T'naBa 2

MHOI'OITAT'OBBIE METO/AbBI PENTEHIIA
OBBbIKHOBEHHBIX
MNPOPEPEHIITAJIBHBIX

YPABHEHIIII

1. O61ree npeacTaBiIeHe MHOIOMIATOBLIX MeTOqoB. B nman-
HOM TJIaBe MBI PacCMATpPUBaeM YnCJIeHHBIe MeTOMB! pemtenns 3a a4 Komm (1.1), (1.2), KoTopbie MmoryT
OBITE 3a/MaHbl POPMYIOW

Yn+k = F(f7 Tndkyntk—1y -+ s Tny YntkyYntk-1, -+ 7yn) (1)

3Iech 3HAYEHNE DELIeHUS Y,k B TOUKE T,ik ONpeeNseTCs depe3 3HAYEHUs pelleHns B k TOUKAX,
IPeNIecTBYOUNX Zptk. 1AKOH METOT HA3BIBAETCA K-11aTOBBLIM.
s xaacca (1) BeIZeINM MHOTONIATOBBIE METOIBI B Ta

k k
Z Qi Ynti = h Z ﬁif($n+i7 yn-l—i)v ag 7£ 07 (2)

1=0 1=0

IIpuMeHsieMble Ha CeTKe C IIOCTOAHHBIM HIal'OM

X
T, =a9+nh, n=0,1,2,..., Ny, Nh:[% (3)
PaszHocTh MeK Iy HaubOABIINM U HaUMEHBIINM 3HaYeHUAMI MHeKca Hen3BeCTHOH (PyHKIMHU 1, , BXO-
asuen B ypasuenne (2), pasua k. [looroMmy cooTnomenue (2) aBaseTcs pa3HOCTHBIM ypaBHeHHeM k-ro
nopdjaKa, obllee pelieHie KOTOPOI'o 3aBUCUT OT k HapaMeTpoB. UTo6bLI BLLICINTH eJNHCTBEHHOE pe-
IIeHIIe DTOrO ypaBHeHNH, HeoOXOAUMO 3a4aTh k NONONHATENbLHLIX YCIOBUE Ha (GPYHKIHUIO ¥,. DTHMH

TOTIONHUTEAbHBIME YCAOBUSAME SIBASIOTCS 3HadeHus pyHKuu y, npu n=0,1,... k— 1:

Yo=9go, Y1=91, ---s Yk—1= Gk-1, (4)

KOTOpBIE TIPeJIoaaraloTCsa H3BeCTHBIMIE.

Ucnonb3ys 3nadenns (4), u3 ypaBuenus (2) npu n = 0 MOXKHO HAlTH Y, 3aTeM, HCIOAB3YS
3HAYEHUS (1, ..., Jk—1, Yk U TOoJaras B (2) n = 1, HallTh yr41 u T. 1. Takum obGpasom, JaHHBIT MeTO
quCIeHHOr0 pemenus anuddepenuaibioro ypashenns (1.1), (1.2) cocTonT B pelieHHn pasHOCTHOM
3agaqn Komm 118 pa3HOCTHOrO ypaBHeHHs (2) 1 HaYalbHBIX ycaoBuil (4).

Ecin nckoMoe pelieHue i, yp BXOAUT B NPaByi0 4acTh BTOTO ypaBHEHUs, 4TO OblBaeT, KOTAa
Br # 0, To popumyna (2) onperenser weseuvii Meron. Ecin §; = 0, To ncKoMOe pellleHne B Tpa-
BYIO 9aCTh He BXOJUT U ypaBHeHHe (2) MOXKeT ObITh pa3pelieHo OTHOCHTENbHO Yp,1k. B 9TOM caydae
dopmyia (2) onpenenser f6Hbiii METOL.

BBegeMm B paccMOTpeHle MHOTOYICHBD



n omepaTop F cABUTA 1O y3aam:

EYn =Yut1, F'Yn = Yuyi-

Torga ypaBHenne (2) MoxKeT GBITH IPEJCTABICHO B BH/Ie
p(E) yp = ho(E) fa, (7)

rne fn — f(xnvyn)
Hapsigy ¢ (2) n (7) MBI 6y1eM MOIB30BATHCSA TaKyKe CJAeIYIOMIeH 3alUChi0 Pa3HOCTHOTO ypaBHe-
HUA:

k
o Z B (g Yot (3)
=0

Ypasuenns (2), (7) u (8) Ha3BIBAIOTCA TAKKE KOHEUNO-PASHOCTVHBLMY CTEMAMU.

2. ITocTpoeHne Pa3HOCTHLIX CXEM MeTOJO0M HeollpejeJeHHbIX KoadgdunueaTos. Ko-
>(pPUIHEHTH v U [3; BHIOUPAIOTCS TaKHM 06pasoM, 4TOOBI PasHOCTHOE ypaBHeHHe (2) annpoKCHMu-
poBajo auddepennnaibioe ypastenne (1.1) ¢ nocTaToYHO TIAIKOH MPaBOll 9aCThiO ¢ HEKOTOPHIM
IOPAJKOM S. DTO O3HaIaeT, 9TO HeBA3Ka p, KOTopad MOoAydaeTcs ocle OICTAaHOBKH TOYHOIO pelle-
uust y(2) anddepenunanbHoro ypapuenus (1.1) B pasnocTHoe ypaBHeHne (2):

k

k
Z azy wn—l—z —h Z ﬁzy/(xn—l—z) = Pn+k; (9)
=0

=0

spasercs Beamaunon O(h*+). Uucno s maswiBaeTcs nopadkom annpokcumayuu, WIU CMENENIO Pa3-
HOCTHOTO ypaBHeHus (2). Bean4anna

I'nt+k = Prth (10)

Ha3BIBAETCA NO2PEWHOCTIBIO annpokcumayuy qnddepernnaibHoro ypasienns (1.1) pasHOCTHBIM ypaB-
HeHneMm (2).

[ApyruMu cioBaMi, IOTPelIHOCTh alllPOKCHMAlil — DTO HeBA3Ka, KOTOpas MONy9aeTcs IOocTe
NOJCTAHOBKN TOYHOTO pelleHns AndpepeHInalbHOro ypaBHeHNs B Pa3HOCTHOe ypaBHeHme (8).

Ecan BocnoaszoBarbes popuyaon Teitopa mist y(2,4:) 1 Y (2p4i):

S

y(xn-l-l) =
j

+
—_

(ih)j

y (@) + O(RF?),

Il
=]

! (1)
(ih)’

=y (@) + O (B,
J:

y/(xn-l-i) =
J

Il
=]

TO nocie moacTanoBku (11) B (9) MokeT GLITH NONYYEHO PA3IOKEHIE BEIHIHHEL Py 4 110 CTENeHsM At

e (5 e ob(£ - S0
%(Zk: —222@) Tp)F ... F

(12)



U3 (12) BugHO, 9TO, IS TOTO YTOGH! BEIMIHHA Py, 4k UMeda nopanok O(h*t1) meo6xoaumo BrmoaHe-
HIEe YCIOBHH

Zai = 0,

k k
Zi”ai—l/Zi”_lﬁi =0, v=2,3,...,s.

[Ipennonraraem, 9T0o KOIQPUIHEHTH «v;, [; YIOBIeTBOPSIOT yeaoBusiM (13) mpn HekoTOpoM s > 1, Tak

9TO BCErja BHIOJHAIOTCS MepBbie 1Ba KOd(DPUUneHTHHX yeaoBus (13).

[omdepkHeMm, 9TO cTeleHb § PasHOCTHOIO ypaBHeHUs (2) ompereaseTcs TOABKO KOd(DMUIHEH-
TaMH ; 1 (3; PTOro ypaBHeHHS I He 3aBUCHT OT TOI'O KOHKPEeTHOI'o An(pepenInalbHOr0 ypaBHeHn,
JLIS pellleHns KOTOPOro oHO IpuMeHnseTcs. [looToMmy, ecin npaBas 9acTh AudpepernuaibHOro ypas-
vernns (1.1) obaajgaeT TOCTATOYHON MNIAJKOCTHIO (a MBI B JaibHelIIeM MpernosaraeM, 9To (GpyHKIHs
f(z,y) umeeT HempephIBHbIE YacTHBIE NMPOU3BOAHBIE 10 MOPAIKa § + 1 BKAIOYHTENLHO U, CleloBa-
TeNbHO, y(2) — HempephIBHBIE NMPOM3BONHBIE MO TMOPsigKa S + 2), TO HeBs3Ka (9) M MOTPEIIHOCTH
annpokcumanun (10) Ha pemennn Takoro mudQepernnaIbHOTO ypaBHEHNs 3aNNMIYyTCS B BH/Te

pn+k=%(éﬁ“ai—<s+l>é ﬂ) G+ (@) + O(°*?) = 14
= Copt Tyt (@) + O(h*F2),
k

Ptk = S+1 (Zz s—|—1); ﬂi)y(5+1)($n)‘|‘0(h5+1): )

= Cyp1h2ytt (2,) + O(R5TY).

rje .
Csy1 = (Zz s—l—l); ﬂz)

Ecin ke pemtenne qud)pepeHIuAIbHONO ypaBHEHNA He 061a1aeT HYKHBIM YHCJIOM IPOH3BOSHEIX, TO
HeBs3Ka (9) U morpenrocTs annpoxcumannu (10) umeor, Boob6lie ToOBOps, MEHBIINH TOPALOK 110 h 1
ouenxu (14), (15) He BBImONHAIOTCA.

Ml TOro 9TOGH BEANYHHA p,, 44 U HOTPEIIHOCTDH ANNPOKCHMANNN He H3MEHSINCH MPH yMHO-
JKEeHIH PasHOCTHOI'O ypaBHeHHs (2) Ha IPOU3BOJBHYIO NOCTOSHHYIO, BBOLUTCS HOPMIPOBKA PA3HOCT-
HOT'O ypaBHEHHs C MOMOIIbIO JONOJIHUTEILHEIX YCJIOBHI, HalalaeMbIX Ha KOO(O(MHINEHTH yPaBHeHN .

OO6BIYHO TOJAraoT
ap =1 (16)

nJiain

Z B; = 1. (17)

[pu Boinoanennu yeaosus (16) ypasuenne (2) MoxKeT GLITH 3alUCaHO B BIe

k-1 k
Ynok = — > Clngi + 1Y Bif (Tnsis Yngi)- (18)
=0 =0
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B sToM caydae HeBA3KA Pk (9) Ha3BIBaeTCSH 10KAIbHOT nozpewnocmbio Gopmyasl (18).

B kadecTBe mpnMepa HCHOAB30BaHms yCI0BHH (13) 11 MOCTPOEHNsT pa3sHOCTHON cXeMbl (2) mo-
mpoOyeM HAUTH SBHbIM U HESBHBIN [MBYXIIAlOBble METObI MAKCHMAJIbHO BO3MOXKHOU CTeleHH, T.e.
NONbITAEMCA TOCTPOUTH PA3HOCTHBIE CXeMbl

Ynt2 + a1¥n + aoln = h(Brf (Tni1s Yns1) + Bof (2, Yn)) (19)

Ynt2 + 01Ynt1 + 0oYn = b (B2 f(Tny2, Ynt2) + B1f (Tngt, Ynt1) + Bof (20, yn)), (20)

€ HAMBBICIINM TOPSTKOM AlNpOKCHMupyomine muddepennnanibioe ypaBaerne (1.1).
Koasdppuunentsr o; u §; aBHON cxeMbl (19) TOMKHEI yIOBIETBOPATH cucTeMe ypaBHeHun (13),
KOTOpasd B TaHHOM cJydae UMeeT BUI

1+ a; +ag = 0,
24 a;—po—p1 = 0,
4 + a1 — Qﬁl = 07
8+ aq — 3ﬁ1 = 07
Pemras coBMecTHO mepBble HYeThipe YpaBHEHHS DTOU CHCTEMBI, HaXOIUM g = —b, oy = 4, g = 2,

f1 = 4. YpaBrenne us cucremsl (13), coorBeTcTByIONIEe 1 = 4,
16+a0;—48, =0

He BBHINOJHAETCA NIPHU HallJeHHbIX 3HadeHHAX Koa(pduunerToB. TaknM o6pa3oM, HCKOMad pa3HOCTHAA
cxeMa (19) nmeeT cTemenb 3 I 3aMUCBIBAETCA B BIJE

Yn+2 + 4Wnt1 — 5y = (A4S (@nt1, Ynt1) + 2f (20, yn))- (21)
KOB(I)(I)I/IHI/IGHTBI HeHBHOfI CXeMbI (20) JOJZKHBI YTOBJACTBOPATH CJIe,Z[yIOLHefI cucremMme ypaBHeHI/IfI:
1+ o1+ g = 0,
24+ a1 = Po— P — P 0
44y =2(B14+208;) =0
8+ay —3(f1+482) =0,
16+a; —4(B1+83) =10

. 1 4
Pertiasi copMecTHO mepBhIe NSTh ypaBHeHUN, HaxoauMm og = —1, oy = 0, g = =, B = 3 B = —.

3

YpaBrerne us cucremsl (13), coorBeTcTBYyONIECE V = 5,
324 oy — 5(ﬁ1 + 16ﬁ2) =0

He BBHINOJHAETCA NIPHU HallJeHHbIX 3HadeHHAX Koa(pduunerToB. TaknM o6pa3oM, HCKOMad pa3HOCTHAA
cxeMa (20) mMeeT cTeleHb 4 I 3alUCBIBAETCA B BHJE

h
Ynt2 — Un = g (f($n-|—27 yn-|—2) + 4f($n+17 yn-l—l) + f(xnv yn)) (22)

3. YcTOMYMBOCTL MHOI'OIIATOBBIX MeTOZOB. HaM Hy:KHBI cxomsiuecs MeTosl (2). Me-
TOXI (2) cxodumes, ecin Mis KayK[IOH 3ajadn n3 paccMaTpuBaeMoro kiracca (1.1), (1.2)

n;) n_>0 23
ksmn%%XNhly(w) Yl (23)
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npu
h — 0,

max ly(z,) — yn| — 0. (24)

To 06cTOATETBCTBO, 9TO PA3HOCTHAA cXeMa (2) anmpokcuMupyeT nudQepeHnnaIbHoe ypaBHe-
une (1.1) ¢ HeKOTOPBIM TOPsATKOM s > 1, elre, BOOGIIIe NOBOPS, He 03HAYAET, 9TO pelIeHne Pa3HOCTHON

sagaqn (2), (4) cxognres x pemtennio guddepennnansion 3amaqn (1.1), (1.2). Yrober 570 mponiio-
CTPHPOBATH, paccMOTpUM 3atady Korrn

y'(z)=—2° 0<2<X < oo,
[ro=-s, oses "

y(0) =0.

[IpaBas gacTh AudQepeHnnaIbLHOr0 ypaBHeHns (25) CKoJIb YrogHO pa3 guddepennnpyema. Bymnem
pelaTh 5Ty 3a1ady ¢ IOMOIIBIO ABHOTO MeToma (21) TpeThero nopsgka alnlpoKCHMAINN, & B KadeCcTBe
HAYaJbHBIX YCIOBIH (4) BO3bMeM TOYHBIE HaYabHBEIE 3HATEHNS

yo=y(0) =0,
_n (26)

yi=y(h)= 4

PazrocTHOE ypaBHeHTe (21) IIA TaHHOU 3aJavd 3alullleTcA B BIHLIE
Yt + AYps1 — by = —h*(60° + 120 + 120 4 4). (27)

OHo ABJsieTCA JHHENHBIM PAa3HOCTHBIM YpPaBHEHHEM C MOCTOSHHEIME Kod(dunuentamu. Obliee periie-
Hue (27) mpeicTaBiaseT coGOl CyMMy OOIIErO pelleHns OTHOPOTHOTO YpaBHEHN

Ynt2 +4Ynt1 — DY =0 (28)

I 9aCTHOT'O pellleHnsi HeoJHOPOIHOTO ypaBHeHus (27). ObIee pelieHne 0 THOPOTHOTO ypaBHeHUs (28)
BbIparkaeTcsd depe3 KOpHUM XapaKTepUCTUYeCcKOTo YpaBHEeHUs

P44z -5=0 (29)
1 uMeeT BUIT
Yo = Oy + Co(—5)". (30)
HeTpynno yb6eiuThbed, ITO JaCTHEIM pellleHneM HeOTHOPOMHOTO YpaBHEHUS (27) ABJaseTCA PYHKIUA
— (hn)*  hin
= —. 31

Taknm o6paszom, obimee perenne (27) 3aNnCHBaeTCS B BH/Te

hn)t  ht
Y, = C1 4+ Co(=5)" — —( Z) + Tn, (32)

rae koucranTol Cy u Cy onpefendioTes U3 HAYaIbHLIX ycloBui (26):

B B
o= -2 _ 32/
1 367 2 36 ( )
OKOH‘{&TQJIBHO HOJIy‘{aeM
S gy e N L0 g (33)
Yn =736 T 36 A 6
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Pacemorpum pemtenne (33) sagaun (27), (26) npn dukcupoBannom z, = nh = z*. Ecin
h — 0, To dacTHoe pemierne (31) HeOTHOPOAHOTO ypaBHeHHs (27) CTPEMHUTCS K TOIYHOMY pEIIeHHIO

3agadn (25):
. ($*)4
R S
Peutenne (30) ognopoguoro ypasnenus (28), KoJ1e6/14Ch, HEOIPAHNICHHO BO3PACTAECT IO MOJYJIIO

lyn] = o0

U3-3a CJIAraeMoro
R "
e (=9)"
36
Taxum o6pasom, mocTpoeHHoe dHCIeHHOe pelnenne (33) pasHocTHol 3amzatu (27), (26) me cxoxuTes K
pemennio gndgdeperunaibHon 3amaqn (25).
Ecan BMecTO TOYHLIX Ha9aJIbHEIX yeaoBHH (26) BEIGpATh [11i pa3sHOCTHOrO ypaBHenus (27) cie-
nnajbHble HaYaIbHEE YCIOBIS

h (34)
12’
toCy =Cy =0mu y, = y(z*). Ograxo ycaous (34) B 1elCTBHTEIHHOCTH HE MOT'YT YAYYIINTH CATY-
a0 n obecnednTh CXOINMOCTDL YHCJAEHHOI'O pelllednsi K TOYHOMY pelleHHIO 3aJa'vdu (25) Ha camowm
JTTejle M3-3a OMINOOK OKPYTVIEHNS HAXOUTCSA pellleHne He ypaBHeHUs (27), a ypaBHEHUs ¢ BO3MYIIEHIEM

Ynt2 + AYni1 — 5yn = —h* (60 + 12n% + 120 4 4) + 6. (35)
Hpennonoxum, aro § = §(h) = O(h?). Torga obuee perenne (35) 3anuinercs B BuIe

hn)t htn nd(h
Y = C + Co(—5)" — %+ T"+ "T() (36)

Ecan Cy n Cy onpegennTs n3 clennaJbHBIX HaYalbHBIX yCI0BHH (34), TO

S, _ ()

O = - BN A 36
! 36 7 36 (36)
I/I7 KaK BI/I,[[HO n3 (36)7 OIIsATH HEeT CXO,[[I/IMOCTI/I n3-3a TOr'o XKe cJaraeMoro

5(h)

— (_5)",

6 (—5)

OTcyTeTBHE CXOMUMOCTH 3aKI09aeTCs B IPHHINIHAILHOM OTINYNH JH(PepeHIHATLHOTO ¥ PaB-
Herus (25) oT pasHocTHOro ypaBHeHus (27). [lopsgok nudepeHnHATEHONO ypaBHEHHS DaBeH e[l-
HIIe, a NOPSJOK PA3HOCTHOI'O YPaBHeHNS paBeH IBYyM. YpaBHeHNe (27) mMeeT gBa (pyHJaMEHTATbHBIX
peutenns 1 u (—5)
u zy = —5. [Juddepernnarsaoe ypaBHenne (25) uMeeT oJHO (yHJaMeHTalbHOe pelerne y(z) = 1,

" COOTBETCTBYIONINE TBYM KOPHAM XapaKTepHCTHYIecKoro ypaBHeHns (29) z; = 1

KOTOpOe alllPOKCUMUPYeTCH DellleHneM ¥y, = 2{ = 1 pasHocTHOro ypasHeHus. MoxKHO cka3aTk, 4TO
coctaasomas Cyz5 = Cy(—5)", cooTBeTCTBYOIIAA BTOPOMY (DY HIAMEHTATHHOMY PEIIeHNI0 PA3HOCT-
HOT'O YpaBHEeHNsd, HOCUT napazumuueckui XxapakTep. Fe BINAHTEe TPUBOAUT K KATacTpopHIecKOMY
HUCKaKEeHWIO pe3yabTaTa.

