɨɱɧɢɤɢ ɩɚ-
ɤɟɬɨɜ, ɤɨɬɨɪɵɟ ɡɚɬɟɦ ɩɨɫɬɭɩɚɸɬ ɧɚ ɩɟɪɟ-
ɞɚɬɱɢɤɢ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɩɨɪɬɨɜ. Ɍɚɤɢɦ
ɨɛɪɚɡɨɦ, ɫɨɫɬɨɹɧɢɹ ɫɢɫɬɟɦɵ ɨɛɫɥɭɠɢɜɚ-
ɧɢɹ ɛɭɞɭɬ ɡɚɜɢɫɟɬɶ ɨɬ ɩɪɟɞɲɟɫɬɜɭɸɳɟɝɨ
ɫɨɫɬɨɹɧɢɹ ɱɟɪɟɡ ɬɟɤɭɳɟɟ. ɉɨɥɨɠɢɦ, ɱɬɨ
ɩɨɬɨɤɢ ɨɬ ɩɪɢɟɦɧɢɤɨɜ ɤ ɩɟɪɟɞɚɬɱɢɤɚɦ ɨɪ-
ɞɢɧɚɪɧɵɟ. Ɍɨɝɞɚ ɞɥɹ ɨɩɢɫɚɧɢɹ ɜɟɪɨɹɬɧɨ-
ɫɬɧɨɣ ɦɨɞɟɥɢ ɋɆɈ ɦɨɠɟɬ ɢɫɩɨɥɶɡɨɜɚɬɶɫɹ
ɚɩɩɚɪɚɬ, ɪɚɡɪɚɛɨɬɚɧɧɵɣ Ⱥ.Ⱥ. Ɇɚɪɤɨɜɵɦ
[6]. ɂɬɚɤ, ɜ ɨɛɳɟɦ ɜɢɞɟ ɭɪɚɜɧɟɧɢɟ ɛɚɥɚɧɫɚ
ɞɥɹ ɫɬɚɰɢɨɧɚɪɧɨɝɨ ɪɟɠɢɦɚ ɛɭɞɟɬ ɢɦɟɬɶ
ɜɢɞ:
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ɉɪɢ ɨɝɪɚɧɢɱɟɧɧɨɦ ɪɚɡɦɟɪɟ ɛɭɮɟɪɚ
(Ɋɢɫ.1), ɧɚɩɪɢɦɟɪ ɜ N  ɩɚɤɟɬɨɜ, ɩɨɥɨɠɢɦ
ɜ ɮɨɪɦɭɥɵ (2) ɢ (3) ɫɥɟɞɭɸɳɢɟ ɭɫɥɨɜɢɹ:
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ɉɨ ɮɨɪɦɭɥɟ Ʌɢɬɬɥɚ ɦɨɠɧɨ ɧɚɣɬɢ
ɫɪɟɞɧɟɟ ɜɪɟɦɹ ɩɪɟɛɵɜɚɧɢɹ ɜ ɫɢɫɬɟɦɟ:

( )

÷
÷
÷
÷

ø

ö

ç
ç
ç
ç

è

æ

÷
÷
÷
÷

ø

ö

ç
ç
ç
ç

è

æ

÷
ø
öç

è
æ-

÷
ø
öç

è
æ×+

-
-

== +

+

1

1

1

1

1

11
N

N
N

NT

m
l

m
l

m
l
m

l

ll
. (6)

ɉɨɥɭɱɟɧɧɵɟ ɜɵɪɚɠɟɧɢɹ ɫɩɪɚɜɟɞɥɢ-
ɜɵ ɞɥɹ ɤɚɠɞɨɝɨ ɢɡ ɩɨɪɬɨɜ ɤɨɦɦɭɬɚɬɨɪɚ.

 Ⱦɥɹ ɨɩɬɢɱɟɫɤɨɝɨ ɤɨɦɦɭɬɚɬɨɪɚ ɜɵ-
ɪɚɠɟɧɢɹ (4-6)  ɢɦɟɸɬ ɞɪɭɝɨɣ ɜɢɞ,  ɬ.ɤ.  ɜ
ɫɢɫɬɟɦɟ ɟɫɬɶ ɨɛɳɚɹ ɨɱɟɪɟɞɶ ɜ ɟɝɨ ɷɥɟɤ-
ɬɪɨɧɧɨɣ ɱɚɫɬɢ. ɗɬɨ ɜɵɡɜɚɧɨ ɧɟɨɛɯɨɞɢɦɨ-
ɫɬɶɸ ɜɵɞɟɪɠɢɜɚɬɶ ɪɟɠɢɦ «ɪɚɫɩɢɫɚɧɢɹ».
ɂɬɚɤ, ɫɢɫɬɟɦɚ ɬɪɚɧɫɮɨɪɦɢɪɭɟɬɫɹ ɜ ɩɪɟɞ-
ɫɬɚɜɥɟɧɧɭɸ ɧɚ Ɋɢɫ.2
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Ɋɢɫ.  2 .Ɇɨɞɟɥɶ ɷɥɟɤɬɪɨɧɧɨɣ ɱɚɫɬɢ
ɨɩɬɢɱɟɫɤɨɝɨ ɤɨɦɦɭɬɚɬɨɪɚ

Ⱦɥɹ ɬɚɤɨɝɨ ɜɢɞɚ ɦɨɞɟɥɢ ɮɨɪɦɭɥɵ (4-
6) ɛɭɞɭɬ ɢɦɟɬɶ ɫɥɟɞɭɸɳɢɣ ɜɢɞ:

k
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0              (7)
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0 ,              (8)

ɝɞɟ l  - ɢɧɬɟɧɫɢɜɧɨɫɬɶ ɩɨɫɬɭɩɥɟɧɢɹ
ɩɚɤɟɬɨɜ, m  - ɢɧɬɟɧɫɢɜɧɨɫɬɶ ɨɫɜɨɛɨɠɞɟɧɢɹ
ɩɟɪɟɞɚɬɱɢɤɨɜ ɩɨɪɬɨɜ ɤɨɦɦɭɬɚɬɨɪɚ, n  -
ɱɢɫɥɨ ɩɨɪɬɨɜ ɤɨɦɦɭɬɚɬɨɪɚ. ɋɪɟɞɧɟɟ ɜɪɟɦɹ
ɩɪɟɛɵɜɚɧɢɹ ɩɚɤɟɬɚ ɜ ɤɨɦɦɭɬɚɬɨɪɟ ɫ n
ɩɨɪɬɚɦɢ:
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Ɍɚɤɨɣ ɜɢɞ ɚɧɚɥɢɬɢɱɟɫɤɨɝɨ ɨɩɢɫɚɧɢɹ
ɩɪɨɰɟɫɫɨɜ ɨɛɥɚɞɚɟɬ ɪɹɞɨɦ ɧɟɞɨɫɬɚɬɤɨɜ:

-ɦɨɠɧɨ ɨɩɢɫɚɬɶ ɩɪɨɰɟɫɫɵ, ɟɫɥɢ ɨɧɢ
ɩɨɞɱɢɧɟɧɵ ɨɩɪɟɞɟɥɟɧɧɨɦɭ ɡɚɤɨɧɭ ɪɚɫ-
ɩɪɟɞɟɥɟɧɢɹ (ɷɤɫɩɨɧɟɧɰɢɚɥɶɧɵɣ ɡɚɤɨɧ
ɪɚɫɩɪɟɞɟɥɟɧɢɹ);