Bepuemcs k 0011eMy pasHOCTHOMY ypaBHeHHIO (2) n paccMOTpPHM aiarebpandeckoe ypaBHEHIe

p(z) =0, (37)

rje p(z) — MHOTOWIeH, onpenenseMbli mo gopmyte (5). YpaBrenne (37) HA3BIBACTCA ZAPAKMEPUCTIU-
YECKUM YPAGHEHUEM, & MHOTOWIEH p(2) — ZAPAKMEPUCTNUNECKUM MHO20UAECHOM PASHOCTHOIO YPaB-
HeHns (2).
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JomycTnmM, 9TO y MHOTOYIeHA p(z) MMeeTCs KOPeHb z1, TaKoH, 9TO |z1| > 1, WaInm KpaTHBIN
KOPeHb 23, TaKoll, 9T0 |z3| = 1. [IpnMennM MHOTOmIArOBHII MeTO[ (2) K pemennio 3ajaqn Kormmn

v =0, y(zo)=0. (38)
dopmyaa (2) npumeT BHT
k
Z @ Ypti = 0. (39)
=0

B kadecTBe HavalbHLIX ycaoBuil mis (39) Bo3bMeM HadalbHbIC 3HAYCHIA
yo="h, yi=hzn, yp=hy, ..., Y11= hZf_l-
Tornma permenneMm ypaBHeHUS (39) OyJeT ceToYHad (PYHKINA
Yy, = hzt.
Ecau zadgukcupoBath y3ena z, = xg + nh =z, To upu h — 0
[yl = hlar]" = === |1|" = oo

[Ipn HaImYmm KpaTHOT'O KOPHA 23 B KadeCTBe HAYANIbHBIX ycaoBHi mist (39) BO3bMeM crefyioline
HavaJbHbIe YCJIOBUSA:

Yo=h, yi=hz, y=2hza, ..., yp_1= (k- 1)hz§_1.
Torga peiennenm ypasuenus (39) 6yger QyHKUNSA
Y, = nhzy.
[Ipn ¢pukcnpoBauHOM y37e &, = T + nh = x nMeeM
|yn| = nh|z2|" =nh =2 — 29 # 0.

B o6oux ciydasx pellieHne pazHOCTHOrO ypaBHeHHs He cTpeMuTcs npn h — 0 K pernennto gudde-
peHInaIbHOTO ypaBHeHHs (38), KOTOpoe TOXKJecTBeHHO paBHO HyT0. CrlemoBaTenbHo, MeTon (2) He
ABAACTCA CXOMAIIMCS.

U3 ckazaHHOTO BBIIE MOYKHO CleaTh BBIBOI, 9TO He BCe MeTOTHI (2), KOIPPHIHEHTH KOTO-
PHIX YIOBJIETBOPAIOT yeaoBuaM (13), IpUrOHEL 4 YHCIeHHOTO perenns 3agadn Kommn (1.1), (1.2).
Cpemu MeTo0B (2) caenyeT 3abpakoBaTh Te, M1 KOTOPHIX XapaKTepHCTHYecKHH MHOrodwieH (5)
nMeeT KOPHHU, IO MOAYXI0 OOJbIINe eHHAILI, WK KpaTHbIe KOPHI, IO MOLYAIO paBHBIE eJInHUIe.

B cBs3u ¢ oM popumyry (2) Ha3BIBAIOT ycmolinueot, ecom Bce KOPHH XapaKTepHCTHIeCKOr 0
MHOTOY/IeHa (D) pacmofokKeHbl B e[HHIYHOM KpPyre Ha KOMILUIEKCHON MJIOCKOCTH € [EHTPOM B HadaJe
KOOD/IMHAT, a Ha PpaHule Kpyra HeT KPpaTHBIX KOpHeH.

[lepBoe ycaoBue cucremser (13) o3Ha4aeT, 9T0 XapaKTePHCTHIECKIH MHOTOUIEH (5) BCerga nymeer
KopeHb z; = 1. /last ycrondnBoi GpopMyasr (2) 5TOT KOpeHb Ha3bIBAeTCSH 24a6HbiM. Bee ocTanbHbie
k — 1 KopHell Ha3bIBAOTCS nocmoponnumu. Ecin xapaKTepucTHiecKnil MHOIOMIeH He uMeeT GoJblie
KOpHell Ha I'paHuIle, a BCe NOCTOPOHHUE KOPHH JeKaT BHYTPH eIMHHYHOTO KPyra, TO YCTONIHBasg
dopmyaa (2) HA3BIBAETCS CUAbHO Yemotuueot. Ecan ecTh TOCTOPOHHNE KOPHI HA T'PAHUIe I BCe OHN
IPOCTHIE, TO yCTONYNBas (POPMY.Ia Ha3bIBACTCH CAAO0 Yemoiuusoli.

4. HekoTopble ABHbIe KOHEYHO-PA3HOCTHBIE (POPMYyJabl. PaccMoTpuM npuMepbl [IHPOKO
pacupocTpaHeHHbIX KOHEYHO-Pa3HOCTHLIX (POPMYJd. DTH (POPMYAbI HMEOT CleIyiolme Kod(ppum-
eHThI:

ap=1, ar_1=-1, apo=...=a9g=0,
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TaK 9YTO
k

Yntk = Yntho1 = h D> Bif (Tngis Yni)-
=0
O6osnaaum n+ k = m + 1, Toraa

k

Yn+1 — Ym = hZ ﬁk—jf($m+1—j7 ym-l—l—j)-
=0

[lepexonst oT m K n, OT j K ¢ 1 o60o3Hadasn Fr_; = b;, moaydaem

k
Ynt1l = Yn = h D> bif(Tpg1—i, Yng1-i)- (40)
=0
B ABHBIX depMyJIa,X HEe3BeCTHOEe 3HavYeHue yn_|_1 He BXOIUT B HpaByIO qa,CTb7 HOSTOMy SABHEBEIE
(bOpMYIBL 3AINCEBAIOTC B BHIe

k
Yn+1 — Yn = hZ Bif(xn—iv yn—z) (41)

=0

4.1. Dxempanoasyuonnas Gopmyaa Adamca. Kospdpuunentsr B; B (41) BoiGepeM Tak, 9T0OH
dopmyaa (41) uMena MAKCHMATBHYIO CTENeHb, NN MAKCHMAJTBHBIN TOPSAJOK anlpoKcHMannn rudde-
peHunaIbHOTO ypaBHeHns (1.1) ¢ gocTaTodHo raagkon npaBon dacThio. CncTeMa JHHENHBIX ypaBHE-
auit (13), KOTOPON TONKHBL ¥IOBIETBOPATH Koa(pdunnenThl B;, nmeet k + 1 HemsBecTHBIX B;. Ompe-
TeJuTelb CUCTeMbBl, COCTABAeHHBIN U3 nepBhiX k + 1 ypaBHEHHI, coMepKalluX 3TH HeU3BeCTHbIe, eCTh
onpejgensurens Banmgepmonga. CrenoBaTeabio, KO>PPUIHEHTH B; ONpeneasorcs w3 DTOU CHCTEMbI
eTMHCTBEHHBIM 0Opa30oM.

Urak, mis aoboro k cymecTByeT sBHas pasHocTHas Qpopmyaa (41) (k4 1)-i cremenu, anmpok-
cumupyonas guddepennnaibioe ypaBaenne (1.1) ¢ rocTaTovHO Nia Kol npaBoi 9acThio ¢ (k+1)-m
TopAIKOM. DTa PopMyIa HA3BLIBACTCA A6HOU, WIT IKCMPAnoiiyuonnot, popmyaoin Adamca.

dopmyaa (41) MoxkeT OGLITH MOXYUYeHA APYTUM CIOCOGOM, eCIn HCXOINTH He U3 AndpepeHtn-
aapHOro ypaBaenns (1.1), a n3 HHTErpaibHOIO COOTHOIICHNS

Yans) =) = [ Feyl)de= [ 4@ do (42)

[1st 5TOr0 aNIpOKCHMUPYeM TONBIHTEr pAIbHY 0 (PYHKINIO OTHOTO TlepeMenHoro f(z,y(x)) arrebpa-
HYeCKUM UHTEPHOJASIHOHHBIM MHOTOUJIEHOM, KOTOPBIU B y3Jdax T, m=n—k,n—k+1, ..., n, opu-
HuMaeT 3HaYeHus f(Z,,,y(T,y)). 3annied 5To MEHOTOYIEH B OpMe HHTEPHOMAINOHHOTO MHOTOUIeH]
Jlarpamxa

k
Ly =3 flan—iy(zni)) ®i(2), (43)
=0
rje
i T — T,
q)Z B m:Hn—k Tp—f — Tm
m#n—1
Bamennm y'(z) B (42) no dpopmyre Jlarpanxka:
y/($) = f($7 y($)) = Lk,n(x) + rk,n($)7 (44)
rje
(k+2) n
Y 3
ol =Ty 1L o)



& — npoMexkyTodHas TOoYKa MeXAY Z,_, u x. Torma

k

y(wn-l—l) - y($n—j) = hZ Bif($n—i7 y(wn—z)) + Pnt1, (45)
=0
rie
P (=1 [t(E+1) .+ k)
~h / ik =) / t+i at,
- —J
Tn41 Tn41 y(k-l-?) (€($)) n k_|_2
it :x[ ron (@) do :x[ ng_k(x — 2) dz = O(K*?), (46)

B; — BuosHe onpejeseHHBIe YHCTA, He 3aBUCSIINE HI OT h, HI 0T 2,,. OT6pacuiBas B (45) ocTaTOYHBI
4JieH, NOoJIy4YaeM PasHOCTHOe ypaBHeHUe

k
Ynd+1 — Yn—j = hz Bif(xn—h yn—i)v (47)

=0

anmpokcuMupyolee muddepennnanibaoe ypapuenne (1.1) ¢ mopsgkom k + 1. Pasnocrroe ypaBhe-
une (41) moaydaercst n3 popmyssl (47) Kak dacTHBIN caydand npu j = 0.

Heckonbko ABHBIX GopMya AjgaMca pasindHON CTeNeHH ¢ yKazaHHeM TOPAIKa Pa3sHOCTHOIO
ypaBHeHHs W KO>(PQUINEHTa TMPH TJIABHOM WieHe MOTPEIIHOCTH p,y1 STHX (POPMYJ TPHUBEJIEHB B
Taba. 1.

Ecan vHTepIOAANMOHHBIN MHOTOWISH PEJICTaBUTh B (hOPMe HHTEPIOAAINOHHONO MHOTOMIeHA
HeloToHa s paBHBIX TPOMEKYTKOB

k

=0

tt+1)...(t+i-1)

2!

: (48)

rie ' f,, — KoHedHas pa3HOCTB i-T'0 Iops aKa Haza ] ynxmun y' (v) = f(z,y(z)) Bysae z,, v = x,+th,
TO (popMyda YUCJICHHOIO HHTErPUPOBAHUS MOKeT OBITH MOJAYYeHa B PasHOCTHOHW (opme. SaMeHuM
y'(z) B (42) mo popmyre HeioToHa

Y (@)

Jl@y(2) = flan + thyy(z, +th)) =

k .
Ht+1) ... (t+i—1 (49)
=>"v'f ). f )+mm@)
= ?!
n noaoxkum j = 0. Torga
k
y($n+1) - y($n) = hZ Yi VZ fn + Pnt1; (50)
=0
rie
. 1
%»:E/t(t—kl)...(t—l—i—l)dt, (51)
"0

1

hk+2 .
pn+1:(k+1v/”+1 A+ Ry I @y + th)) di =
0

= Y1 B2y D () = g B2y D () 4 O (RFH3),
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7 BAKIIOIEHO MEXKIY Tk U Tpy1. OTOpaceiBag B (50) OCTATOYHBIN wWiIeH, MOJTydaeM pPa3HOCTHOE
ypaBHeHUe, 5KBHBateHTHOE (41), HO MpeICcTaBIeHHOE B Pa3sHOCTHOH (opMe:

k
yn+1:yn‘|‘hz SCAVAN I

=0

_ L R I L 53
—nth (ot 5 VIt o VPt s VSt s (53)

95 19087 5257
+—V ot — VS ——

7 k

4.2. Dxempanoasyuonnas dopmyaa Huempéma. Ecan nonsiaTerpadbiyo GyHkiuio y' () B co-
oTHOmeHNn (42) 3aMeHNTH MHOTOWIeHOM mo (Qopmyae Hepiorona (49) m momoxuts j = 1, TO 9TO
OpuBeleT K Pa3HOCTHOMY YpaBHEHIIO

k
Yn+1 = Yn—1 + hZAZ VZ fn (54)

=0

C Kod(puuyueHTaMmu

1.

1
1 .
Ai:,—'/t(t—kl)...(t—l—z—l)dt.
el

HO,Z[CT&BJIHH YucCJeHHble 3HaYeHnd KOBqﬁ)I/IHI/IeHTOB7 nMmeeM

1 1 29 14

— %(v“fn+2v5fn)+...+Akv’“fn).

dopmyaa (55) HABBIBAETCA IKCMPAnoasyuonnot gopmy.roti Hucmpéma. JlokanbHas morperr-
HOCTE popMyabl HucTpéma

prg1 = h A VY [+ O(BFF3) = h A BEFE D () y()) + O (P2 =
(56)
= Appr W2y (2,) + O(REF9),

7] 3AKAIOYEHO MEKIY Tp—k—1 U Typ.
Us-3a mpocToTH KOa(puumeHTOB cdeT 1o dopmyae (55) peannsyeTcs mpoire, deM 1m0 (POpMyJe

Anamca (53), ocobGenHo, ecan dIeHAMI — Tt froy = 7° fo W T.J. MOKHO TIpeHeGpetdp.

90 90

Ot pasnocTHOH (opmbr (55) JMerko mepeinTn K opauHaTHON (opMme (47), 3aMeHds KOHEYHBIE
Pa3HOCTH WX BbIpaKeHUSAMU Yepe3 3HaYeHUs (PYHKIUN

vlfn = Z(_l)lczlfn—l- (57)

(=0

Heckonbko ABHBIX (POPMY.JI ¢ yKa3zaHWeM TOPSIAKa Pa3HOCTHOTO YpaBHEHUS W CTeMeHN’, a TaKiKe
KO3(UINeHTa NPU [TaBHOM 4leHe IOrPElIHOCTH P,4+1 IPUBeleHbl B Tabad. 1.
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Ta6aungal

Ipumepvr Koneurno-pazrwocmubiz Gopmya 6 opdunamuots gopme

JlokaabHas
Ne Dopmy.aa Ilopagox | Cremneunn MOTPEIIHOCTD
k 5 Cet1 hetly(s+1) (zn)
1 2 3 4 5
Aeuete dopmyanr A ramca
1
1 Yn+1 = Yn + hfn 1 1 5 h2y(2)
1 5 3 (3)
2 | Ynt2 =Ynt1 + 5h(3fn+l — fa) 2 2 Eh Y
1 3.4 (4)
3 | Ynt3 = Yng2 + D h(23fn42 — 16 fny1 +5fn) 3 3 3 h*y
1 251
4 | Ynta =Yngz + — h(55fnga — 59 fngo + 37 fny1 — 9fn) 4 4 2 5y
24 720
1 95 ¢ )
5| Unts = vnga + o h (1901 s = 2774 nps + 2616 frir — 1274 541 +251fn) 5 5 Sas MY
Dopmyast Huctpéma
6 | Yynt2 = Yn +2hfnp1 2 2 = hPyl)
! 4,(4)
7 | Ynt3s =Ynt1 + gh(7fn+2_2fn+l+fn) 3 3 - h%y
1 29
8 | Yntd = Yng2 + gh(an+3 — Bfnt2 +4fnt1 — fn) 4 4 %h5y(5)
Dopmyast Muana
4 4,
9 | Ynta :yn+§h(2fn+3_fn+2+2fn+l) 4 4 Eh Yy
3 a oo
10 | Ynte :yn+Eh(llfn+5_14fn+4+26fn+3_14fn+2+11fn+1) 6 6 Eh y
Cxema “3/8”
3 27 s (5
11 | Yngd = Yny1 + gh(7fn+3_3fn+2+5fn+l — fn) 4 4 20y
DopMyabl XeMMUHTa
cxema “1/2"
Ynt3 T Ynt2 1 161
12 | Ynta = ndd T Ind? 4 h(119fn4a — 99 fny2 + 69 frnp1 — 17fn) 4 4 — 5y
2 48 480
cxema “2/3"
2Yn42 + Ynt1 1 707 o (s
13 =2 Tyl L (191 —107 109 —25 4 4 —— p5y%)
Yntd 3 + 2 (191 fr4s Srnt2 + fng1 fn) 2160
cxema “1/3"
Ynt3 + Ynt2 + Ynti 1 121
14 | Ynta = ot ot ntl oy — h(91 frqs — 63 fnt2 + 57 ng1 — 13 fn) 4 4 = 5y
3 36 360
Hesapubre dopmyant A gamca
1
15 | Ynt1 = yn + hfng1 1 1 3 h2y(2)
16 | ynt1 :yn+5h(fn+l+fn) 1 2 Y
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IIpodoancenue mabauyvy 1

1 2 3 4 5
17 | Yng2 :yn+1+5h(5fn+2+8fn+l_fn) 2 3 _ﬂh Y
1 19 5 s
18 | yn4s = ynt2 + — (9 nta + 19fny2 — 5fns1 + fn) 3 4 ——h’y
24 720
1 3 6, (6)
19 | Ynta = Ynts + 0 h (251 frnya + 646 frys — 264 10+ 106 frq1 — 19fn) 4 5 “Teo Y

Hesasubre dopmyasr Muana

1 1

20 | Yni2 :yn+§h(fn+2+4fn+l + fa) 2 4 % Ry
cxema “3/8"

21 | Ynt2 :yn+§h(fn+3+3fn+2 +3/nt1 + fn) 3 4 —%h Y

2 8 7.(7)
22 | Yn4a = Un + 2 h (Tt + 32 ngs + 12fn42 +32/nt1 + 7/n) 4 6 —5i Y

5 55 7 (1)
23 | Ynts = Yn + g h(19fnts + 75 fnga + 50 nss + 50 fnt2 + 75 /ng1 + 19fn) 5 6 51 h'y

Hesasubre popmyasr XemmuHra
cxema “1/2"

Ynt2 + Yntl 1 3 15,0
24 | ynya = f+£h(17fn+3+51fn+2+3fn+l‘I‘fn) 3 4 ——h’y

cxema “2/3"

2Yn41 + ¥Yn 1 43 .
25 =t TR h(25 91 43 9 3 4 ———Rr5y%)
Ynt3 3 + — (25 fnts + 91 fny2 +43fng1 + 9fn) 5160 Y
cxema “1/3"
+ + 1 1
26 | ynps = TS IILTIN 4 ok (26 nge + T3 fnga + 30 fngs 4 10f) 3 4 —1g P
4.3. @opmyavt Muana. Ecin B (47) nonroxuts j = 3, & = 3 (a »T0 03HaYaeT, 9TO WHTe-

IPUPYETCH 1O OTPE3KY [Z,_3, Lpyq]| HHTEPIONANNOHIBI MHOIOWIEH L3 ,,, MOCTPOCHHLIN 10 YeTHIpEM
TOYKAM Tp—3, T2, Lne1, Lp), TO TOIYIAETCA PA3HOCTHOE ypaBHEHIE

4h
Yn+1 — Yn—3 = ? (an - fn—l + 2fn—2)7 (58)

nMefoliee 9eTBEPTYIO CTeNelb. JloKaJqbHad TOTPEITHOCTE (POPMYJILI (58)
14
Pt = Wy (2,) + O(h®). (59)

Ecan B (47) monoxuts j = 5, k = 5 (470 03HAYAaeT MHTErPHPOBAHNE MO OTPE3KY [Ty—5, Tptl]
HHTepIOIANTOHHOIO MHOTO4IeHa L5 ,,, TOCTPOEHHOIO MO MIECTH Y3IaM Zy_5, Tn_d, Tn_3, Ln_2, Tn_1,
Tp), TO MOAYYAETCS PA3HOCTHOE ypaBHEHIe

3h
Ynt1 = Yn—s = 75 (11f, —14f1 +26f,—2 —14f 3+ 11f_4) (60)

utectoit crenenn. [lorpemsocts Gopmyast (60)
AL 7 8
T hy'(x,) +O(R°). (61)
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3amernM, 910 dopmyasr (58), (60) xapaKTepu3yoTCs PaclooKeHneM OpINHAT, CAMMEeTpPHY-
HBIM OTHOCHTEJNBHO cpejHell opanuarThl. O HasbiBatoTcs gopuytanu Muana.