-ɧɟɥɶɡɹ ɨɬɨɛɪɚɡɢɬɶ ɬɨɩɨɥɨɝɢɸ ɫɟɬɢ;
-ɨɩɢɫɵɜɚɟɦɵɟ ɯɚɪɚɤɬɟɪɢɫɬɢɤɢ – ɫɬɚ-

ɬɢɱɟɫɤɢɟ;
-ɧɟɥɶɡɹ ɨɬɨɛɪɚɡɢɬɶ ɞɢɧɚɦɢɤɭ ɩɪɨɰɟɫɫɚ

ɜɨ ɜɪɟɦɟɧɢ.
Max-plus ɚɥɝɟɛɪɚ
ɂɞɟɦɩɨɬɟɧɬɧɨɣ ɩɨɥɭɝɪɭɩɩɨɣ ɧɚɡɵ-

ɜɚɟɬɫɹ ɦɧɨɠɟɫɬɜɨ M , ɫɧɚɛɠɟɧɧɨɟ ɤɨɦɦɭ-

ɬɚɬɢɜɧɨɣ ɢ ɚɫɫɨɰɢɚɬɢɜɧɨɣ ɨɩɟɪɚɰɢɟɣ Å
(ɨɛɨɛɳɟɧɧɵɦ ɫɥɨɠɟɧɢɟɦ), ɨɛɥɚɞɚɸɳɟɣ
ɧɟɣɬɪɚɥɶɧɵɦ ɨɬɧɨɫɢɬɟɥɶɧɨ ɷɬɨɣ ɨɩɟɪɚɰɢɢ
ɷɥɟɦɟɧɬɨɦ 0 : aa =Å0  ɞɥɹ ɥɸɛɨɝɨ

MaÎ  ɢ ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɭɫɥɨɜɢɸ
ɢɞɟɦɩɨɬɟɧɬɧɨɫɬɢ aaa =Å  ɞɥɹ ɥɸɛɨɝɨ

MaÎ  [7]. ɂɞɟɦɩɨɬɟɧɬɧɚɹ ɩɨɥɭɝɪɭɩɩɚ
ɧɚɡɵɜɚɟɬɫɹ ɢɞɟɦɩɨɬɟɧɬɧɵɦ ɩɨɥɭɤɨɥɶɰɨɦ,
ɟɫɥɢ ɧɚ ɧɟɣ ɨɩɪɟɞɟɥɟɧɚ ɟɳɟ ɨɞɧɚ ɚɫɫɨɰɢɚ-
ɬɢɜɧɚɹ ɨɩɟɪɚɰɢɹ Ä (ɨɛɨɛɳɟɧɧɨɣ ɭɦɧɨɠɟ-
ɧɢɟ), ɨɛɥɚɞɚɸɳɟɣ ɧɟɣɬɪɚɥɶɧɵɦ ɨɬɧɨɫɢ-
ɬɟɥɶɧɨ ɷɬɨɣ ɨɩɟɪɚɰɢɢ ɷɥɟɦɟɧɬɨɦ 1 ɢ ɫɜɹ-
ɡɚɧɧɚɹ ɫ Å  ɡɚɤɨɧɨɦ ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɢ
ɫɥɟɜɚ ɢ ɫɩɪɚɜɚ:

( ) cabacba ÄÅÄ=ÅÄ ,   (10)
( ) acabacb ÄÅÄ=ÄÅ .     (11)

 Ɇɧɨɠɟɫɬɜɨ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ R
, ɪɚɫɲɢɪɟɧɧɨɟ ɩɭɬɟɦ ɞɨɛɚɜɥɟɧɢɹ ɷɥɟɦɟɧɬɚ

-¥=e , ɫ ɡɚɞɚɧɧɵɦɢ ɧɚ ɧɟɦ Å  ɢ Ä , ɤɨ-
ɬɨɪɵɟ ɞɥɹ ɥɸɛɵɯ Ry,x Î  ɨɩɪɟɞɟɥɹɸɬɫɹ
ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ:

)y,xmax(yx =Å ,    (12)
yxyx +=Ä ,     (13)

ɩɪɢɱɟɦ
ee =Äx .   (14)