4.4. Cxema “1/27. Ecin B3ATb MOJIyCYMMY pa3HOCTHBIX ypaBHeHn# (53) 1 (54), cooTBeTCBy0OMINX
MeTogaM Agamca n HucTpéma, TO moay9nM HOBOe pa3zHOCTHOE ypaBHeHHe

k

1 h »
1=0

[losaras B (62) kK = 3 u mojgcTaBiass qNCIeHHbIe 3HATEHNS KOd(PMOUUNEHTOB v; 1 A;, nMeeMm

_1 3,01 3o 1T s )

[epexons B (63) OT KOHeYHLIX pazHOCTell K opjuHATaM € NoMolIblo (57), modydaeM pazsHOCTHYIO
opmyry . ,
Yntl = 5 (Yn + Yn—1) + 13 (1191, = 99f—1 + 69f—2 — 17 f_3). (64)

Konewno-pasnocrnas cxema (64) maseiBaercs cxemoli “1/27. JlokaabHas MOIpEMIHOCTH DTOH
CXeMBI PaBHA MOJYCYMMe JOKaJIbHBIX MorpelrHocTel popmya A ramca (53) n Huctpéuma (54) mpu k = 3

1 onpelenaseTcss paBeHCTBOM

161
Pl = 120 W2y®) (@) + O (h°). (65)

5. HacTo ucnoib3yeMble HeABHbIE Pa3HOCTHBIE (POPMYJILL. 5. 1. Humepnoasyuonnas @op-
myaa Adamca. Kospuunentsr b; HesiBHON (popmyasr (40) BeiGepeM Tak, 4T06HI popmy.aa (40) nvera
MaKCHMaJabHYIO cTenedb. CncreMa JMHENHBIX ypaBHeHHN (13), KOTOPOH JOMKHBL ¥IOBIETBOPATH KO-
spuunenTs b;, umeer k + 1 HemsBecTHHIX b;. OupefesuTenb CHCTEMBI, COCTPABICHHON W3 IEePBLIX
k41 ypaBHeHnui, cogep:Kalinx >TH Hen3BecTHLIe, eCTh onpeenuTenb Banepmonga. CiegoBaTenbHo,
KOD(PMINEeHTH b; ONpefeJsioTCs U3 DTOH CHCTEeMbl elMHCTBEHHBIM 00pa3oM.

Urak, mist mo6oro k cyimecTByeT HesBHas pasHocTHas (popmyaa (40) (k+1) -it cTenenn, anmpok-
cumupytolias muddepernnaibioe ypasaenie (1.1) ¢ nocraTodno raa ko npasoil dactbio ¢ (k+1) -m
MOPATKOM. DTa (POPMYJIa HA3BIBACTCA HEAGHOU, WU UHMEPNOAAYUOHHOT, PopMyIoll A tamca.

Kak u siBHas dpopmyaa (41), vesBras dopmyna (40) MoxkeT 6BITH MOMyYeHA € MOMOIIBIO MH-
TerpajbHOro coorHomenus (42). s 5TOro MOJLIHTErpAJbHYIO (PYHKINIO OTHOIO MepeMeHHOro
f(z,y(x)) anmpokcumupyem aarebpandecKuM WHTEPNOJANHOHHBIM MHOT'OYJICHOM, KOTOPHIH B y3J1ax
Ty, m=n—k+1,n—k+2, ..., n+ 1, npuanvaer 3uavenus f(z,,,y(z,)). [loBropss npersigyuine
paccy:KJeHns, MBI NpHugeM K (popMy.ae

k

Yntt = Ynmj = h D bif(Tngr—i Yog1-i), (66)
=0

rie
. 1
(=D / (t—Dt(t+1)...(t+k—1)
bi = - : - dt,
itk —1)! t4+i—1 (67)

—J
b; — BIOJIHe oNpefeleHHBle YNCIa, He 3aBHCALINe HE OT h, HI OT ,,. JloKalbHas MOrpPeUIHOCTh (HOp-
MyJs (66)

Tl (k42) x nt1
pir= [ LS T e =0, (69)

T m=n—k+1

&(x) 3aKIOUIEHO MEKIY Tpky1 T Tpt1. Popmyna (40) noxygaercs us GopMyas (66) Kak JacTHBIR
cayyan npu j = 0.
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Heckonbko HedBHBIX (popMyJ AjaMca pa3jinyHOU CTENeHH ¢ YKa3aHueM MOpsiIKa Pa3HOCTHOTO
ypaBHeHHA U Ko3(pPUIUEeHTa NPH INIABHOM WieHe IOrDEeLIHOCTH P,4+1 NPpUBeleHbl B Taba. 1.

Eciu nHTepnoJsinuoHHbI MHOTOUIEH TPEJICTaBUTh B (pOpME UHTEPHOAAIHOHHOT'O MHOI'OYJIEHA
HeioTona 118 paBHHEX TPOMEXKYTKOB

k .
=D+ 1) (-2
Lk,n-l—l ($) = Lk,n-l—l (xn + th) = Z \Y4 fn-l—l ( ) ( 2' ( )7 (69)
=0 :
rIe vifn_H — KOHedYHas PasHOCTb i-To mopsigka Hazajg ¢yukuun y'(z) = f(a,y(x)) B y3ae 41,

x = &, 4 th, u nonoxuth j = 0, TO NpugeM K pazHOCTHOU (PopMe HesIBHOU (opmyJibl Agamca

k
. 1
Yntl =Yn + 0D ViV for1 =Y+ h (fn+1 —5 Vi -

=0

1 1 s 19 4 3 s 70
2 V et =g VoSt g VU e — 55 VU e (70)
863 . 275 . - )
~ go1s0 V fn+1_24192 AVARY TS BRI S v ALY FSTI I
rue
1 1
;Z:E/(t—1)t(t+1)...(t+i—2)dt. (71)

0

[ast mokaabHON HOrpernHocTH (popmy.bl (70) cnpaBeInBO paBEHCTBO

k42
Pt = L, /(t — Dt +1) ..+ k= D)y FD(E(n, +th)) dt =
(k+1)! ) (72)
:;k-H hk+zy(k+2)(77) = ;k-|—1 hk+zy(k+2)($n) +O(h"?),
7) 3AKIIOYCHO MEXKIY Ty fy1 U Tpiq-
U3 seipaskenuil (51), (71) mas kodp@UIHEHTOB v; U 7Y; HENOCPEICTBEHHO CAegyeT
Yic1 + 7 = Y- (73)

Cymmupys (73), noxyvaem
7
Z%’ = Y- (74)
=0
Tax kak v; < 0, a7; > 0, To us (73) caeayer, 4To v; MOHOTOHHO YOLIBAIOT U

|§i| < Y- (75)

Orciona cienyeT, 4T0 KOHCTaHTa B INTABHOM 4WieHe JOKaJbHOU TMOIPEIHOCTH ¥ HHTEePHOJsIHOHHON
popMyabl Anamca Bcerja MeHbIe, YeM Y DKCTPANOJAAIHOHHON POpMYasl AgaMca TOH Ke CTerneHH.
3ameTnM, 910 Koa(ppunnent by B popmyae (40) yaoBIeTBOpsAeT COOTHONIIEHHIO

k

bo=37 = (76)

=0
5.2. Hesenvie gopmyavt Muana. Knacc pasHOCTHBIX (DOPMYJI MOKeT OBIThH MOy YeH HHTEl PHpO-
BaHIeM HHTepPIOISANHOHHOr0 MHOTo4TeHa HbtoToHa (69) 10 0Tpesky [#,—, Zn41], j > 1. D10 npuBOIHT

K HeABHLIM Pa3HOCTHHIM (popMmyaam Muina

k
Ynd+1 — Yn—j = hz a; VZ fn-l—l (77)

=0
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C Kod(puuyueHTaMmu

1.

ai:,l'/(t—1)t(t—|—1)...(t—|—i—2)dt. (78)

JloxkanpHas moTpennocTh GopMyasl Murna

prit = hager T fopn + O(RF2) = hag R fETD (1, y(n)) 4+ O (RFH9) =
(79)
= app FFH2Y D (2) + O(RFF3),
7) 3AKIIOYCHO MEXKIY Ty fy1 U Tpiq-

I'pynna mesBHLIX popMya MuaHa 118 HeCKOALKIX 3Ha9eHUN j npuBefeHa B Tab1. 2. Bopaxas
Pa3HOCTH Yepe3 3Ha4eHUs PYHKUUH ¢ moMollbio (57), moJaydnM HesBHBIe (popMmyasl MuaHa B opn-
narHoll opme. Heckonbko Takux ¢popMmya mig k = j + 1 npusegensl B Tabl1. 1 BMecTe ¢ yKazaHIeM
IopAlIKa Pa3dHOCTHOI'O YpaBHeHHIs U CTelleHnun, a TaKiKe KOB(I)(I)I/IHI/IQHT&L IIpnl I'N'TaBHOM YJeHe JIOK&LJIBHOI?I
NOTPEITHOCTH Py g 1.

Ta6aumna?2

Hpumepvr Koneurno-pasnocmubir Gopmya 6 pasnocmuotll gopme

_|_

2 3
VSt e Ve fnt e V° fnt1

— Yn_; = h | C C
Yntl4l — Yn—j <0fn+1+ - T o

e V fta e VP frt1 Ce VO Frt1 o \vAl
720 1440 60480 120960
Ne | ypgiq41 —yn—y | Co | C1 | C2 Cs Cy Cs Ce Cr
Hespuete meToger (I = 0)
1 Yntl — Yn 1 -1 -1 -1 -19 -27 -863 -1375
2 | ynt1 = yn1 2 | 4 | 4 0 & | -16 | -592 | -1024
3 Yngi—wn—2 | 3 | 9 | 27| o | 27 | 27 | 783 | 1215
4| yng1—wn—s | 4 | -16| 80 | 64 | 224 | o0 512 | -1024
5 | ynt1 — Una 5 | -25 | 175 | -225 | 2125 | -475 | -1375 | -1375
Asuere MmeToas ({ = 1)
6 | Yniz — Unt1 11 5 9 251 | 475 | 19087 | 36799
7 Ynt2 — Yn 2 0 4 8 232 448 18224 | 35424

6. Oco6eHHOCTH NOBeJeHns MHOrOMIAaroBbIX MeTOJOB Ha 60/bIINX WHTepBalaxX WH-
rerpupoBanus. /las popmyr Agamca (40), (41) xapakrepuctudeckoe ypaaenne (37)

2=

HMeeT eIUHCTBEHHBIN KOopeHb z; = 1, a ocTajbHbie KOPHEU paBHBL Hy 0. [losToMy dopmyasr Agamca
SIBJASIOTCS CHIBHO yeTolduBbiMu. OHI UMEI0T MaKCHMAJbHYIO CTelleHb Cpein TeX (POPMYJI, ¥ KOTOPHIX
BCe TOCTOPOHHNE KOPHUM PaBHbI HYJIIO.
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Nas gopuya Hucrpéma (55) n Muana (58), (60), (77) xapakTepucTuieckoe ypapuenue (37)

i =0 (5> 1),

I o
2T 1) =0,

nMeeT MOMHUMO TI'VIaBHOT'O KOpPHA 27 — 1 emé 1 TMMOCTOpPpOHHKWE KOPpHHU, IO MOIAYJI pPaBHBIE eqUHNLE.

[MosTomy popmyast Hucrpéma n Muiama aBasioTcs c1abo yCTONTHBLIMHE.

[IpuMmenuM OXHY U3 TaKnX caabo YCTOHIHBBIX (POPMY.I
Yn — Yn—2 = 2hfn—1

K pemrenuio 3agaqn Komn

{y’(ac):/\y—l—a, A <0, a=const,

y(0) = go.
Ypaprenue (81) acuMITOTHYECKH YCTOMYNBO W BCSIKOE €r0 pellieHine
a Az a AN Az
r)=——+4Ce"" = —— 0)+ —)e
y(e) = -3 + T+ (O +3)

CTPeMHTCA K IIOCTOSHHOMY PelIeHHI0

__“
=73

npn @ —x. B maHHOM ciayvae paszHocTHOe ypaBHeHne (80) npnobperaeT BU[I

Yn — Yn—2 = Qh(/\yn—l + a)v

nJan
Yn — 2hAYp_1 — Yn—2 — 2ah = 0.

B xatecrBe HavaabHLIX yeaosuil (4) mis (83) Bo3bMeM 3HaUeHHs TOYHOIO pellenns (82)

Yo = 4go, WY1 = y(h)

O6uiee perrerne (83) MOXKHO BEIPA3NTh Yepe3 KOPHU 21 I Zz XapaKTepHCTHIECKOTO YPAaBHEHH S

22 —2hAz—1=0,

a UMEeHHO a
Yy, = Ci21 + Cozy — IR
rire
h2)\?
=hN+VREN2+1=1+hA+ 5
h2)\?
Zo=hA—VRZN2+1=h)\—-1— 5 +O(h") =
2/\2
= (1 —hA+ 5 ) +O(hY) = —e " + O(R?),

0<z <1, 1<z

50

+O0(hY) = " + 01,

(82)



Onpeneanm nocrosunee Cy n C'y U3 HavalbHBIX ycaoBuil (84):

a a a a
y1+——<——|—yo)22 yl+——<——|—yo)22

D N O A\
S WX+ 1
y _I_a a_l_y .
a 1 X_ X 0 2
Co=—+yo— .

A 2RI + 1
[nst petmennst pasnocTHON 3amaqn (83), (84) monydaeMm mpencTaBieHie
yo = Cr (A + VDT +1) "+ Oy (hA = VD2 +1)" - % (87)

[TapameTpsbl @ u A Bcerjia MoKHO BhiGpaTh Tak, 4To6b Cy # 0. [Ipu mponzBoibHOM (pUKCHPOBAHHOM
h ¢ pocToM n pellenue Y, CTPeMHTCA K OeCKOHEYHOCTH H3-33 DKCIOHEHINAJLHOI'O POCTa BTOPOI
COCTaBIAIONIEH:

Co(hA = VEIAT 1) = Ca(=1)" (e + O(h%)" = Co(=1)" (e} =

88
(1O ) (400 o)

n—oo

Taxum 06pa3oM € POCTOM 7 PE3KO BO3PACTAeT OTKJIOHEHHE YHCIeHHOrO pelenns (87) oT TOIHOrO
peutenns (82) 3agzaqn (81).

PaccmorpuM Gosee moIpoGHO MPUYHHY TAKOr'O MOBeIEHHs YHCIEHHOIO PelIeHHs PasHOCTHOI
sagaqn (83), (84). Ilepsas cocrasasiomnas (87)

Cr(hA+VIDZET) =0y (M + 0(h%)) " = Oy (00 =
(89)
:Cle/\acn+0(xnh2) — CleAx"(1+O(h2)).

CTpEeMUTCHd K HYJIO IIPH N —X U alllIpOKCUMUPYET CcaaraeMoe
a
A
(y(O) + X)e ’

B (82), KoTOpOe sBAseTCA (PYHTAMEHTAIbHBIM pellleHneM gnud@epernnanbroro ypasrenns (81). [lo-
CTOSIHHAS cocTaBisomas B (87) coBmagaeT ¢ MOCTOSHHON COCTABIAIIIEN TOYHOTO pemienus (82).
MoxkHO cKazaTb, 9TO BTOpasf cocTaBasoias Cyz5, COOTBETCTBYIONAS BTOPOMY KODHIO XapaKTepu-
CTHYeCKOTO ypaBHeHHs (85), HOCHT HapasnTHdecKnil xapakTep. Ee BausHme ¢ poctoM n 6BICTPO
BO3pacTaeT U NPUBOAUT KaTacCTPOpPUIeCcKOMY MCKaKEeHUIO pe3yJabTaTa.

W3z Bcero ckazanHOrO Clefyer, 4TO NpUMeHeHHe CJIabo YCTONYUBHIX POPMYH TpebyeT 0CTOPOXK-
HOCTH TPHU WHTErPUPOBAHNN Ha GOJBIINX HWHTepBaTax [Zo, Lo+ X].

[Ipn b — 0 kopenb z3 — —1, ocTaBasich Mo Moy 0 Hosbile exnHUIE (86). Bepremcs k obimemy
ypaBaenuio (2). Ecim Bce mocTOpoHHIE KOPHH XapaKTepHCTHIECKOTO MHOrodUteHa (5) M0 MOIyIiO
MEHBIIIe eIUHUIBI, TO NPH JOCTATOYHO MAJOM h KODHU YpaBHEHUs

k

> (ai — AbB)2 =0 (90)

=0
OMM3KN K KOPHAM XapaKTepHCTHYecKoro ypaBHeHus (37) i Bce, KpoMe OMHOIO (KOTOPBIH CTPeMUTCH

K I'NTaBHOMY KOpHIO)7 IO MOAYJIO MeHbIllle HeEKOTOPOI'O Y1Clda, CTPpOr'0 MeHbllIlero e TMHNIbL. CDyH,[[aMeH—
TaJbHble pelleHnsi pa3HOCTHOI'O ypaBHeHHUsA

k

k
> (@i = M) yngi = ha)_ B, (91)
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COOTBETCTBYOIINE STHM KOpPHSIM ypaBHeHus (90), cTpeMaTcs K HYJIIO IpH N — 00, U BINSHHE Tapa-
BUTUYECKUX COCTABAAIONINX YObIBAET.
Hanpuwmep, mist sBHOrO MeTo1a Amamca pasHocTHOe ypaBHeHne (53) mist perrenns 3amaqdn (81)

3allIChIBaeTCsA B B Ie
k

Und1 = Yo + 1Y% V' Ay + a). (92)

=0

3aMeHssi pa3HOCTH € MOMOIIBIO cooTHOIIeHns (57), moaydaem

k 7
Ynd1 = Yo + 0D v | D (=1)'Clynt | + v0ah. (93)

=0 (=0
XapakTepucTnieckoe ypaBHEHNe IS pa3HOCTHOTO ypaBHeHus (93) nmeer B

7

k
plz)=28+ — 2k —pAS "y [ S (-1)'Ci ) =
=0 =0

k 7
=Rt _ gk h/\Z% Z(—l)lezi_l =,
i=0 1=0

nJiain

k
p(z) = Rt — 2k~ h/\Z%(Z — 1) =o.
=0

[Ipn GOIBIINX 0 MOTY.TIO OTPHIATENBHEIX 2 MEOTOWIEH p(2) nMeeT 3mak (—1)F+L,

p(=1) = (=) = (-1)* - hAZk:’yi(—?)i(—l)k” = (=" {2+ hAZk:%T

=0

k
Ecan 2 + h/\Z%’Qi < 0, o p(—1) nueer 3nax (—1)*. CreroBaTenbro, XapaKTepHCTHIeCKHT MHO-
=0
rowieH p(z) IMeeT OTPULATENLHEI KOPEHb, IO MOJAYII0 GONBIINI e JUHUIEL, I cpetn (GyHIaMeHTalb-
HBLIX pellleHnH ypaBuenus (93) nMeeTcs HeorpaHHYeHHO pacTyliee M0 abCOMIOTHON BeIHYHIE PelIeHie
IpH 7 —X. DTO NPHBELEeT K BO3PACTANNIO BIANSHIS Hapa3UTHICCKHX COCTAB/IAIOIINK B HOLY1aeMOM
¢ moMOIIbIo (92) YHCICHHOM pelIeHHH aCHMOTOTHYECKH YCTOHYHBOIO IHMMEPEHIHAILHOIO yPaBHE-

nus (81). [HosTomy ycaosue
k

240 Y 72 > 0 (94)
=0
ABjadgeTCs HeOGXO,Z[I/IMbIM [JIST TIOAYYeHHUsI IpHeMJIeMbIX pe3yJabTaToOB.
3aMeTHM, 4TO ¢ yBeaAndeHneM nopsiaka k+ 1 annpoxkcumannu ycaoue (94) 1is BeAMIHHBI [IIara

HHTerpupoBaHns h cramHoBUTCA Bce Golee KeCTKHUM, TaK KaK C yBeJln4YeHneM k pacTeT BeJUINHa
k

Z%T 1 06JaCcTh 3HAYEHNH h, I KOTOPHIX BHIMOAHAETCH yeaoBre (94), yMeHbIIaeTCs.
=0

B wacTtHOCTH, M1 AuddepeHnIATbHEIX YpaBHEHHN ¢ GOJLIINM II0 MOAYJII0 OTPHIATEILHBIM A
yeaoBuie (94) MoKeT IPUBOIATH K CTONb MAJOIl BelNdiHe [1ara HHTErpHpoBanisi, 4To gopmyaa (53)
OKa3bIBaeTCa IPpaKTUIeCKNI HerHFOr[[HOIZ. ,ﬂ;ﬂﬂ pelieHnsd TaKUX ypaBHeHI/IfI HeOGXO,Z[I/IMO NCIOJB30BaTh
clielaJbHble MeTO/bI.

7. Pea.]II/I3aHI/IH HEeABHBIX PA3HOCTHBIX CXeM. PaCCMOTpI/IM HaXOXKIeHne YnCJeHHOro penie-
Hus 3agaqn (1.1), (1.2) ¢ moMoIIbI0 HeABHBIX MHOTOIIATOBHIX MeT010B. OTHICKaHIe DellleHus PasHOCT-
HOI'O ypaBHeHUS CBOAUTCS K pelIeHuIo aJIFeraI/I‘{eCKOFO nan TpaHCOeHIeHTHO'O ypaBHeHNd. YHacto
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5TO ypaBHeHNe pelaeTcs MeTonoM uTepaini. O6patnvcs K obiell pasHocTHOH Gopmyre (18). O6o-
(0)

3HaIUM yn—l—k Ha4daJbHO€ HpI/I6JII/I)K€HI/I€ K UCKOMOMY pelIeHUuIO Yp4f. TOF,Z[& nrepagunoOHHBIN IIpoOecc
BBITUCJICHUSA Yp4f MOZKET OLITH IIpeilcTaBJJeH B BH e

k—1
yf;::;gl) — hﬁkf(xn—l—kv yf;ﬁk) - Z (aiyn—l—i - hﬁzf(xn—l—u yn—l—i))7 V= 07 17 27 ceey (95)
=0
Han
v+1 v v v—1
y7(1_|_—l;g ) — yi.ﬁk + hﬁk(f($n+k7 yi.ﬁk) - f($n+k7 y7(1_|_k )))7 V= 17 27 s (96)
Urepannonusiit mponecc (95), (96) cxoanTest K pelleHnio Y, ypaBhenuns (18), ecan

hL|By] < 1, (97)

rge L — koucranra Junmunna ¢ynkmun f(z,y) (em. (1.39) n (1.107)).
O6cynuM Bompoc 0 BEIGOpe HaYalbHOIO NPHOINKEHNA [l HTepalloHHOro mpouecca (95) u o

(0)

KOJMYecTBe BRINOAHAEeMbIX nTepanni. Hadaabnoe npubankenne y, /; MOXKeT GBITH BHIOPAHO pasamt-
HLIME criocobamu. Hampumep, MOXKHO TOJOKATD yfgk = Yntk—1. B KadecTBe HATAJILHOT'O IPUOITIKe-
HIS MOXKHO B3ATh 3HAUYEHHe, IOJYYeHHOE [0 SBHOU pa3HOCTHOU gopmyae. B Takom caydae sBHas Gop-
MyJla HasbIBaeTCs npedckasvisaiowet (mim npeduxmopo.n), HesiBHAs GopMyTa — ucnpasasioueti (mrm
KOppeKmMopoM), a BeCh KOMOMHIPOBAHHBIN TPOIECC HA3BIBACTCH NPEICKAZbIE AIOUE-UCTPASALIOUUM Me-
TOJOM, WIH METOIOM NpocHo3a I koppexyuy (MIN METOIOM npedukmop-koppexmop).

KoaudecTBo urepanuii v, KoTopoe HeOOGXOMUMO BHITOJHU T, 3aBHCUT OT BEJHYHHBI [Ial'a WHTE-
PPUPOBaHUsA, CTeNeHell SBHOU U HeABHOU (POopMYJ U TpebyeMOl TOYHOCTH pelleHHs HesiBHOIO ypaB-
HeHHUs. Kciau crenenb MpejcKaszbiBatolied (POPMYJIbl MEHBIIE CTElNeHH HCIPABJISAONEl (POPMYJabl, TO
KasK/Jasi BHOBb BHITOJHsAeMas urTepanus (95) man (96) yBeamdnBaeT MOPAJOK TOYHOCTH OYepPEIHOTO
npubJaiKeHust Ha e TUHUIY [0 TeX Mop, MoKa He 6y1eT JOCTUNHYT HOPS 0K HCIPABAAIONIed (POPMYJIhL.
Jlas Toro 4TOOH TOYHOCTH MPUOANKEHHOTO pelleHus yf;ﬁk onpejelsjach CTeNeHblo HeSBHOU (op-
MYJbI, YUCJAO HTEePALUN JOJKHO ObITh He MEHbIIIe PA3HOCTH CTelleHeldl HEeSBHOU U SBHOU (DOPMY.I.

Ecau P 0603Ha4ynTh BBIYHCIEHHE ¢ MOMOIIBIO HpelcKa3biBalolel POPMyIbl HadajJbHODO TPH-

(0)

ntks L — BBITHCICHHe 3HAYEHHA NPABOH 4acTi AU(QPepeHHaIbHOIO YpaBHEHH (1.1)

(0 _ )\ oW (0) ;
fn-l—k = f($n+k7 yn—l—k)’ A yTO49HeHune IMoJdyvdeHHoro HpI/I6JII/I)KeHI/IH yn-l—k C MIOMOIIBbK NCIIPABJIAIO

el POPMYJbI, TO METOIbl MPOIHO3a W KOPPEKIHH MOYKHO IIPEJICTABUTEL B CHMBOJHYecKoM Bujie PEC,

OavKeHns Yy

ecIn ucIpas/fiomas GopMyla npuMenserca ogu pa3, uin P(LC)Y, ecan ncnpasasiomas Gpopmyra
w v
npuMeHseTcs Gojlee OLHOrO pasa. Ecian moiydeHHOe MOCIe v HTepaluil IpubInKeHIe yfl_gk K pellle-
o v v
HIIO Y44 HCHONB30BATH [ BBIUNCICHNS 3HAYEHHs IPABOH 9acTH f,y) = 754-)k = f(xn+k,y7(1_£k)
IPH OTHICKAHUH PEIIeHNs B CAeAYIOMIEM Y3I€ Lyyjt1, TO METOLEI IPOTHO3a I KOPPEKINH IPHHIMAIOT
cregytomnii sut: PECE nmm P(EC)'E.
. . (0)

PaccMoTpny mHTeprmonsIHORHBI MeTOT Afavca B opjunaTHON popme (40). O6osnaunm y,
HadalbHOe NPHOINKeHNe K HCKOMOMY 3HAYeHUIO DelleHus Y 41 I ONpeelnM IepBoe NPHOIHKeHHe ¢
MOMOIIIBIO COOTHOIICHIS

k
y7(11:|_+11) =yn+ hbof($n+17 972121) + hZ bif(xn-l-l—iv yn-l-l—i)v

=1

uin B cuy (76)

+1
g = by F@na1s 080 + 9 (R Yns Fs Fats oo Far1—k)- (98)
3iech ¢ — uzBecTHas PyHKIUS cBOUX aprymentos, v = 0,1,2, ... . Urepanuu noBropsiorcs 10 Tex

nop, IOKa B IIpejenax 3aJaHHoll TOTHOCTH He YCTaHOBATCA NpUOMMKeHNd K pemennio. M Tepannonnbril
npotecc (98) cxomuTCA K PeIeHnio Y, 41 ypaBHenus (40), ecin
1
hL < —. (99)
Vk
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U3 (98) caenyet, uTo

et =yl (@ ) — FEnsnytn ). (100)

Ecin nHTepnosnnOHHBIN MeTOI AraMca HCIOMB30BaTh B pasHocTHOH ¢opume (70), To uTepa-
HHOHHBIN MPOHECC CTPOUTCS C HOMOIbI0 COOTHOIIEHUS

k
g =g+ 037 v LY (101)

=0

rie vifél_ll_)l = V' f(Tng1, %(1121) Kak n B ciydae (98) man (100), mist Hadaga HTePaIOHHOTO Ipolecca

(0)

(101) Tpebyercs 3HATH HAYAJIbHOE NPHOIMKEHIE Yni1 A Yny1. OJHAKO NTEPANUOHHBIN Ipolece

0
MOYKHO Ha4daTh, €CJU BbIOpaTh HavalbHOe NpubIuKeHue ka?ﬁ-l—)l aas 7% foy1. Hampumep, MoxHO

MOJOXKUTH
VI = (102)
n 1mo depMyJIaM COCTaBJeHNdA KOHEYHBIX paBHOCTeI/I
vi_lfn—l—l :vifn—l—l‘l’vi_lfnv i:kvk_L 717 (103)

BBIMHCINTDL BCe pasHocTH, Bxogdmue B (101):

Vk ! 75-|—) 7V 7£-|—)17 7Vf75(-)|—)17f7g?|_)1-

B3atem npn momomn (101) npn v = 0 HaxoANM

k
%(11-21 =Yn + hZ RIava fé(jl—)l‘

1=0
1) 1)
npeferseM IpaBylo 9acThb f 1 = f(Tny1,¥,4,) 1 ee KOHETHBIE PA3HOCTH

Vfﬁr)lv VQfg-)lv SO VA 7&—)17 v* 7&)1

Mo (POPMYJaM COCTABICHUS KOHEYHBIX PA3HOCTEN

vifn-l-l = vi_lfn-l-l - vi_lfnv 1= 17 27 ce 7k' (104)
(2)

[Manee mpu momomutn (101) npn v = 1 noaydaem Ypi1- VITEpallMOHHEII POLIECC MOBTOPSIEM 1O TeX Mop,

(v)

noKa B TpejelaX 3aJalHOll TOYHOCTH He YCTAHOBATCA NPHOIHAKEHIS Y, ;.
k £(0) i
Havarbnoe npubmmkenne 77 f, ) MOKHO TOIYIHTH SKCTPANOIAINEH O HECKOMBKIM TPeThIIy-
M 3HatennaM VF fr, 7 fut, o
Dopuyay (101) moxuo npeobpazoBaTh K apyromy suiy. [lis sToro BocmoabsyeMcs (hopMy-
damu (104) cocraBireHns KOHEYHLIX pasnocTell n cBoncTBaMu (73), (74) 11g Kod(POUIHEHTOB ¥; I ;

dopmya Amamca (53), (70). Pacemorpnm cymmy B (70):

k k i—1
Z;z Vi fn+1:Z ;z (fn-l-l_z v]fn) fn-l-lz% Z an Z Vi =

1= =0 7=0 1=0 7=1+1
k—1

k
=Vkfatt = D (Vb= %) V' Fo = Vefat1 + Z STRVAN MRS S vAS

=0 =0 =0

[TogcTaBass norydennoe Beipazkenne B (70), nmeem

k k
Yn+1l = Yn + hz Yi VZ fn - h7k2 vlfn + h7kfn+1' (105)
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O6osnavas P,y; npubinkenne K Y41, HOIyIeHHOe TO ABHOH (opmyre A mamca (53),

k
P :yn‘|’hz %Vme

=0

dopmyay (105) MOXKHO TpescTaBATH TakK:

k
Yntr = Pogr —hye Y V' fu 4 by fatr- (106)
=0
TOF,Z[&L I/ITepaHI/IOHHbeI HpOHeCC HpI/IHI/IMaeT BRI
(v41) N v)
yn11|_1 = Pn-l-l - h7k Z vlfn + h'ka(fn-I-lv ynl:H) (107)

=0

(0)

ni1 IS UTEPANUOHHOIO MPO-
necca (107). Torma momywaercss mpenckasbiBatole-ncnpapiasiommnii  Meton. Popmyaa (107) Goxaee
ynobHa s cdera mo cpaBHeHmo co (101), Tak Kak 37ech He TpeGyeTcs MepecinThIBATH KOHETHbIE
PAa3HOCTH Ha KaxKAOoU uTepalun. KoHedHble pasHOCTH Vifm_l BEIUUCAAIOTCA TOJABKO OJUH pa3 Mocie
OKOHYAHNS UTepPANNOHHOTO MPOoIecca.

EcrecTBenno IIPUHATH Pn_|_1 B KadeCTBe Ha4daJJbHOI'O HpI/I6JII/I)KeHI/IH Y

3ameTnM, 9T opmyra (100) MoxeT OBITH HCIOIB30BAHA LIS TPOBEIEHNS HTEPANNOHHOTO PO~
necca B JIOOOM Clydae HE3aBHCHMO OT TOTO, B Kakol (popMe ncmonbayeTcs gopmyaa Agamca: B op-
nuuaTHON (opme (40) man pasrocTHON Popme (70).

[IpuBeseM MeTOJ NPOrHO3a M KOPPEKIHH, OCHOBaHHBIN Ha (opmyrax Mmana. /i HeaBHON
(POPMYJIBLI I€TBEPTOrO MOPA LKA allPOKCHMAIl I

h
Yn+1l = Yn—1 + g (fn—l—l + 4fn + fn—l) (108)

COOTBGTCTByIOHlI/Ifl I/ITGp&HI/IOHHbeI IIponecc nMeeT BU I

v h v
D =y + 3 (S 4 4fut fur), v=0,1,.... (109)

(0)

nt1 A Yng1 BBIYHCIAETCA IO ABHOI (opMmyrde (58), ToxKe mMeromei Je-
TBEPTHIN MOPSAAOK AMTPOKCHMAIHH:

Hagaabnoe mpubanxenne y

4h
y7(£|21 = Yn-3+ ? (an = fno1+ 2fn—2)' (110)
/15 HeABHON (POPMYJIBI IECTOTO TOPA KA ANIPOKCHMAIIT
4h

Yntl = Yn—3 + 90 (Tfos1 +32f0 +12f1 +32f_2 + Tfn_3) (111)

COOTBETCTBYOIINI MTEPAIOHHBI TpOIecc NMeeT BT

v 4h v
y7(1++11) = Yn-3 ‘|’ % (7f75_|_)1 ‘|’ 32fn ‘|’ 12fn—1 ‘|’ 32fn—2 ‘|’ 7fn—3)7 V= 07 17 R (112)
wan
v 14 v 4h

ykD Gt y )+ yus + o5 (32 12y +32fucs +Tfuss), v =01, (112)

(0)

Havanbroe mpubmmkenne ¥, [, A8 Y,41 BRYHACISETCA 1O ABHON (opmyae (60), Toxke mMelONIeH Iie-
CTON MOPSAOK AMMPOKCHMAIHT:

3h
y O =y s+ 7o (WLfu = 1Sy + 26f0 = 14 fua 4 11 o). (113)
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MeTox npornosa n koppekunu, ocuoBanubiil na (109), (110) u (112), (113), nasuiBaercs aemodom
Mu.ana.
Ecan nesasnas dpopmyra Muirna ncnoabsyercs B pa3HOCTHOI (opMe, HAIpUMeEp

1 1
Ynt1l = Yn—1 + h(an + 3 V2 fat1 — %(V4fn+1 + V5fn+1))7 (114)
TO COOTBETCTBYIOUINA HTEPANOHHBI POIEce NMeeT BILT
v 1 v 1 v v
%(z++11) =Yn—1+ h(an + 3 v’ 754-)1 - %(V4 754-)1 + V5f75+)1))7 v=0,1,.... (115)

. 5 £(0)
Urepanuonnbril nponecc MoKeT GHITH Ha1aT, ecld BBIOpaTh HadalbHOe MpubIIKenue /° f 1
a1 7 fra1. JLIs 5TOTO MOXKHO TONOKATH

V5f753.)1 = v5fn7

rae \/° f, — U3BecTHas BeamdnHa, u no opmytam (103) cocTaBieHus KOHeYHBIX Pa3HOCTeH BBIYH-

CIUTL pa3HOCTH

VA HSTR VAT AUPR L A
(1)

B3atem npu momotn (115) npn v = 0 HaxoaNTCA Yni1- OTpegenseTcs mpaBas 1acTh

f751)1 = f(Znt1, %(11-21)

1l ee KOHEYHEIE Pa3HOCTH
(1) —2p(1) 5 (1)
\VZ ICTAVAN ACTINIIN vAl AFep

(2)

Manee mo dpopmyae (115) npn v = 1 noryvaem y,~/,. UTepanuonneiii npomecc TOBTOpAETCA KO Tex
mop, MOKa He COBNAaAyT € 3aaHHON TOYHOCTBIO oYepenHble TPUOIHKEHUS K PellleHnIo.
8. IlocTpoenne HaYaIbHBLIX 3HadeHuu. Pasnoctnas dopMyna (2), nperHaszsHadeHHas s

HaXOzKJIeHUs pelleHus Y,4, B TOUKE T, 4k, COTEPKNUT 3HAYEHUS PEIleHUs Y, Ynt1, - - - 5 Yntk—1 B IPe-
TBLAVIIAX V373X Ty, Tpgly -« - Entpk—1 M COOTBETCTBYIOIINE 3HAYeHHs NpaBoil  dactu f(Z,,Yn),
f(@nt1,Ynt1)s - s f(@ngk—1, Yntk—1). llpeanoraraercs, 970 yKasaHHbBIE BEININHLI 3apaHee N3BECTHHIL.

COBKYTHOCTD DTUX BEIHINH COCTABAAET TaK Ha3BIBAEMBIH Pporm Mmuo2owa206020 memoda.

Ecan ¢popmyna IncieHHOTO WHTETPUPOBAHNA NCMOAB3YETCS B Pa3HOCTHOW (opme, HampuMep,
(53), (55), (105), To ee mpuMeneHme TaKxKe IPeJNOJAraeT 3HaHIE BXOAAININX B Hee KOHEYHLIX Pas-
HocTelt /' f, mpasoil wactu f(z,y). COBOKYNHOCTL DTHX Da3HOCTell Takie o6pasyeT (ppOHT pas-
HOCTHOTO MeToma. B Hadaste nHTerpnpoBaHus (GppOHT BKIYaeT B cebs HadaJsbHble 3HaveHns (4) u
COOTBETCTBYIOIINE 3HATEHUS MPABEIX TacTeld WIH 3HAYeHNs KOHETHHIX pasHocTed. OqHako 3HaTeHNS
DTUX BeJMTWH HaM HEM3BeCTHHI. [lopTOMy mpuMeHeHme MHOTONIATOBBIX METOMOB TpebyeT mpeIBapi-
TeALHOTO MOCTPOEHHUS HEJOCTAONINX HATAALHBIX 3HATEHHN MIH KOHEUIHBIX Pa3zHOCTeH.