Ⱦɥɹ ɦɚɬɪɢɰ ɬɚɤɠɟ ɫɭɳɟɫɬɜɭɟɬ ɢɞɟɦ-
ɩɨɬɟɧɬɧɨɟ ɩɨɥɭɤɨɥɶɰɨ: ɞɥɹ ɥɸɛɵɯ ɞɜɭɯ
ɦɚɬɪɢɰ ( )ijaA =  ɢ ( )ijbB =  ɪɚɡɦɟɪɚ nl ´  ɢ

mn´  ɞɥɹ ɨɩɟɪɚɰɢɢ Ä , ɜɵɩɨɥɧɟɧɢɟ ɪɚɫ-
ɫɦɚɬɪɢɜɚɟɦɵɯ ɨɩɟɪɚɰɢɣ ɨɫɭɳɟɫɬɜɥɹɟɬɫɹ
ɩɨ ɮɨɪɦɭɥɟ:

{ } ijijij baBA Å=Å ,      (15)

{ } kjik

n

k
ij baBA ÄÅ=Ä

=1
     (16)

Ɍɚɤɠɟ ɨɩɪɟɞɟɥɟɧɵ ɨɩɟɪɚɰɢɢ ɭɦɧɨ-
ɠɟɧɢɹ ɦɚɬɪɢɰɵ ɧɚ ɫɤɚɥɹɪ ɢ ɫɥɨɠɟɧɢɟ
ɦɚɬɪɢɰɵ ɢ ɫɤɚɥɹɪɚ. Ɍɚɤ, ɞɥɹ ɥɸɛɨɝɨ

RÎl  ɢ ɦɚɬɪɢɰɵ ( )ijaA =  ɪɚɡɦɟɪɚ nl ´

{ } ijij aA Å=Å ll ,   (17)

{ } ijij aA Ä=Ä ll .   (18)

Ɇɚɬɪɢɰɚ e , ɜɫɟ ɷɥɟɦɟɧɬɵ ɤɨɬɨɪɨɣ
ɪɚɜɧɵ e , ɹɜɥɹɟɬɫɹ ɧɟɣɬɪɚɥɶɧɵɦ ɷɥɟɦɟɧ-
ɬɨɦ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɩɟɪɚɰɢɢ Å , ɚ ɦɚɬɪɢɰɚ
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E  ɫ ɷɥɟɦɟɧɬɚɦɢ, ɪɚɜɧɵɦɢ 0 ɧɚ ɝɥɚɜɧɨɣ
ɞɢɚɝɨɧɚɥɢ ɢ e , ɜɧɟ ɟɟ, ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ
ɟɞɢɧɢɱɧɭɸ ɦɚɬɪɢɰɭ.

ɇɨɜɨɟ ɩɪɟɞɫɬɚɜɥɟɧɢɟ ɩɪɨɰɟɫɫɨɜ
ȼɜɟɞɟɦ ɫɥɟɞɭɸɳɢɟ ɨɛɨɡɧɚɱɟɧɢɹ.

ɉɭɫɬɶ ikt  - ɜɪɟɦɹ ɨɛɫɥɭɠɢɜɚɧɢɹ k -ɝɨ ɩɚ-

ɤɟɬɚ ɜ i -ɨɦ ɩɟɪɟɞɚɬɱɢɤɟ; ika  - ɜɪɟ-

ɦɹ ɩɨɫɬɭɩɥɟɧɢɹ k -ɝɨ ɩɚɤɟɬɚ ɜ ɨɱɟɪɟɞɶ i -ɨɝɨ
ɩɟɪɟɞɚɬɱɢɤɚ; )k(xi  - ɜɪɟɦɹ ɧɚɱɚɥɚ ɩɟɪɟɞɚ-

ɱɢ k -ɝɨ ɩɚɤɟɬɚ ɜ ɫɟɬɶ ɢɡ i -ɨɝɨ ɩɟɪɟɞɚɬɱɢɤɚ.