HemocTatomme HadaabHBE 3HATEHNA MOTYT OBITH HAWJeHBI C TOMOIIBIO OTHOIIIATOBHIX METO/IOB,
OTHMCAHHBIX B M. 1, HampuMep, MeTogoMm Pyure—KyTTa uwian metogom psaga Teinopa. PaccmoTpenmnie
B JAHHOW TJIaBe KOHETHO-PAa3HOCTHHIE CXEMBl TakyKe MOTYT ObITH HCHOIB30BAHDI IS BEITACICHNA Ha-
JaIbHBIX 3Hadenuil. [locTpoenne pporHTa MHOTOIIATOBOTO METO/Ia B HavaJde NHTETPHPOBAHNA WHOT A
Ha3bIBAIOT PA320HOM.

PaccmorpuM nporenypy pasrona mist MeTonoB A ramca (53), (105). Dra npouerypa ocHOBaHA Ha
UTEePANNOHHOM TPUMEHEHUN Pa3sHOCTHLIX (POPMYJI € TMOCIeTOBATEIBHO YBEANINBAIONIEHCS CTENeHBIO.
Ucnonp3ys madanbubre snadenns 3agaqn Kommm (1.1), (1.2) n aBuylo dpopmyay Agamca (53) mepsoro
TOpAIKA alTPOKCHMAINH, BEIAHCIIEM

i = o+ hfo.
[TorpemnocTs y?) coctasaser O(h?). Haxomum fl(l)7 vfl(l) I noJjaraem

Vo= Vf1(1)-
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Ucnonb3ys siBHyI0 opmyay Agamca (53) BTOporo mopsiika ammpoOKCHMAINH, BEITHCISEM

yg):yo—l-h(fo—l- % Vf0)7

1
=l (104 L ),
[MorpemuocTs y%z), ygz) coctasaser O(h%). Haxopum ]‘2(2)7 vf2(2), v2f2(2) 0 moJaraem
Vo=t = VY,
Vi =vi)-2v* 17,

Ucnonb3ys siBHyI0 Qopmyay Agamca (53) TpeThero mopsjika alnnpoOKCHMAINN, BEYACISEM
(3) _ ! 5 2
o) =vo+h(fo+ 5V fot 597 o)

1 5
i =+ 07+ 59 A+ 590 ),

ui = + (A + % v A+ 15—2 v 1Y),
[lorpemnocTs yf’), y£3)7 y:(f’) cocrasaser O(h*). Haxomum féS), Vf§3)7 sz:)(,?)), V?’ff) I moJaraem
V=V =V = v,
Vo= -39 17,
Vh= 1Y -29 £,

Vo =Y -39 ;P 4350 1)

Ucnonbsyst popmyay Agamca (53) 4eTBepTOro NOpsIKa anlpOKCHMAINN, BHIYHCIIEM

1 5 3
y§4):yo+h(f0+§Vf0+EV2f0+§V3f0)7

1 5 3
v = h(A 3V A+ SV A+ SV A),

2
y<4>:y<4>+h(f<4>+1w<4>+gvz F 43 o 7)
3 2 2 2 2 12 2 8 ?
1 5 3
94(14) = y:(a4) + h(f:)(,4) ts5V f3(,4) 4 Ve f3(,4) +t3 v’ f:§4))-

[TorpemrocTh y§4), y£4), y:(;l), yf) COCTaBIAET O(h5). Haxoxum ff), vff), vsz), v?’ff), v4fi4) i}
noJaraem .
Vo= v Y,
o=V Y —avt iy,
(116)
Vo= -4 1+ 6 vt Y,

Vo =V =42 iV 4657 £ —agt rh,
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[orpermHocTh BHIYACICHH KOHEYHBIX pazHocTell /'fy cocrasaser O(h%). Ecin cnoBa Bocmoanbzo-

(5) ,,(5) (5)

BaThCs popMyaoit Agamca (53) HATOrO HOPAIKA TOYHOCTH, TO BLIMHCICHIBIC 3HAYCHIS Yy ) Ys s Ys s

(5) ,(5)

Yy, ys” 6yryT umers morpentnocTh nopsaka O(h%). Torma onpeeaseMbie ¢ UX TOMOIILI KOHEYHbIe
Pa3HOCTH vifég)), 1 =10,1,2,3,4,5, B Touke x5 Takxke OYAYT UMeThL MOTPEITHOCTH HOPAIKA O(h6)7 a
ce[OBATeIbHO, TAKYIO JKe MOIPEelIHOCTh Gy YT HMeTh i pasHocTn V' fo.

Taknum cnoco6oM BHYHUCAAIOTCA HEeTOCTAIONINEe HavYaJbHLIe 3HATYeHNsS BMeCTe ¢ COOTBETCTBYIO-
UUMHI pasHocTsiMu. [Ipomonkas >TOT HTEPANMOHHBIN TPOIECC, MOXKHO BBIYUCANTH HEOOXOIUMbIE s
HCIIOIB30BAHNSA Pa3HOCTHON (POpMYJIBl (2) HadasbHbIe 3HAUYEHNs (4) pemenus yo, Y1, - .. , Yk—1 1 COOT-
BETCTBYIOIINE UM KOHEYHBIE PAZHOCTH C JIOOBIM MOPSIKOM TOYHOCTH OTHOcuTeabHo h. llocie sToro
MOXKeT OBITh HA4aTO BHIYHCJIEHIE BCEX MOCASIYIONMINX 3HAYeHUH pelenus y,, n =k, k+ 1, ... .

9. CxoAuMOCTb MHOTOMIATOBBIX MeTOo40B. 9.1. Kuaccupurayus noepewnocmed. O6osna-
9UM ¥, pellleHle Pa3HOCTHOI'O ypaBHeHHs (2) ¢ HaYalbHBIMHU yCAOBHSAMHA (4), COBIAJAIONINME C TOY-
HBIMI 3HaY9eHmAME peinenns muddepennnanbron 3agaqn (1.1), (1.2). PasnocTs Mex gy pernennem
ncxomgron sanadn Kommn (1.1). (1.2) u pemennem pasnocTHOn 3aga4u (2), (4)

En = Y(@n) = Yn (117)

HA3BIBAETCA noepewnocmyvio memoda (2). B 1eficTBITEIbHOCTH BCiaeICTBHE OMMOOK OKPYTIeHNs, He-
TOYHOIO BHIYHCJAEHUS TpaBoil dacTu JTU(PepeHnaJbHOro ypaBHEHHs U MPUOIHYKEHHODO pelleHus
HEsIBHOT'O PA3HOCTHOTO ypaBHeHUs (2) BHIYNCIAETCA He (PYHKIUSA ¥, & Apyras ceToIHas PYHKINS Uy,
VI0BJAETBOpSAOLIad Pa3HOCTHOMY YpaBHEHUIO

k k
> Qifnri = b Bif (Tngis i) = Onh (118)
=0 =0

C HEKOTOPOU HEBA3KOU O,4%. Beandnna 0,4, HA3BIBACTCH NOSPEUHOCTNIDIO OKPYSAEHUA.
DyHKUNSA 7, ABIAAETCSA pelleHneM PasHOCTHOTO ypaBHeHns (118) ¢ HAYaIbHBIMEI YCJIOBHAMIE

Yo=29go, Y1=91, ---5 UYk—1= Gk-1, (119)

KOTOpBIe NPUOINKEHHO HAXOAATCA ¢ MOMOIIBID HEKOTOPOU MpOIeIyphl pasroHa. PasHOCTH MeXKIY
TOYHBIM pelleHieM Pa3HOCTHON 3a1a4n (2), (4) u pelllenneM BO3MYIIEHHON pasHoCTHOIN 3aga4n (118)
u (119)

N = Yn = Un (120)

HA3bIBACTCA 6bLIUUCAUMEALHOU nozpewnocmbio. PasHOCTE MeXK Iy TOYHBIM pelleHneM IudQepeHIn-
axpuoll 3ajga4n (1.1), (1.2) u pemennem Bo3MylIeHHON pasnocTHon 3aga4dn (118), (119)

Ry =y(2n) = Gn (121)

HA3BIBAETCSA NOAHOU NOSPEWHOCTILIO NPUBAUNCERHO20 pewenut T,. U3 (117), (120), u (121) caenyer,
9TO MOJMHAf MOrPelIHOCTh paBHA CyMMe IO PEelIHOCTH MeTO a i BHIYHCAHTeNILHON HOIPellHOCTH

Ry, =, + 1. (122)

Beranras (118) u3 (9), monydaem, 9T0 TOJHAS TOTPEITHOCTH YIOBIETBOPAET PA3HOCTHOMY yPaB-
HEHWIO

k k
@i (y(zn4i) = Gngi) —h D> Bi (f(96n+z'7 Y(@nti)) = f(@ntis gn—l—i)) = Ptk — Onth,
=0 =0

nJiain

k k
Y @iRuyi —h Y Bify(wngis Sngi) Rugi = Ptk — ik, (123)
=0 =0
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rje &4 TEKAT MEKIY Jni 0 Y(Tpti), n=0,1,... N — k.

9.2. Maxcopanwmuan oyenxa noanot nozpewnocmu. Ecin pasHocTHOe ypaBHenme (2) ycrofi-
9HBO M NIpaBafg 4acTh AudpepeHnnalbHOr0 ypaBHeHNA YIOBIETBOPSeT cPOPMYIHPOBAHHBIM BhHIIIe
YCAOBHAM, TO NPH BCeX NOCTATOYHO MAJBIX 1, YIOBIETBOPAIOIINX YCAOBUIO

Br

h < hg, ho L <1,

chpaBejinBa MayKOpaHTHas OleHKa MOJHOU MOIPEIHOCTH, CXOIHAs ¢ OleHKOU (1.39) I oTHOIIAr'O-
BbIX MeTOI0B:
e
GLX .
[Ral <CeOBX( max Rj|+ D (Ipsl +155]). (124)
0<j<k-1 ‘

=J = i=k
rie GG, L, C' — HeKOTOpbIe MOCTOsIHHbBIE, 3aBUCSIIHE OT KOX(PPUINEHTOB PA3HOCTHOTO YpaBHEHUS (2)
n nudPepeHinalbHOr0 YpaBHEH U (1.1) 1 He 3aBHCcAIe oT h. B 9acTHOCTH, €Cay MOTPEIIHOCTDL Ha

Ha9aJbHOM y4daCTKe
|Rj| < C1h%, >0, j=0,1,...,k—1, (125)

IIOrpelllHOCTDL OKpPYyILJeHns

|0;| <Coh?, p>1, j=kk+1,...,N, (126)
dopmyaa (2) nMeeT cTemenb s> 1, T.e.

|p]|S03h5+17 j:k7k+]‘7"'7N7 (127)

TO IMeeT MeCTO OlleHKa

[Ral < CeTBX(C1hT 4+ X (Csh + Coh? 7)), (128)

13 KOTOPOH clelyeT CXOINMOCTH HPUOIIAKEHHOTO pellleHds ¥, K TOTHOMY pellleHHIO 3amadn Komurm
y(x,) npu h — 0.

Kak 7 111 0IHOIIATOBBIX METOI0B, NOJIHAS IONPEITHOCTH COCTOUT 3 TPeX JacTell: BO-NepPBHIX,
U3 NOUPEIIHOCTH, O6YCIOBICHHON IPUOINAKEHHBIM 3aIaHieM Hadalbibix ycaosuil (119) (sTa morpemr-
HocTh He mpesocxoanT Beandnubr C'Cre“FX h7); Bo-BTOPHIX, W3 II0GATLHON TOTPEITHOCTH MeTo/a,
KoTopas He mpesocxoauT Beawdunbl C'C3e“IX X h®: p-TpeThbux, U3 BEIYUCINTENLHON MOrPENIHOCTH,
06YCIOBJIEHHON OIINOKaMI OKPYTJIeHHA I HeTOYHBIM pellleHHeM HeABHOT'O Pa3sHOCTHOTO ypaBHEHHA
(pTa norpemnocTs #e npesocxoant C'Cre“X XpP71).

[l MHOT'OIIIAT OBBIX MeTO/JOB CIIpaBeIIHBBI MHOT' e YTBEPIK JeHNs, CXOIHbIe C IPUBeIeHHBIME B
TJ. 2 114 OJHOIIATOBBIX MeTon0B. [loaToMy moIpo6HO OCTaHABINBATHCA Ha HIX MBI He GymeM.

10. Beruncienne pemeHua MexXy y3JjaMu ceTku. PaccMoTpuM caydai, Korja ToIka 2%,
B KOTOPOIl TpeGyeTcs BLIMHCIUTL pelenne guddepennnaibaoro ypasuenns (1.1), me coBnagaer Hu
¢ OTHUM Y3JIOM %, CeTKH, Ha KOTOPOI HIeTCs pellleHNe Y, Pa3HOCTHOI'O ypaBHeHHd. B aToM crydae
MOYKHO IHOCTYIHTH CJIeJyIONIM 06pa3oM.

[IpennoroknM, 9T0 TOUKa 2™ JeKHT MeXKITY IBYMA COCETHHMH Y3IaMH Zp—1 < 25 < Ty, B
KOTOPHIX BEIYHCIEHO pellleHe Pa3HOCTHOIO ypaBHeHNA. IIycTh pasHOCTHOe ypaBHEeHIe HCIONb3yeTCA
B opauuartnon ¢opme (2). Jomyctum, uro ero cremens s<k+ 1. [loctpouM nHTEepHONANHONHLIN

muorowrer Jlarpamxa (43) no snavennam gyukunn f(z,y(z)) Bysrax z;, j = m—k,m—k+1, ... m:

k

Lim(2) =Y f(@meiry(@m_i)) i(x).

=0

IHoxcraBiss

fey(2) = Limn(2) + 15m(2)
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B HWHTer'pajJbHOE COOTHOIIEHNE

y@) = yen) = [ Sl yl@) da. (129)
IIoJqy1aeM .
V() = ylwa) = Y0 B fnmisylwnmi)) + . (130)
rmre

e it(t+1)...(t+k)dt
] ] t+1 '

p= /rk,m(x) dr = O(h*+?),
25— x,
f=1

Otr6paceiBag p B (130), norysaeM KOHEYHO-PA3HOCTHYIO (POPMYIY [IJIf BBIUUCICHHA HCKOMOIO
pemenust y(z*):

y(@) Zym +h Y B S (@mis Ymi)- (131)

[IpuBeem kosppunnentsr B; (&) mas k = 3:

€+ 83 + 2262 4 24¢

Bo(§) = o
36+ 2063 4 36¢2
R
.\ . , (132)
3 16 18
PR ESTSESL
4 4 3 4 2
) EHIE A

Ecin crenenb pasnocTHOrO ypaBHeHus (2) s>k + 2, To mis BEIYUCJAEHNS PeIIeHNs B TOUKe &

MOZKHO BOCIOJIB30BATHCA HHTEPIOIANHOHHBIM MHOIOWIeHOM DpMuTa [ (2), IOCTpOEHHBIM IO 3Hate-
HISIM pelleHus y;, I ero npoussoiuon f(z;,y;) Bysnax z;, j=m—k,m—k+1,...,m—1,m, u
HaNTH ero 3nadenne H(z¥).

Tenepsb npeanonoAKuM, ITO PA3HOCTHOE ypaBHEHIE HCIOIb3YeTCS B PA3HOCTHON (hopMe, Halpu-
Mep, B Buge (53) wru (70). [loctrpoum mureprnossunonubiii Muorowien Heiorona (48)

k
S

=0

(t+1)...t+1-1)

2!

IHoxcraBiss

f@y(@)) = Lim + rhm(2)

B (129), mory1aem

k
y(@™) = y(en) = h Y- 7€) ' fm +p, (133)
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rie

1
vi(€) = 7

3
/t(t—|—1)...(t—|—i—1)dt, p = O(h*2).

Ot6paceiBas B (133) ocTaTOYHBIN WieH p, TOXYYaeM KOHETHO-Pa3HOCTHYIO (POPMYIY IS BHITHCIEHNS

HCKOMOT'O pelteHns y(z™):
k

y(@) = Yy + 0 7i(E) V' e (134)

=0

[IpuBegeM BHIpayKeHUs MIsi HECKOJTBKIX KOdpuuneHToB v;(&):

70(5) 257
nO=5¢,
263 4 3¢2
72(8) = # (135)
_ 54 _I_ 453 _I_ 452
v3(&) = o1
665 44561 4 11063 + 90¢?
v4(&) = =0 :

11. IIpakTHYeckue cHOCOOLI ONEHKH MOTrPEelIHOCTH NpUO/IHKEeHHOro pereHusa. 13
Beipakenns (14) mis weBsizkn (9) pasHOCTHON (OPMYJIB! (2) s cTeleHn Ha pelneHnH Tud(epeHn-
aabHOrO ypaBHenus (1.1) BbiTekaeT caenyfolas aCHMITOTHYECKAs OleHKa JOKAIBHON MO PEIIHOCTH
MeTOoIa;:

() — Uy, = CRH W) (2,) + O (). (136)

3mech u(x,,) — TOUHOE pemienne nudQepernuaIbLHOTO ypaBHenns (1.1), y1oBreTBoOpsiolIee yCIOBHIO
wW(Tm—k) = Ym—k, C' — U3BecTHAS NOCTOSHHAA, U, — TOIHOE PEIlleHNe PA3HOCTHOI'O YPaBHEHMS

k—1 k-1
gt + Y Gu(Tm—pgi) = DB S (T ) + 0 Y Bif (Tm— ks (T m—pgei))- (137)

33;1\/16'1‘1/11\/[7 qYTO ecjn
Up— i — W(Tp—pps) = O(R°T),

TO pelieHue u,, ypaBHeHUs

k-1 k-1
At + Y it = DO, f (T ) + 0 Y Bif (Cm—kyis Um—krs) (137")

nMeeT OLleHKY TOI'O XKe NMOpsAdKa, 9TO U pelleHnue Uy, :
W) = T = CRH U (2,) £ O (1),

Ecan
Up—kgi = (T ki) = O(R°F?), (138)

TO peltentue u,, ypasuenns (137') mvmeeT Takyto ke omnenky (136), 9To u pemenue 1u,,:

w(ty) =ty = CEF Ul (2,) + O(R*F2). (136")
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Pacemorpum cnoco6 oneHKn JOKAJIBHOI TOTPEITHOCTH MeTOa NPOrHO3a U KOPPEKIHH B Ipe/-
TIOJIOYKEHNH, 9TO CTENeHH PeICKa3bIBAIOIIeN W NCIpaBIfomen popMya Buga (2) paBabl s. JlokaabHbIe
NOTPENIHOCTH STHX (POPMYJT MOKHO IPEJICTaBUTH coriacHo (136) B Bute

w(ay,) — ull) = pP) = ¢RIty s+ (2 4 O(h3F2), (139)
u(ey) — ulS) = pl& = COpstly s+ (3 ) 4 O(hF2). (140)

v
HOFpeIHHOCTb HpI/I6JII/I)KeHHOFO pemreHns ugn), IOJAYYeHHOI'O B pe3yJJbTaTe YTOYHeHHUd NIpefCcKa3aHHOI O

(0) (P)

SHAYEHUS Uy, = Uy, , IMEET TOT JKe NIaBHBIN wieH, 9To n B (140). [losTomy

(v) — C(O)h5+1u(s+1)($m) + O(h5+2). (140/)

m

w(Tm) — ul) = p

m

Peurast cucremy nByx ypasaenui (139), (140") orHoCHTENBbHO hs"'lu(s"'l)(xm), oIy aeM

hs-l—l (s+1) _ ugfl:) _ugf?) 0] hs-l—?
u (Tm) = P _ (0 + O ).