ikik a,t  - ɡɚɞɚɧɧɵɟ ɧɟɨɬɪɢɰɚɬɟɥɶɧɵɟ ɫɥɭ-

ɱɚɣɧɵɟ ɜɟɥɢɱɢɧɵ. ȼ ɧɚɱɚɥɶɧɵɣ ɦɨɦɟɧɬ
ɜɪɟɦɟɧɢ ɧɚ ɩɟɪɟɞɚɬɱɢɤɚɯ ɩɨɪɬɨɜ ɧɟɬ ɩɚɤɟ-
ɬɨɜ. Ɍɨɝɞɚ ɩɪɨɰɟɫɫ ɩɨɫɬɭɩɥɟɧɢɹ ɢ ɨɛɫɥɭɠɢ-
ɜɚɧɢɟ ɩɚɤɟɬɨɜ ɜ ɩɨɪɬɭ ɤɨɦɦɭɬɚɬɨɪɚ ɦɨɠɧɨ
ɨɩɢɫɚɬɶ ɭɪɚɜɧɟɧɢɟɦ [8]:

( )
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ÅÄ=-ÅÄ=
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iik

ikikiikiki

t
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 (19)

Ɍ.ɤ. ɮɨɪɦɢɪɨɜɚɧɢɟ ɨɱɟɪɟɞɟɣ ɩɪɨɢɫ-
ɯɨɞɢɬ ɧɟɡɚɜɢɫɢɦɨ ɞɥɹ ɤɚɠɞɨɝɨ ɢɡ ɩɟɪɟ-
ɞɚɬɱɢɤɨɜ, ɬ.ɟ. ɨɱɟɪɟɞɶ ɧɟ ɹɜɥɹɟɬɫɹ ɨɛɳɟɣ,
ɬɨ ɩɪɨɰɟɫɫ ɦɨɞɟɥɢɪɨɜɚɧɢɹ ɡɧɚɱɢɬɟɥɶɧɨ
ɭɩɪɨɳɚɟɬɫɹ.

 ɉɨɤɚɠɟɦ ɜɨɡɦɨɠɧɨɫɬɶ ɩɪɟɞɫɬɚɜɥɟ-
ɧɢɹ ɩɪɨɰɟɫɫɨɜ ɜ ɨɩɬɢɱɟɫɤɨɣ ɫɟɬɢ. ɉɭɫɬɶ

ikt - ɜɪɟɦɹ ɫɪɚɛɚɬɵɜɚɧɢɹ ɤɨɦɦɭɬɚɰɢɨɧɧɨɣ
ɦɚɬɪɢɰɵ ɷɥɟɤɬɪɨɧɧɨɝɨ ɤɨɦɦɭɬɚɬɨɪɚ, )k(xi

- ɜɪɟɦɹ ɩɨɫɬɭɩɥɟɧɢɹ ɩɚɱɤɢ ɧɚ ɧɟɫɭɳɭɸ
ɜɨɥɧɭ ɫ i -ɝɨ ɩɨɪɬɚ ɤɨɦɦɭɬɚɬɨɪɚ. ikg  -

ɜɪɟɦɹ ɫɛɨɪɚ k -ɨɣ ɩɚɱɤɢ, ika - ɜɪɟɦɹ ɩɨ-

ɫɬɭɩɥɟɧɢɹ ɤɨɧɬɟɣɧɟɪɚ ɧɚ ɜɯɨɞɧɨɣ ɩɨɪɬ
ɤɨɦɦɭɬɚɬɨɪɚ. Ɍɨɝɞɚ ɞɢɧɚɦɢɤɚ ɩɪɨɰɟɫɫɚ ɜ
ɨɩɬɢɱɟɫɤɨɦ ɤɨɦɦɭɬɚɬɨɪɟ ɦɨɠɟɬ ɛɵɬɶ
ɨɩɢɫɚɧɚ ɩɪɢ ɩɨɦɨɳɢ ɭɪɚɜɧɟɧɢɹ:

[ ])k(x,amaxg)k(x iikikiki 1-++=t .  (20)