OTCIO,[[& ClIelyloT alloCTepuopHble aCHUMIITOTHYeCKHEe OLOeHKH a5 JOKaJbHbIX HOFpeHlHOCTefI Ipemn-

(v)

0
CKa3aHHOI'O 3HaYeHHUS Uyp,” W HUCIIPaBJICHHOI'O 3HAYCHUS Up

i) = o — O (') — ulD) + O (hF?), (141)

P’ = G — 0O (uly) = ul)) + O(h**?). (142)

Ouenka (142) MoxkeT 6BITH WCIONB30OBAHA IS YTOYHEHHS MOJNYIEeHHOT'O NPUOINKEHHOTO peIleHs

(v)

U

Wiy, :u%’)—l—

(143)

IPH BTOM JOKAJbHAA TOTPEIIHOCTh Uy, cocTasaser O(h*+?).

N3 (136) caegyer, uro omenku (141), (142) ocratorcs B cuie, ecam IiIf BEITHCICHISA 09 u
ugrl:) HCIOJIb30BATH He TOYHBIE BHAYEHUS DemIeHus U(Tp,—kti), ¢ = 0,1, ...,k — 1, a npubanxenubie
3HAYeHNs, ynoBIeTBopsioine ycaosnio (138). [IpakTndeckoe 3HadeHne >TOr0 3aMedaHus COCTOUT B
TOM, ITO IPU WHTErpupOBaHnl Iu(pdepeHNualbHOT0 YpaBHeHNA ¢ TTOMOIIBIO PacCMaTPUBaeMOTO Me-
TOJa MPOTHO3A I KOPPEKINN NCrnoib3oBanne onenok (141), (142) 0o60cHOBaHHO TOIBKO TOTa, KOT1a
IPOM3BOUTCS YTOUHEHNe HalIeHHOTO pelleHus 1m0 gopmyre (143).

Ecau paznocrHas gopmyaa HCHOAb3YETCS B PA3HOCTHOU (POpPMe, TO OlEHKa MOINPeIHOCTH MO-
JKeT OBITE TOJNYYeHa CAeIYIONHM CI0CO60M, KOTOPhHII MBI IPOWITIOCTPUPYEM Ha MpuMepe MeTOTOB
Anamca. Ecin npumensiercs siBHas Qpopmyaa Ajgamca (53), TO JOKaJIbHAS MOTPEITHOCTH MPHOINKEH-

HOI'O pellleHus un_|_1 PaBHa
W(Tng1) = Ung1 = hyepr VI L+ O(BFF?). (144)
OTCIO,[[a, IIoJqy4vaeTCs aCUMITOTHYeCKass OlleHKa
W(Tng1) = g1 2 hyepr VL, (145)

KOTOpas NpencTaBiseT coboll mepBhlil OTOPOIIEHHBIN dieH pazHOCTHON (opmyasl (53). B wacTHOCTH,
OIeHKa

_ e~ k+1 145’

w(zy) — ur = hypgr V Jo, ( )

BbITeKalollad N3 (145)7 MOxKeT ObIThH HCIOJb30BaHa [IJIsT OleHKHW TOYHOCTH IIPpH pa3loHe.

62



3ameTnM, ITO TaK Kak B (opmyrax Agamca (53) m (70) xKo>pPUUMEHTHI y; U y; UMEIOT MPO-
THBONOMOKHBIE 3HAKH: ¥; > 0, 7; < 0, 7> 1, To IpH NCHOAB30BAHUN METOJa MPOTHO3A I KOPPEeKINH,

(0)

OCHOBAHHOTO Ha ABHOI I HeaABHON (popmyrax Anamca (53), (70), mpeickaszannoe y,/; I HCIpaBIeHHOE

(v)

Ypi1 BHAYEHHA NPH JOCTATOYHO MalOM /i JaloT JBYCTOPOHHHE NPHONUKEHHA K TOYHOMY PeIleHI0
zagaqn. [TosTomy

max{ [u(zns1) = ], (@) — ul 1} < uldy - ully). (146)

Kpowme (146) moryT 6bIThb HcmoabzoBanbl omenkn (141) u (142), xoTopble B JTalHOM Clydae
IPUHIMAIOT BILJ

Pl = —E ) — ) + o), (147)

VE4+1 = V41

y v y

Py = — e — () = ) + o), (148)

Ve+1 = V41

nin ¢ yaerom (73)

P =T (it = i) + O), (147)
Pl = T (it = ) + O, (148

12. ABToMaTHYecKHH BLIGOp IIara HHTerpupoBaHusd. Kax 1 J14 oIHOMIAT OBLIX MEeTOIOB,
BOTIPOC O BLIOOPE BeANYHHBI [Iara WHTErPUPOBAHUSA [ MHOI'OIIArOBBIX METOJIOB HMeeT CYIIeCTBeH-
HOe 3HavyeHue, Tak KaK OT Hero 3aBHCUT He TOJbKO TOYHOCTL BBIYHCICHUS pelleHus, HO U OOUInH
00'beM BBIYUCANTENBLHON PabOThI, & 3HAYNT, U MAIINHHOE BpeMs, HeOOXO[UMOoe I pellleHus 3ajadn.
Nmest oneHKy I JOKAJALHOW MOIPEIIHOCTH, MOXKHO OPraHi30BaTh IAs MHOIOMIATOBBIX METOIOB aB-
TOMATHIECKIH BBHIGOP IIara HHTErPUPOBAHIs, PYKOBOACTBYACH TeMU Ke COOOPaKeHUIMH, 9TO U JIJIsA
OJHOIIATOBLIX MeTO10B. OIHAKO HCHOIb30BaHNe KOHEYHO-PA3HOCTHBIX CXeM BHOCHT CBOIO OCOGEH-
HOCTH B DTOT NPOIecc, 06CY K IeHNeM KOTOPOH MbI cefidac i 3aliMeMc.

12.1. Ydsoenue u deaenue waea nonotam. IlycTh MHTErpUPOBaHe BeJeTCs ¢ UCTOAbB30BaHIEM
KOHEYHO-PA3HOCTHON popMysl (2). [JomycTnM, 9T0 moce ONEHKH NOTPENIHOCTH MPUHATO peIlleHie
00 W3MeHeHUH BeIMYMHBI IIara HHTerpupoBanus. PaccMoTpuM cHavata caydan yaBoenns mmara. [Jias
TOTO 9TOOHI MPOJOKATH CIeT MO TOH ke (popmyJse (2), HO ¢ yIBOGHHBIM MIATOM, HEOOXOTHMO IO-
MHUTDH 3HAYEHWs pelleHns U IpaBoil dacTn B [k/2] IOMOJIHUTETBHBIX TOYKAX (3aMETHM, 9TO eC/n
ncnoab3yercs gopMyra Amxavca (40) uin (41), TO 3aMOMHHAIOTCS TONBKO 3HAYEHHUS PABOH 9acTH).

PaccMoTpuM ciaydail genenns miara nomnoaaM. /s Toro 9To6bl NPOJOIKATE CIeT MO TOH ¥Ke
dopmyae (2), HO ¢ TOJOBHHHBIM MIATOM, HEOOGXOMNMO 3aHOBO BBHIYHCINTH 3HAYEHNS PEIIeHNs W Tpa-
BOU dacTu B [k/2] TOMONHUTENBHBIX TOYKAX. DTH MOMOJIHUTEIbHBIE TOUKH PACIONIOKEHBI TTIOCepenHe
MeK Iy y3aaMu ceTku. JJomosHuTe bHbe 3HaYeHNA MOIYT OBITh BEIYHCICHBI ¢ MOMOIIBIO HHTEPIOIAI M-
OHHBIX WM KOHEYHO-PA3HOCTHBIX (pOpMyJT. TOOB TOYHOCTH BHOBL BHIYHCISEMbIX 3HAYCHII pellieHns
COOTBETCTBOBAJNA CTENeHH PA3HOCTHON (POPMYJBI (2) YHCIEHHOTO WHTEr PHPOBAHINS, MOKHO TPHBIE-
KaTh JJIA UX BBIYACJICHUS KPOMe BHAaYeHUH pelleHns B Y3JOBBIX TOYKaxX 3HAYEHUS MpaBBIX dacTed.
DTO MOKeT OBITh CJIeTAHO ¢ MOMOIIbI0 HHTEePHOIAIHOHHOTO NOJHHOMa DpMuTa. [IpomitocTpupyem
5Ty ujefo Ha mpumepe mMeroga Mmrra (110), (109) geTBepTOro mOps KA TOTHOCTH.

[lycTh nHTErpupoOBatie BLIOAHEHO 10 TOYKH & = X,. EC/Iu IPUHATO pellleHne o JeJeHnn [ara
NOTIOIAM, TO ISt TOTO YTOOH IPOJOIKATH cdeT mo gopMyram (110), (109) ¢ HOIOBHHHBIM [IATOM, He-

h

O6XO,Z[I/IMO NMEeThb 3Ha9eHHIsA pellleHrud B IIPOMeXKYTOTHBEIX TOYKaX T, 1L =Ty — 5 nr, s ==Tp-1— 5
2 2

DTH 3HAYEeHHS MODYT OBITH HAUIEHBI ¢ MOMOIIbIO HHTEPHOJANHOHHOTO MHOIOYIeHA JPMUTA MATOU
CTENeHN, TOCTPOEHHOT'O TI0 3HAYEHUSIM PEIIeHUS Yy, Yp—1, Yn—2 U TPOU3BOTHON f (0, Yn), f(Tn—1,Yn-1),
f(zn—2,yn—2). llocrponTs MHOTOUIEH DpMITA MOKHO, 3AIICAB €0 B BH/IE

Hs(z) = Lo(2) + wo(2)Ho(2), (149)
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rae Lo(z) — unrepnoasunonusiii Muorodien Jlarpamka

Ly(z) = Zyn_i(bi(x), wo(z) = H(ac — Tp—i).

Muorounen H2($) BTOpOfI CTelleHn oIpeneluM H3 YCIOBHA COBIOAJ€HHsI NPOHU3BOIHLIX MHOI'OYJIeHa

Dpunra Hs(z) u petenns mudppepeHualbHOr0 YPABHEHUS B Y3IaX &p_2, Lpo1, Ly CETKH:
Hé(xn—Q) :fn—27 Hé(xn—l) :fn—h Hé(xn) :fn

Yeaosus (150) gator

3 Yn—2 Qyn—l Yn
Ha (e ):f”‘2+2 h ho ' 2h
2\tn—-2 2h2 3
fn—l ‘|‘ Yn—2 - y_n
2h 2h
HQ(xn—l) = 12 ;
f _ Yn—2 2%—1 _ §y_n
" 2h h 2 h
H2($n) = 2h2 .

CaeloBaTelbHO,
2

Hy(z) = Z Hy(z,—;) ®i(x).

=0
[ogcrasass (151) B (149), morydaem cienyioliee BeIpazkKeHne IS MHOTOYJIEHA DPMUTA:

2

Hs(z) = Z: Ynmi () + w2 () Y | Ha(wn—i) Bi(2).

=0

[lonaras B (152) 2 = « _1 M=, 5, UMEeM HHTEPHONALHOHHLLe popMyJIbl

n

1
Yn-L = H5(90n_%) = 153 45y + T2yn—1 + 11yp—2 + h(=9f, + 36 fn—1 + 3fu2)),

1
Yn—t = H5(90n_%) =~ 128 (11yy, + 72yn—1 + 45Yyn—2 — h(3f, + 36 fu—1 — 9 fr—2)),

KoTopble uMeloT octatounbiii wien O(h%). Takum o6pazoM, BHOBb BBIYUCICHHBIE 3HAYEHUS
Y,_2 He H3MEHHIOT I'IaBHOI'O WleHa JOKaJbHON norpemrocTi dopmyn (109), (110).
2

Pacnonaras y3JaaMn

* _ * _ * _ *
Lp—3 = xn_*;iv LTp—g = Tn-1y, Tp_1 = $n_%, Ly = Tn
1 3HaYeHusIMHU pellledus B HUX
* _ * _ * _ *
Yp—3 = yn_%7 Yp—o = Yn—-1, Yp_1 = yn_%7 Yn = Yn,

(150)

(151)

(152)

(153)

Ypot B

h
MOYKeM MPOJOIKITH HHTerpupoBanne mo gopmyram (109), (110) ¢ marom h* = 5 I HaXOXK TeHNS

* ok xS
pelenus B yaaax ., = vy + th*, 1 > 0.
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12.2. Hepexod k npouzeoavrnomy waey. llepexon K MpoOU3BOILHOMY LIATY MOXKET GBITH OCYILe-
CTBIEH TeM JKe CIIOCOG0M, UTO I K MOJOBHHHOMY IIAary, a HMEHHO € IMOMOIIBI HHTEepIOIAINOHHODO
noanroma Jpmuta (152). [lycrs

h* = ¢h (154)
— HOBad [JMHa Ial'a HHTerpupoBaHWA. O6OBH&‘H/IM HOBLEIE Y3JIBI

=y —th", ©1=0,1,2,3. (155)

—1
Pemtenne B 5TuxX ysJjax HalleM 10 HHTePHOJANHOHHON (GopMyde DPMUTa
b _ b .
yr_; = Hs(a;_;), ©1=0,1,2,3.

Teneps MoxKeM MpPOJTOKITH NHTETr pupoBanue mo gpopmyaam (109), (110) ¢ marom A* 11s HaX0XK TeHNA
pellenns B yaaax ), = ¥, + th*, 1 > 0.

Taknm o6GpasoMm, pn mepexoje K HOBOMY IIary mHTerpupoBauus (154) mcmonbsyercs Ta ke
KOHEeTHO-pa3HOCTHAA CXeMa, HO ¢ IPYTUM (PPOHTOM.

Teneph mpeAmONOXKEM, ITO HHTET PHPOBaHTE BeAeTCA ¢ MTOMOILIO MHOTOIIIAT OBOT'O MeTOIa, 3a-
MHCAHHOT'O B pazHOCTHOU (popme. [IpommiocTpupyem nepexon K HOBOMY IIal'y Ha NpUMepe MeTOToB
Apamca (53), (70). Haumem ¢ mpomsBoabHOro mamenenus mara (154), a yaBoenue u JeleHue Iiara
HoToJaM MOJYYUM KaK YacTHBIH CAydai.

JomycTnm, 9T0 ¢ mOMOMNIBI GopMyasl (53) HHTEr pHPOBaHIEe BBHIIOJHEHO C TOCTOSHHBIM AT OM
h 1o Touku * = z,. Ecau u ganbliie WHTErpUpOBaHHe NPOMOIKATE C TeM Ke IIaroM, TO 3HaYeHue
peIleHnst B CIEAYIONIEM Y3ie Ty11 = &, + A BEYHCASIOCH GBI 0 TOU Ke dpopmyae (53):

k
Ynt1 = Yn + hZ Yi VZ fn
=0
,ﬂ;OHyCTI/IM7 9TO Ha OCHOB€ Ol€HKHN IMOI'pellIHOCTH MOJYYIeHHOI'O HpI/I6JII/I)KeHI/IH IIPUHATO pelleHne
00 M3MeHeHU! IIara HnHTerpupoBaHNA. HyCTb HOBBII?I Ial® THTerpupoBaHus olipegejaseTrcs ¢ IIOMO-
uibio (154). Ecan 6b1 unTerpnpoBatue mudpepeHnnalbHOro ypaBHeHHs ¢ CaMOro Hadaja Beloch ¢
NOCTOAHHBIM HIalrOM h*7 TO pa3HOCTHasid (l)OpMyJIa AJs BBIYHUC/HeHUsS pelleHnst nMeJaa OLI BRI

k
DREER T YR VAl i (156)

=0

e KOHeYHbIe Pa3HOCTH V/'f cOCTABIEHE! 110 3HAYEHHAM Jooi = f(xz_j,y;_j) Gyakunu f(z,y) Ha

HOBOI ceTke yaqaoB &, — jh*, 7 = 0,1, ...k, c marom h*.

Mo2KHO cKazaTh, 9TO Hepexojl K HOBOMY IIAry B TOYKE T, O3HAYAET [epPexo OT HHTer pUPOBaHUs
o popmy.ie (53) K HHTerpupoBanHmio mo (popmy.e (156). ITo B cBOIO 0Uepeb MO Ipa3yMeBaeT Hepexon
OT KOHETHBIX pasHoCcTel V7' f,, COCTABIEHHBIX IO Y3IaM Tp—j,j=0,1,...,k K KOHeYHBIM Pa3HOCTAM
/' f, COCTaBICHHBIM TIO IPYTHM y3/]aM zy_;. Takou mepexoj MOXKeT OBITH BBIIONHEH HECKOJIbKIMHA
crocobaMn.

Hampuwmep, ¢ moMomuipio nHTEPHOIAIHOHRHOTO MEOTOwIeHa HpioToHa (48)

Lin(2) = Li(@, +th) = zk: V'S D, 'Z'.,(t te-l) (157)
=0 :
MOYKHO BLIYUCIAUTH 3HATCHUS
foi = Fen =07 y(en — 7)) = fon — jEh, y(zn — jER)).
C Toanocthio O (A1) monaras t = —j¢:
froi=Lia(an — jEh), j=1,2,... k. (158)
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[lo HafiTeHHBIM 3HATEHHAM MOMKHO COCTaBHTL KOHEYHBIE pasHocTH V'fX, i = 1,...,k n mpomon-
JKITh HHTerpupoBaHue nuddepeHnnaIbHoro ypasenus no gopumyae (156). [lorpemrocts (52) gop-
Myabt (156) m omm6ka, BHOCHMAasA B Hee 3a CIeT HeTOTHOCTH BBHIYHCICHNS /' f, MMEIOT OInHaKOBLI
nopanok O(h*2). Mas Toro 9To6H 5Ta omubKa He M3MeHsIa TIaBHOTO dieHa TorpemHocTn (52),
HEOGXO MO NOBBICHTH TOYHOCTH BEIYHCIEHUS KOHEYHBIX pazHocTedl V7' fX. DTOro MOMKHO IOCTHYE
TpeMs MyTAMA.

Bo-TepBBIX, MOKHO HCTOAL30BAT NONYIeHHbIe PA3HOCTH \/° £ 11a HaXoz TeHns mo dopuye (156)
3HaYeHUs pelleHus Y ; B y3lax z,,. = &, +jh*, j =1,... k, ¢ norpemnocrsio O(h*F+?). 3aTem
O BBIYUCIEHHBIM 3HAYEHUAM NPABBIX dacTen fy, . = f(aczﬂ,y;_l_j) COCTaBUTL KOHEYHBIE PasHOCTH
AV [T ka;_l_k, a U3 Hux 1o popmytaM Tuma (116), npuMeHseMbIM B MpOIeIype pa3roHa, HAlTH
pazrocTu V7' f*. Tenepb NOIPelIHOCTb DTHX pa3HOCTell GyIeT HMeTh TOPHIOK O(hk"'z)7 a omubKa,
BHOCHMas uMu B popumyay (156), coorercTBenno — O(hF+3).

Bo-BTophix, B nHTepHnOAsunOEHOM MHOTOYIeHe HhoToHa (157) MOKHO HCMOIB30BATEH 3HATEHIE
napameTpa k Ha emuHuny Gosble ero 3uavenus B gopmyre Anamvca (53), 1. e. k+ 1. B aTom ciy-
qae MOIPeNIHOCTh BHYNCISeMBIX 1Mo (opmyae (158) mpaBeix dacren Jn—; MMeeT mops oK O(hk"'z)
I He M3MeHseT IVIABHOIO d/eHa HorpemHocTn (GopMyas (156). Ecan ke qomoaHnTe sHON KOHETHOM
PasHOCTH HET, TO OHAa MOXKeT ObITh BEIYHCIeHA MO Qopmyaam (147), (148).

B-Tperbux, MoxKHO onpeeanTs pemrenue nudpepennnalbHOro ypaBHeHIA ¥y B y3Jax T, _; 10
dopumyie (134) ¢ morpemrocthio O(hF2), BLIMACANTE 3Ha4eHA TPABLIX dacTeil Lo =fn )
n cocTaBuTh pasHocTu V' f7, i =1,2, ..., k. Temepb MOrpelIHOCTL THX PA3HOCTEH HMeeT MOPSIOK
O(hF+2).

CoxpaHeHle NIaBHOTO W/IeHA MOTPENIHOCTH pasHOCTHON (opmyasr (156) mocie mepexoma K HO-
BOMY IIary WMeeT MpakTHdeckoe 3HadeHne, TaK Kak TeM CaMbiM OGOCHOBBIBAE€TCSA HCTOAB3OBAHUE
pPacCMOTPEHHBIX paHee aCUMITOTHIECKAX OMEHOK JOKATHHON MOTPEITHOCTH MEeTO,Ia.

PaccMoTpuM Tenmephb Apyroil moIxo1, KOTOPHI T03BOdeT NepeliiTn oT pasHocTed /*f,, cooT-
BETCTBYIOIINX Ay i, HEOCPeICTBERHO K PAa3HOCTAM V/° £, COOTBeTCTBYIOMIM HOBOMY mmary (154),
MHHYS DTall BRIYHCICHHSA TPaBbiX dacTei f;_;, i =1,2,... k. Haiitem koopduuuen T B pasioKennn

V=Vt fat ez’ ot a v Lo+ OB, (159)

ﬂﬂﬁ 9TOI'O Pa3JJIOZKIM IO CTelleHdIM h Bce Pa3HOCTH B JeBOHI 1 HpaBOfI qacTAX 3TO'O paBeHCTBa:

r r k o
r Qv i i —ih)J )
1= i= =
YT N
= % Z(—l)ZC;(_i)J L O =
=0 J: =0
Eopip@) &

=) —=— > (-D)'CU=) +O(h*), r=1,2,... k.

j=r : =1

kopifl) - o ,
o S (1) Ci=iy + O =

r=1 j=r : =1

=3 =5 2 @ D (FLCH=) + O,



[TpupaBuseMm KO>MPUIHEHTHI TTPH OMUHAKOBEIX CTeneHsx h:

g = aq,
— 2= _a; + 2« ,
13 1 2 (160)
&= oy —6az+ 6as,
- 54 = — + 140&2 - 360&3 + 240&4
u T. 1. Pelasg noayvyenuywo cucremy ypaBHeHUU (160)7 nocJefoBaTeIbHO HAXO UM
o= &
= — E(€ - 1);
2
oy — (& —1)(§— 2);
6
O EE-D(E=2)(E-3)
g = — Yo
24
AHaJIOFI/I‘{HO HaXogsaTcsa KOB(I)(I)I/IHI/IQHTBI B paBJIO)KeHI/IHX
V=02V fu+ B fu At B O fu + O(RY), (161)
V=V St e U fo 4 O(RFT, (162)
V=0t fat o O OB (163)
(159)

i T. 4. Ecan orpanndnThes 4ieHaMH 10 4eTBePTOro HOpfAlKa BKIOUHTEeIbHO (T. e. k = 4), To (159
u (161)—(163) MOXKHO IpeICTABUTL B BILIe:

§€-1)
2

§E-1D(E-2)
6

Vf;{ vafn— szn-l- v?)fn_
CEE-DE=2)(E-3)
24

v o+ O(R%),

11
TEE -6 164
12( ) V' a4 O(F°), o

V2f§=52 V2 Jn— 52(5_ 1) VS Jn+

383 1)

5 7! fo + +O(R),

V=8 fn -

V=t L+ ORP).

Tax kax B opumyry Amamca (156) 5ToT PpPOHT BXOINT ¢ MHOXKHTEJIEM i, TO B JOKAIBHYIO
MO PENTHOCTL dTOol (hopMy s o BHeceT ommoky O(hF+2). Ilpm yaBoennn mara WHTErpHpPOBAHNA
dopmyabt (164) TpuHEMAOT BT

v =i =29 £ - 9,
V= =49 fo AV S+ Y
V= =80 £ - 129 £,

Vi =7t =16 v f,

+ O(R®), (165)
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a [Ipu nejJeHnn mala IIOMOJaM —

o _ g 1 1, 1 3 54
VI =Vn —2vfn+8vfn+16v fn+128vfn

Ly 1 1 5
v2f$=v2f752)zivzfn+§v3fn+6—4v4fn
- ; + O(h°). (166)
3px_ 3ezh) _ 1 3 D4

\VAS ERVAS ) =3V fn+32v fn

4 px 4 (%h) 1 4
V=V =5V Jn
13. KoHedHOo-pa3HOCTHBIE MeTOABI pellleHuA AudpepeHnnaabHbIX ypaBHeHnﬁ BTO-
poro mopagka. PaccMoTpuM pasHOCTHBIE MeTOIBI pellleHns 3aa9n Komm mas tuddepernnaibHBIX
ypaBHEHHI BTOPOT'O MOPSI KA

y' = fz,y,y) (167)

C Ha9aJbHBIMU YyCJHOBUSMHI

T =
{y/( o " (168)
y'(zo) = yp-

Cy1iecTByOT 1Ba Moax01a K perrennio 3agaqn (167), (168). [lepBriit 3akiaoqaeTcst B TOM, 9TOOH
CBECTH YpaBHEHHe BTOPOI'o MOpATKa K CHCTEeMe ypaBHEHUU MepBOT'O NMOpSAIKa U HOJYyUYeHHYIO 3a1adqy
peliaTh KakKuM-HUOY b U3 PaCCMOTPEHHBIX BhIllle MeTOMOB. BTOPOU MOAX0M COCTOUT B NpUMEHEHU !
TAKNX YHCIEHHBIX METOJOB, KOTOPHIE CIeNHaIbHO MPHCTOCOOIeHBl I pellleHus ypaBHeHus (167) un
obaamarT Goaee BRICOKOU a(pdekTuBHOCTHIO. Ha ToM BTOpOM mojixoje MBE OCTaHOBHMCS Gojee mo-
JTPOGHO M PACCMOTPUM KOHETHO-PA3HOCTHBIE MeTOIbI pemenns 3aga4qu (167), (168). [luas nocTpoenus
(opMya YHCIEHHOIO UHTEMPHPOBAHUS ypaBHEHUH BTOPOT'O MOPSIKa MOCTYIUM TakK ¥Ke, KaK W [Ipu
BBIBOJIe KOHEYHO-PA3HOCTHBIX CXeM JIIs UHTEerPHPOBaHUS yPaBHEHUH MepBOIO MOPH KA.

13.1. Ixcmpanoasyuonuvie Popmyavt. lpennosokum, 470 HaM H3BECTHHI 3HAYEHUS DPeIlIeHUs
y(x;) m ero npousBoguoit y'(x;) B ysanax ;i =n—k,n—k+1,...,n—1,n. lloctpoum uHTePIOISIN-
OHHBINL MHOTOWICH Ly ,(2), IpuHIMaIOmWui B 5THX y3ixax suadenus f(z;,y(z;),y'(z;)). 3anuimem ero
B BH/Ie MHTEPHOIANNOHHOTO MHOTowIeHa HpoTona (48). [logcrasiss

f@,y(2),y' (@) = Lip () + rep() (169)
B HWHTer'pajJbHOE COOTHOIIEHNE
v -y (e = [y€ de= [ 1€1€),v"(©) de, (170)
nMeem
¢ ¢
(@) = o (20) = 1 (@0 + Ch) — o () = h/Lm(a@n +th)dt + h/r;m(xn Fihydt,  (171)
0 0
rie x = x, + Ch.
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Nurerpupys (171) mo oTpesky [@,, Tp41], HOIydaeMm

Tnt1 x

Yens) = () =y (wn)h= [ da [ 49 dg =

1 3
:h2/ df/Lkm(acn—l—th) dt + p1 = (172)
0 0

k
=12 Wi fu o+,

=0
rue fn = f(xnv y(xn)v y/(xn))v
¢

/dC HE+1) .. (t+i—1)dt, (173)

1
Hi = =
1.

1 ¢
p1:h2/ dC/rkm(xn—l—th) dt =
0 0

w=¢(t) di = (174)

k+3 ¢
- (kh++1)' [ [t 0 (), (@)

= W3 e fD (n, y (), o' (0)) = BAF2 gy $F9) () =

= W20y F ) (@) + O (P,

Ot6paceiBas B (172) ocTaTOYHBIN 4/eH, MOIydaeM SBHYIO KOHETHO-DA3HOCTHYIO CXEMY

k

=0

Beanuuna h™2p; HazbiBaeTcs nozpewnocmbio annpokcumayuy tuddepeniuaibioro ypasienus (167)
pasHocTHBIM ypaBHenueM (175). Takum o6pasom, pasHocTHOe ypaBHeHne (175) anmpokcnMupyeT Tud-
depenmmanboe ypasuenue (167) ¢ norpemmocthio O (A1), wim ¢ nopsagkoum k + 1.
[TpuBemem HECKOJIBKO BHAYEHUN fi;:
1 1 1 19 3
H0:§7 M1:67 M2:§7 “3:ﬁ’ M4:3—2-

Ecan B (171) nomoxuTh & = Zy,41, TO

k
V(@) = (@) +h Y %V futp, (176)
=0
rje v; — Kod(POUIHeHTH SKCTPANOIAINOHHON POPMYTH A 1aMca, ompeenseMbre ¢ moMousio (51),
P = Wy (@) + O(WH2), (177)

Or6packiBas ocraTo4Hbil wieH B (176), noaydaeM pasHOCTHOe ypaBHEeHHE [ ONpejeleHis Mpou3-
BOJTHOIL ¥, 4 1 :

k
g1 = Yn+ 0D 7V S (178)

=0
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PagenctBo (178) — skerpanonsunornas (popmyaa Ajgamca 11 TPON3BOIHOM.

NnrerpupoBanne guddeperinnaibioro ypaaenns (167) ¢ HagaspbHbMu yeaoBusmu (168) wmo-
JKeT OBITH BHITOJHEHO € MOMOIIBIO Pa3HOCTHHIX ypaBHeHun (175), (178), ecin n3BecTHBI KOHETHbIE
pasHOCTH Y/ f,, pellenme i, 1 IpON3BOIHAA Yy, B TOYKe T,. Mul npemmoiaraemM, 4To 5TH BeJUYHHBI

m3pecTHbl. Torjga ma (175) maxoguTcs pemrenue y,y1, a 0o dopmyae (178) — mpomssognas y, ., B
clefyioleM y3ie T,yq. Ilocie sroro onpegenserca foi1 = f(Znt1, Ynt1, Ypp1) 1 00 opMyTaM co-
CTaBleHNs KOHEYHBIX pasHocTel HaxomaTces V' fny1,0 = 1,2,...,k. ¥Ysex 2,4, OpuHEMaeTCs 3a

TeKYUIUU, i Bce BbIYHCAeHUs moBTopsiorTcs. Takum o6pazom MoryT ObITh HalieHB BO BCeX yajax
CeTKH TMPOU3BOAHAL Y, U pellenue i, AudQepeHnnaibioro ypaBHeHus.
JlomycTtuM, 9TO TpaBad dacTh Au(@epeHNNATbHOTO YpaBHEHUS He COMEePXKHUT TPOM3BOAHYIO,

"

y' = flz,y). (179)
B 5ToM dacTo BCTpedalolleMcs B NPUAOKEHUAX CAydae NPH BHIYUCICHUH Y,11 MOKHO HCKIIOYUTH
BCe MPOMeKYTOYHbIe NPON3BOJHLIC, eCIH TOILKO 3HaYeHns NPOM3BOJHON He TpebyIoTcA B KadecTBe
OHOT'O U3 Pe3y.abTaTOB pelleHud 3agadn. /14 5Toro mocTynuM caeayomnM obpaszouM. [IponnTerpn-
pyem (171) o OTPE3KY [Ty—1, Ty

y(@n) = y(@n) = y'(en)h = 7 dw/xy”(f)d

i (180)
/dC/Lkn $n+th)dt‘|‘,02 —hQZyZ v fn‘|’p27
21 =0
rie
. 0 ¢
1/2»:E/d(’/t(t—l—l)...(t—l—i—l)dt, (181)
-1 0
0 ¢
pg_hz/dC/rkn(wn—l—th)d
-1 0
pit3 ’ ; (k+1) /
=g ] S DRy )y )] = (152)
S100
:hk+3Vk+1f(k+1)( y(n),y'(m) _hk+31/k+1y(k+3)(77) =
— hk+31/k_|_1y(k+3)($n) T O(hk+4).
Beranras (180) u3 (172), maxonnm
k .
Y(@np1) = 20(an) + y(@ar) =02 @i V' fo+p, (183)
=0
rie
1 1 ¢ 0 ¢
an:,ui—yizfl(/dg‘/t(t—kl)...(t—ki—1)dt—/d(j/t(t—l—l)...(t—l—i—l)dt) _
"Moo S0
(184)

1 ¢
:lo/dg_/ct(t+1)...(t+i—1)dt.

7!
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OcraTounsiil wien B (183) paBen pasHOCTH OCTATOYHLIX wIeHOB p1 (174) u py (182):
p =02 (tigr = v )y () + O = BP0y ) () + O (). (185)

Ot6paceiBas B (183) ocTaTOYHBIN 4/leH, MOIydaeM PasHOCTHOE ypaBHEHIe

k
YUnd1 = 2 + Yno1 = B2 Y @ ' o, (186)

=0

anmpokcuMupyoliee guddepernnanbioe ypaBaenne (179) man (167) ¢ (k + 1)-m nopsgkou.

Urak, s pasHocTHOro ypaBHeHusi (186) MOTHOCTBIO MCKIOYEHBI BCe MPOM3BOAHBIE. Perenne
3a/a491 MOKeT GBITh HAll [eHO, €CIU U3BECTHBI ¥y, Yp—| 1 KOHEYHbBIE PA3HOCTH V' f, B HEKOTOPOM y3iIe
z,,. llpennosmaraem, 9T0 5TH BeANINHB HaM N3BeCcTHHL. O4eBIIHO, 9TO pa3HOCTHas cxema (186) Goaee
ynoGHa s WHTerpupoBaHus guddepernnaibioro ypapaerus (179), em cxema (175), Tak Kak B
5TOM clydae HeT HeoOXOIMMOCTH TPOBOINThH BHIYUCIEHHs TPOU3BOAHON ¥y, Mo dopmyae (178).

dopmyaa (186) HaswiBaeTcs axcmpanoasyuonnot gopmyaoi llImepmepa. Ona MokeT GHITH
npeacTaBieHa TakxKe B BHIe

k
Ynd1 = Yn + Vyn + 172D @i V' fo, (186")

=0

WiIn ¢ y9eTOoM YHCJAeHHBIX 3Ha9eHNn KOB(l)(l)I/IHI/IeHTOB

1 1 19 3
_ 2 22 L3 4 D 5 k _
yn+1—yn‘|’vyn+h(fn+12v fn‘|’12v fn-|-240V fn‘|’40v fot oo Fep v fn)
1
= Y+ Vo + 02 (fa + ( it Vo ha A Va4 V) = 55 (V429 f) o m v L)

13.2. Humepnoasyuonnvie gopmuyavt. Ecim mogsiaTerparsuyio pyukuuio f(z, y(x),y'(x)) B (170)
3aMeHNTh HHTEepHOIANNOHHLIM MHOrOWIeHOM HbloroHa Lj 41, IPHHEMAIOMNM B y3J1aX &; 3HAUeHHS
flzi,y(zi),y'(z))) npn i=n—k+1,...,n,n+ 1, 1 BEIIOIHATH NHTET PAPOBAHNE, TO MbI IPIIEM K
CleIyIoeMy COOTHOIICHNIO:

y'(x) =y (x,) =y (20 + Ch) — ¥ (2,) =

¢ (187)
h/Lan(anrth dt—|—h/rkn+1 e+ th) dt,
0

rae @ = &, + Ch. Unrerpupys (187) mo oTpesky [@,, T,41], HOIydaeMm

Y(@ns1) = yl(en) = wnh—de /
(188)

1
= /dC/Lkn—I—l (xy + th)dt + p3 = h2ZHzV fog1 + p3,
0

=0

rne fn—l—l - f(xn—l—lv y(xn—l—l)v y/($n+1))7

1

¢
o .
Z,:_'/dc/t—l Yt 1) .. (t+i—2)dt,
0

71



1 4
/dC/f‘kn-H (xy +th)dt =
0

1 ¢
hF+3 (k+1) ' d
k+1,/dg/t—1 (4 1)l k= DDy @)y @) e =
0
=W SO 0,y (), ' () = BP0y () =
hk+3,uk (k+3)($n) T O(hk+4).
Ecan B (187) n0om0XKuTh & = Zpp41, TO
k _ .
Y (@ni1) =y (@) +h Y7 V' fars +0, (189)
=0
riae v; — Ko>(PQUIHEHTH HHTePNOIAINOHHON (POPMY.IEL A 1aMca, ompefenseMble ¢ moMolrbo (71),

o = W2y ) (2,) + O(RF+),

Ot6paceiBas B (188) u (189) ocraToduHbIe U/I€HBI, TPUXOJUM K PA3HOCTHBIM YPABHEHUAM [ ONpee-
JeHUs PelleHus Y, U MPOU3BOIHON Y. :

k
Yntt = Yn + hyL B2 1 V' ft (190)
=0
n
k _ .
Yrs1 = Un + hZ%’ V' fot1- (191)

=0
PagenctBo (191) — HesBHas popmynsa Agamca 11 TPON3BOIHOIL.
[IpuBeeM HECKOALKO 3HAYCHUI [i;:

1 - 7

3 :u1:_§7 HQZ_ﬂv HSZ_ﬁ‘

Mo =

N | —

Ecan nponnTerpupoBats (187) 10 0TPesKy [&,,—1, Ty], TO

y(@n) — y(@n-1) —y'(2a)h= 7 dw/xy”(f) ¢ =

0
:hz/
21

. (192)

kn—l—l $n+th)dt‘|‘,04—h Zyzv fn-l—l ‘|‘,047

0 =0

\

rie

1.