ɉɟɪɟɩɢɲɟɦ ɞɚɧɧɨɟ ɭɪɚɜɧɟɧɢɟ ɞɢɧɚ-
ɦɢɤɢ ɧɚɞ ɢɞɟɦɩɨɬɟɧɬɧɵɦ ɩɨɥɭɩɨɥɟɦ maxR

.
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t
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Ⱦɚɧɧɨɟ ɭɪɚɜɧɟɧɢɟ ɫɩɪɚɜɟɞɥɢɜɨ ɞɥɹ

ɨɞɧɨɝɨ ɩɨɪɬɚ ɤɨɦɦɭɬɚɬɨɪɚ. Ⱦɥɹ n  ɩɨɪɬɨɜ
ɤɨɦɦɭɬɚɬɨɪɚ ɜɵɪɚɠɟɧɢɟ ɩɪɢɦɟɬ ɫɥɟɞɭɸ-
ɳɢɣ ɜɢɞ:
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kikiki rkxagkx t ,  (22)

ɝɞɟ ir  - ɢɧɞɟɤɫ ɫɨɫɬɨɹɧɢɣ. ɉɨɥɭɱɟɧ-

ɧɚɹ ɦɚɬɟɦɚɬɢɱɟɫɤɚɹ ɦɨɞɟɥɶ ɩɨɡɜɨɥɹɟɬ ɢɫ-
ɫɥɟɞɨɜɚɬɶ ɞɢɧɚɦɢɤɭ ɪɚɛɨɬɵ ɨɩɬɢɱɟɫɤɨɝɨ
ɤɨɦɦɭɬɚɬɨɪɚ, ɜ ɡɚɜɢɫɢɦɨɫɬɢ ɨɬ ɜɪɟɦɟɧɢ
ɫɛɨɪɚ ɩɚɱɟɤ ɢ ɡɚɞɟɪɠɤɢ, ɜɧɨɫɢɦɨɣ ɤɨɦɦɭ-
ɬɚɬɨɪɨɦ.

Ɂɚɤɥɸɱɟɧɢɟ

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɜɩɟɪɜɵɟ ɛɵɥ ɩɪɟɞ-
ɥɨɠɟɧ ɫɩɨɫɨɛ ɨɩɢɫɚɧɢɹ ɩɪɨɰɟɫɫɨɜ, ɩɪɨɢɫ-
ɯɨɞɹɳɢɯ ɧɚ ɜɬɨɪɨɦ ɭɪɨɜɧɟ ɦɨɞɟɥɢ ɜɡɚɢ-
ɦɨɞɟɣɫɬɜɢɹ ɨɬɤɪɵɬɵɯ ɫɢɫɬɟɦ ɜ ɬɟɪɦɢɧɚɯ
Max-plus ɚɥɝɟɛɪɚ. Ⱦɚɧɧɵɟ ɩɨɞɯɨɞ ɨɛɥɚɞɚ-
ɟɬ ɪɹɞɨɦ ɩɪɟɢɦɭɳɟɫɬɜ ɩɟɪɟɞ ɞɪɭɝɢɦɢ,
ɫɪɟɞɢ ɤɨɬɨɪɵɯ ɭɧɢɜɟɪɫɚɥɶɧɨɫɬɶ, ɩɪɨɫɬɨɬɚ,
ɧɚɝɥɹɞɧɨɫɬɶ.

ɉɪɟɞɥɨɠɟɧɵ ɧɨɜɵɟ ɦɚɬɟɦɚɬɢɱɟɫɤɢɟ
ɦɨɞɟɥɢ ɞɥɹ ɨɩɢɫɚɧɢɹ ɪɚɛɨɬɵ ɨɩɬɢɱɟɫɤɨɝɨ
ɢ ɧɟɨɩɬɢɱɟɫɤɨɝɨ ɤɨɦɦɭɬɚɬɨɪɨɜ ɫ ɢɫɩɨɥɶ-
ɡɨɜɚɧɢɟɦ ɚɩɩɚɪɚɬɚ Max-plus ɚɥɝɟɛɪɚ. Ɇɚ-
ɬɟɦɚɬɢɱɟɫɤɚɹ ɦɨɞɟɥɶ ɷɥɟɤɬɪɨɧɧɨɝɨ ɤɨɦ-
ɦɭɬɚɬɨɪɚ ɨɬɥɢɱɚɟɬɫɹ ɩɪɟɞɫɬɚɜɥɟɧɢɟɦ ɨɱɟ-
ɪɟɞɟɣ ɜ ɩɟɪɟɞɚɬɱɢɤɚɯ ɩɨɪɬɨɜ ɤɨɦɦɭɬɚɬɨɪɚ
ɜ ɜɢɞɟ ɩɚɪɚɥɥɟɥɶɧɵɯ ɩɪɨɰɟɫɫɨɜ. ȼ ɦɚɬɟ-
ɦɚɬɢɱɟɫɤɨɣ ɦɨɞɟɥɢ ɨɩɬɢɱɟɫɤɨɝɨ ɤɨɦɦɭɬɚ-
ɬɨɪɚ ɭɱɬɟɧɵ ɬɚɤɢɟ ɩɚɪɚɦɟɬɪɵ ɤɚɤ: ɜɪɟɦɹ
ɫɛɨɪɚ ɩɚɱɤɢ ɢ ɨɛɳɚɹ ɨɱɟɪɟɞɶ ɩɟɪɟɞ ɪɚɫ-
ɩɪɟɞɟɥɟɧɢɟɦ ɩɨ ɩɟɪɟɞɚɬɱɢɤɚɦ ɩɨɪɬɨɜ
ɤɨɦɦɭɬɚɬɨɪɚ.

Ɋɟɡɭɥɶɬɚɬɵ ɪɚɛɨɬɵ ɩɨɡɜɨɥɹɸɬ ɩɪɨ-
ɢɡɜɨɞɢɬɶ ɢɫɫɥɟɞɨɜɚɧɢɟ ɞɢɧɚɦɢɤɢ ɪɚɛɨɬɵ
ɬɟɥɟɤɨɦɦɭɧɢɤɚɰɢɨɧɧɵɯ ɭɫɬɪɨɣɫɬɜ ɢ ɭɩ-
ɪɨɫɬɢɬɶ ɩɪɨɰɟɫɫ ɫɢɧɬɟɡɚ ɫɪɟɞɫɬɜ ɭɩɪɚɜɥɟ-
ɧɢɹ ɜ ɬɟɥɟɤɨɦɦɭɧɢɤɚɰɢɨɧɧɵɯ ɫɢɫɬɟɦɚɯ.
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ɉɪɟɞɫɬɚɜɥɟɧ ɫɩɨɫɨɛ ɨɩɢɫɚɧɢɹ ɩɪɨɰɟɫɫɨɜ,
ɨɬɧɨɫɹɳɢɯɫɹ ɤɨ ɜɬɨɪɨɦɭ ɭɪɨɜɧɸ ɦɨɞɟɥɢ ɜɡɚɢɦɨ-
ɞɟɣɫɬɜɢɹ ɨɬɤɪɵɬɵɯ ɫɢɫɬɟɦ ɜ ɬɟɪɦɢɧɚɯ Max-plus
ɚɥɝɟɛɪɵ
________________________________________

ɇɚɞɚɧɨ ɫɩɨɫɿɛ ɨɩɢɫɭ ɩɪɨɰɟɫɿɜ, ɳɨ ɜɿɞɧɨ-
ɫɹɬɶɫɹ ɞɨ ɞɪɭɝɨɝɨ ɪɿɜɧɹ ɦɨɞɟɥɿ ɜɡɚєɦɨɞɿʀ ɜɿɞɤɪɢɬɢɯ
ɫɢɫɬɟɦ ɜ ɬɟɪɦɿɧɚɯ Max-plus ɚɥɝɟɛɪɢ
__________________________________________

Methods of process description due to the open
systems interconnection basic reference model second
layer in Max-plus algebra expressions is represented
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