0 4
132»:%/d(/(t—1)t(t—|—1)...(t—|—i—2)dt,
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¢

0
ps=h? / dC/rka(xn +th)dt =
1000

¢
hk+3
= — — 1) f+D) ! —
et R LS RGN N
= W50 FED (1, y (n), ' () = W0y 2 () =
— hk+3;k+1y(k+3)(xn) T O(hk+4).
Beranras (192) us (188), maxonnm
k _ .
y($n+1) - Qy(xn) + y(wn—l) =’ Z x4 VZ fn-l—l +p, (193)

=0

0 4
(t—l)t(t—|—1)...(t—|—i—2)dt—/d(j/(t—1)t(t—|—1)...(t—|—i—2)dt):

0

81
I
=
|
N
|
Ry E
TN
o .
I
N
O

1 ¢
1 .
:E/d(’/(t—1)t(t—|—1)...(t—|—z—2)dt.
0 ¢
(194)
Ocrarouneiil 4ier B (193) paBeH pasHOCTH OCTATOYHHEIX WIEHOB p3 H P4
p =13 (g — Vi) y S (@) + OB = B3y H9) (2,) + O (R, (195)
Or6packiBas B (193) ocTaTOYHBIN 4ieH, MOIyY9aeM Pa3HOCTHOE YpaBHeHUe
k _ .
Yn+1 — Qyn + Yp—1 = h2 Z £ VZ fn—|—17 (196)

=0

anmpokcuMupyoiee muddepennnanibibie ypapuenns (179) n (167) ¢ (k + 1)-m mopsigkom. Popmy.a
(196) maszwiBaeTCs unmepnoasyuonnot gopmyaot llmepmepa.
NnTepnonrsunonnas ¢popmyaa lllTepmepa MoxeT 6BITH npejcTaBleHa B BH e

k
Yntl = Yn + VUn + h? dez VZ fn+17 (196/)
=0

I € Y9eTOM YHCJAEHHBIX 3Ha4YeHUU KOX(PPUInEeHTOB

1 1 1 _
Yo+l = Yn + VUn + h? (fn-l—l — <V fug1 + D V2 g1 — 210 V4 frag1 — 210 V5 b1 — 22 Vk fn-l—l)'

dopmyaa (196) 6omee ynobHa 11 HHTerpupoBanns JndpepeHnnaibHoro ypaBaenns (179), dem
dopmyaa (190), Tak Kak B 9TOM ciIydae He TpeGyeTcs MPOBOANTE BHIUNCICHNS TPOU3BOTHON ¥/ .
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M3 Beipaxennii (184) u (194) mist koo pUIHEHTOB 2; U &®;, CAe[yeT, 4TO

1 ¢
E 1—|—an_ . '/dc/tt+1 (t+i—=2)dt+ = /dc/t—l (t+1)...(t+i—-2)dt =
0 —< 0 —<

1
i

O\H

¢
dg‘(/ztt+1 (t+1-2) dt+/t—1 (it +1). .(t+i—2)dt):
—¢ —¢

1 ¢
1
:—'/dC/t (t+i—=2)(t+i—1)dt = 2,
0 —<

*,_1+ 582 = x;. (197)
Cymmupys (197), noxyaem

k
PR (198)
=0

13.3. Budousmenenue opusi 3anucu pazwocmubiz ypaénenut. HemsBecTHoe 3nadenne GpyHKITH

Ynt+1 B (196") BXOZUT B JeBy[0 I MpaBylo YacTH Pa3HOCTHOrO ypaBHeHHs. [losromy s oThicKaHms
Yn+1 TPUMeHAETCA UTepalHOHHBIE mpolecc. [Ipexme dyeM mepexonnTh K ONUCAHWIO UTEPATHOHHOTO
npoiecca, TpuBeleM HHTepnoasnuonuyio ¢opmyay IllTepMepa K HeckonbKko WHOMY BUIY. /lasg >Toro
BOCTIONIB3yeMCsi (POPMYJIaMil COCTAaBIeHNHs KOHEYHBIX pasHocTel u cBoicTBamu (197), (198) xosddu-
MUeHTOB U peobpa3zyeM CyMMY

k .

Z éz VZ fn—l—l

=0
B (196’) aHAIOrNIHO TOMY, KaK 5TO OBIIO CTeIaHO TP TPeoGPa30OBAHNN HHTEPIOISINOHHON POPMYTHI
Apamca (70) k Bugy (105). B nrore nmeem

k k
Undl = Un + VU + 17D i V' [ = BPap > V' fr + WP g foga (199)

Bamernm, ¥To dopmyasl lTepmepa (186) n (196) obramaroT GoabiIell 9yBCTBHTEIBLHOCTHIO K
omubKaM OKPYTVIeHNUs 0 cpaBHeH0 ¢ popmyaamu A ramca. [IponiocTpupyeM 5To ¢ TOMOIIBIO HUZKe
IPUBOAUMBIX PallHOHAJbHBEIX pacCyzKAeHud mis npocteiiiein ¢popmyisl lTepmepa

Yntl = Yn + VYn + hzf(xnv yn)7 (200)

KoTopas crenyer u3 (186') mpu k = 0.

B pealbHBIX BLIMACICHHAX OIIMOKHN OKPYIJIEHNsA IPUBOAAT K TOMY, YTO BLIYUCISETCA He TOTHOe
pelenne ¥, pasHocTHOro ypasHenus (200), a HekoTopas ceTouHas PYHKIHSA ¥, YIOBICTBOPSAIONIAS
Pa3sHOCTHOMY ypPaBHEHUIO

Jot1 = Jn + VTn + W2 f (20, Gn) + 0 (201)
€ OTJINYHON OT Hy./f HeBA3KOMH &,. Ypasuenne (201) MOKHO 3anncaTh TakikKe B BIe

. . . . )

[Iycts 6, = 6 = const. Hapsany ¢ nudpdepenunnarbabiM ypaaernueM (179) pacemorpnm muddepeHnn-
aJbHOE YpaBHEHUE C BO3MYIIEHHOU MPABOU YaCThIO

u' = flz,u) + —. (203)



[Ipumennm (popmyay (200) k perrennio ypasuenus (203). [Ipeamonaras, 970 OKpyIieHne OTCYy TCTBYeT,
nMeeM

2

PasnocTHOe ypaBaenme (204) coBmajgaer ¢ pasHOCTHBIM ypaBHenmem (202). MoxHO ckazaTh,

1)

9TO B pe3yJabTaTe HHTerpupoBanus muddepernnalsHoro ypapaenns (179) mo npocreiieMy MeTOTy
HlTepmepa npu HaTu4nm OKpyTJIeHns (T.e. B pe3yJabTaTe OTHICKAHNUS pelnenns ypaBHenns (202)) BbI-
InCAAeTCS Ta Ke ceToTHasds PYHKINA, KOTOpasd MOAyInIach Obl, eclii TeM yKe MeTOJOM, HO 6e3 OKpYT-
JeHNH, HHTer pHPOBAJIOCh ypaBHeHne (203) ¢ BO3MYIIEHHON TPaBOH 9acThbio. PasHOCTH MKy perrenn-
AMEI HeBo3MylIeHHOTO (179) n BoamymienHoro (203) andpepeHUnaIbHEX YPpaBHEHNH NMeeT MOPS 10K
O(6/h?). Takoli e MOPALOK, BOOOGIIE FOBOPA, HMeeT W Pa3HOCTh MeZKAY PelleHusiMI COOTBeTCTBYIO-
UIUX Pa3HOCTHBIX ypaBHeHuil. OTcloma MbI feflaeM BBIBO[, YTO BHIYUCJAUTENbHAS MOTPEIIHOCTh MpH-
OJMKEHHODO pellleHns, noaydaemoro no metony lllTepMepa, MoxKeT uMeTh Takol Ke TMOPSAJIOK, KaK
§/h%. K TakoMmy ke 3aKIIOYeHMIO Mbl IPHXOINM C IOMOILIBIO TOYHBIX ONEHOK JJIs YacTHOTO CIydas,

KoDJa
of
dy

Pasnocts Mex 1y pelenneMm ¥, HeBo3MylleHHoro ypashenus (200) u pelenneMm g, BO3MYyLIeH-

Horo ypasuenns (201)

0, 0, =0 = const. (205)

T =Yn — Yn
VIOBIETBOPACT Pa3HOCTHOMY VPaBHEHIIO

af

-, — J,.
ay"

Th+1 = Tn + V7 + h2
Ecan Boinoanens yeaosus (205), To

T+l = T+ Vi — 5. (206)

Hannem o6uiee perernne (206). Obimee pelenne cOOTBETCTBYIONIETO OJHOPOIHOIO YPABHEHUSA €CTh

ceTOYHad uxuns 70 = C7 + Con. Herpyano ybeguTbes, 4To YacTHBIM perienneM (206) aBaseTcs
y T Py y ) p
dpyHKIUA
o
1 2
M = _5 n-.

CaenoBatenbho, obmuiee pererne (206) maetcst popmy.ton

o
nn:772+77711201+02n_§n27

OTKYa MJsi (PUKCHPOBAHHOIO 3HAYEHUS HE3ABUCHUMOW MepeMeHHOU X, = Zg + nh = 2™ uMeem

B o o —x9 & (¥ — mp)? (5)
M = Yn Yn = Cl + 02 h 2 52 @) ne )

Taknm o6pazoM, BHIYUCAUTENbHAA TOTPEITHOCTE NPUOIMKEHHOTO pPelleHusa, NOJYIeHHOTO MeTOIOM
I repmepa, MOXKeT OKazaThCd HEJTOMYCTUMO GOabINON, ecaun b Mano. B cBsazu ¢ atum popmyisr [lTep-
Mepa ynoTpebasioTcs B Ipyroi gopue.

BroguTca momosnuTenbHas ceTodHad PYHKIOUS 2, TaKasd, 9TO

Yn+1 — Yn = hzny1.
Torga sasras dpopmyaa llltepmepa (186) npuanMaer Bu
k .
Zntl = Zn + hZ = VZ fn7 (207)
=0
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a mHTeproasinnonHas gpopmyaa (199) —

k k
Zp41l = Zp + hZB&Z VZ fn - haek Z vlfn + haekfn-l—l (208)
1, cjleioBaTeJbHO,
Y+l = Yn + hzpa1. (209)

13.4. Peasuzayus nessublr paznwocmubie gopmy.a. Paccmorpum cHadadia ciaydail, KOrjia HHTer pi-
pyercs mudpepennnanibioe ypasuenue (179). B popuyre (208) HemsBecTHas BeJWYHHA 2,41 BXOJUT
B JIeBYIO W TIPAaBYIO YaCTN Pa3HOCTHOTO ypaBHeHusA. [lodToMy 1i1d ee OTLICKAHNUA TpUMeHSAETCS NTepa-
MHOHHBIU MPOIECcc, KOTOPLIH MOXKeT OBITh NPeJCTaBIeH B Bl e

k k
27(;::—11) =zp + hz ®; VZ fn - h%k Z vlfn + h%kf(xn—l—h Yn + hzf;ﬁl% (210)
=0 =0
nJan
v+1 v
27(1:1 ) — haep f(Tnt1, Yn + hzfl_gl) +9(h, zny fr, P frs -+ kan) (210"
3nech v = 0,1, ...,9 — usBecTHas PYHKIUA CBOUX apl'yMEeHTOB.

s (210°) caexyet, 4To
27(11::—11) = 27(1121 + h%k (f(xn-l-lv Yn + hzq(;ﬁl) - f(xn-l-h Yn + hzleil—_ll))) y V= 17 27 s

Wrepanuu noBropsioTces 10 TeX Mop, MoKa B Mpefenax 3alaHHOU TOYHOCTU He YCTAHOBATCS HpubJu-
JKeHnust K petrennio. VTepanuonusiii nponecc (210) cxoquTes K pellennio z,41 ypabHenus (208)

k k
Zp+l = Zp + hZBEZ VZ fn - haek Z vlfn + hBEkf($n+1, Yn + hzn-l-l)v (211)
1=0 1=0
ecJn
hPay L < 1, (212)

riae L = max

0 .
G_f‘ O6osnavas P,q; npnbiamkenne K z,41, NOJIydeHHOE 1O SBHOU (popmye (207):
Y

k
Pn-l—l :Zn—I'hZ%Z VZ fn7 (213)

=0
dopmyay (211) MOXKHO TpeICTABATH TaK:

k
Zn41 = Pn—l—l - h%k Z vlfn + h%kf(xn—l—h Yn + hzn—l—l)-

=0

Torma nrepaunonnsi npounecc (210) npuanMaeT BuJ

k
27(;::—11) =P, - haey Z vlfn + hBEkf($n+1, Yn + hzle:l}l) (214)

=0

0
EcrecrBenno npuaaTh P,y; B KaiecTBe HaYaJbHONO MPUOAMIKEHUS 27(1_21 IS UTepalioHHOTO TIPO-
necca (214). Torga noay4nm mpeckasbBaolle-Ncnpapisonuii Metor. [locie OKOHYAHIS HTePAITOH-
HOT'O Ipoliecca pelllenne ¥y, 11 ypaBHenus (199) maxomures mo gopmyae (209):

D =+ el @15)
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Teneps paccMoTpnM OGUINN CAyYal WHTErpHPOBaHUs AuddepernnaibHOro ypapaerus (167) ¢
NPaBOl YacThIO, 3aBUCAIIEll OT MPOoN3BOAHON. B sTOM ciydae ¢popmyaa (208) sanncbiBaeTcs Tak:

k k
Znt1 = Zn + h Z ®; VZ fn — heey, Z vlfn + hBEkf($n+1, Yn + hzn-l—lv y7/1+1)7 (216)

a popmyaa (191) mis nmpousBogHON —

Yngr = Un +h Z Vi 7' o = e Z V' fo A h e f (B Yn + hzngr, Yhiy)- (217)

=0 =0

UTepannonubiil mpomuece misi OTHICKaHNs pelennst ypaBaernii (216), (217) MoxkeT 6bITh Opra-
HU30BaH cienyiomnM obpasoM. /JomycTuM, 9ToO MBI IMeeM HeKOTOpble HadadbHEe TPUOIMAKEeHHUS MIs
(0)

o 0 o o
IIPpOU3BOIHON y/7(1-|21 1 BCIIOMOT'aTeJNbHOU MTepeMeHHON Zn-l—l‘ OTH HadalbHbIE HpI/I6JII/I)K€HI/IH IIoacTaBJIsd-
IOTCd B COOTHOILIIeHN

k k
v+1 : : v v
y/7(1_|_1 )= Y + hZ%’ V' fo = bk Z V' vk f (@1, yn + hzfﬂzp y/7(1_|21) (218)
i
v+1) S o ) )
Zq(H_-I_l =z, +h Z = VZ Jn — haeg Z vlfn + hBEkf($n+1, Yn + hzn+17 y/n+1)7 (219)
10 KOTOPHIM BBIYHCIAIOTCA UCTPaBAeHHbIe 3HAYCHHS TPON3BO/HON y’flli:_ll) I BCIIOMOTaTeIbHON Hepe-
MeHHOI 27(;::_11). Buecto (218), (219) MOryT GBITH HCIOIB30BAHEL COOTHOIICHILSA
v+1 v v
YU = by f @ty v+ B2 ) A+ G Bty Fas S s e ), (218)
v+1 v v
27(14_1 ) - h%kf(xn-l-h Yn + hz7(1_|217 y/7(1-|21) + g(h7 Zny fn7 an7 ceey kan)7 (219/)
rie ¢’ m g — u3BecTHBIe PyHKIUN cBOMX aprymentoB. Uz (218%), (219’) caexyer, 9T0 yTOYHEHHe

BHAYEHUU MOXKeT MPOU3BOMUTHCS TakxKe 10 PopMyiam

y U =y 4y, (f(wn+17 Y+ 02 g ) = g, g+ R2USY, y’fli_f))) ;

27(;::_11) = 27(1121 + haek (f(xn-l-lv Yn + hzf;ﬁlv y/7(1y_|21) - f(xn-l—h Yn + hz7(111|__11)7 y/7(111|__11))) .

HUrepanuu moBTOpsitoTcH 10 TEX NOp, MOKa B mpegedax 3ajJaHHOW TOYHOCTH HE YCTaHOBATCS
NpUGINAKEHNS K Y, 1 U Z,41. MTepannonnniii mpounece (218), (219) cXoIuTca K pemIeHHIO CHCTEMEL
ypaBaenui (217), (216), ecin mpaBas 9acThb TOH CHCTEMBI YIOBIETBOPAET MO MEPEMEHHBIM Z,41 1
Ypq1 YeroBmio JIunmmnna ¢ KOHCTAHTOH MeHbIIe eINHUIBL, a UMEHHO, eCII BBIIOJHAETCA Clejyiolee

COOTHOIICHTE:
max{h'yk (h max‘ Jy ‘—I— max|—— Iy ), heey, (h max‘ Jy ‘—I— max‘agl )} < 1. (220)
O6osnaanm
d /
Ly = max‘a— , Ly/ = max‘a—y/ , L= HlaX(Ly7 Ly/).
U3 Boipawennn (51) mas v; u (184) mas a; cregyer, 910 v; > a; masi ¢ > 0w g = &q. [losromy

yeaosue cxoguMocT (220) MoKeT GBITH 3alICAHO B BILIE

veLh(1 4 h) < 1. (220"
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O6osnavas P,y NpuOIIKEnRne X 2,41, NOJIyIeHHOE TIO ABHOU (opmyre (207), a gepes P, — mpn-
OamxKenne K y;l_l_l, noJydeHHoe Mo ABHOU (popmye A ramca (178)

k
Prii =y +hY_ %V fas (221)

=0

dopmyist (217) u (216) MOKHO IpeICTaBUTH TAK:

k
y7/1—|—1 = P7/z-|—1 — hyk Z vlfn + h'ka(xn-I-lv Yn + hzn-l—h y7/1+1)7
=0

k
Zn41 = Pn-l—l — heey, Z vlfn + hBEkf($n+1, Yn + hzn-l—lv y;z-l—l)‘

=0

Torga nrepannonustii npouecc (218), (219) npumer Buj

k
y'f:_ll) = 7/1_|_1 — hyg Z Ve F h'ka(xn-I—lv Yn + hzf;ﬁlv y/gﬁl)v (222)
=0
1 i 3
Zq(;::—l ) =P, - haey Z vlfn + hBEkf($n+1, Yn + h%(;ﬁl, ylleilzl)' (223)

=0

(0) (0)

/ hed !
Ecrecrsentno npunsath P, u P,11 B KadecTBe HAYaAbHBIX IPUOMUKEHUN §', V1 U 2,7y [ UTe-
pannorHOro mponecca (222), (223). Torga nmorydnm mpecKasbiBaolle-HCnpaBasonnin Meto. [locre
OKOHYAHMUsI NTePANOHHONO MPOIecca pelleHne ¥, 1 ypaBHeHus (199)

k k
Yo+l = Yn + V¥Yn + h* Z X VZ fn - hzaek Z vlfn + h233kf($n+17 Yn+1, y7/1+1)7

HaxoanTCs 1o opmyre (215).

13.5. Hocmpoenue nauaibnpiz 3nauenud. J1as TOro 9T06B MOKHO OBLIO HAXOTHTh PeIleH e Y, 11
muddepernnanibHoro ypapaenus (179) ¢ momormpio pasnocTHBX dopmya (207), (211), (209), Heobxo-
JUMO MMETh 3HAYEHIs PelleHus y,, BCIOMOraTelbHOI epeMeHHON 2, I KOHEYHBIX pasHocTedl /°f,,
BHIYNCJIEHHBIE B TOYKe & = &,. [[Js TOro 9T06B HaliTH pelienne Y,y AuddepeHnnaibHOro ypas-
Henns (167) ¢ momomuipio pasnoctubix dopmya (178), (217), (207), (216), (209), Heobx0IUMO HMETH
elle u 3Hadenne . B Havale HHTErPUPOBAHIA BEINYUHA 2, II KOHEUHBIE PA3HOCTH V7' f, HEU3BECTHABL.
[To>TOMY MCIONB30BAHUIO JTaHHBIX (POPMYJ YHCACHHONO MHTEIPUPOBAHUSA JOJKHO TpeJIecTBOBAThH
BLIYHCACHNEe YKa3aHHBIX HEH3BECTHLIX BeJHYNH. DTH BEINYHHBI MOIYT OBITH BBIYHUCACHLI OHOIIATO-
BLIMH MeTodaMi. PacMOTpeHHBIe B JaHHOU TVIaBe KOHEYHO-Pa3HOCTHbLIE CXeMbl TaKkKe MOIyT OBbITh
HCIOMB30BAHBI [ 5TOro. Kak u 11d ypaBHEeHHI HepBOro MOPSIKa, OlpejleleHne HeoOX0MNMBIX I
cdeTa HaYaJbHbIX 3HAYEHHI HA3bIBAETCA PA3rOHOM.

[TepeiiteM K onucaHnio Mpoleaypbl pasrona jis MeTooB [llTepMepa, ocHOBAHHON Ha IpUMeHe-
HUH KOHETHO-PA3HOCTHBIX (POPMYJI € TTOCAEIOBATENBHO YBEANTHBAIOIINMCS MOPSA JKOM Al POKCHMATIIHH.
B gacTHOCTH, HaM mOHAKOONTCA ABHAA opmyaa (175)

k
y1=yo+ hyh + B2 i V' fa,

=0

KOTOpPYIO IIpeilcTaBUM B BH e
k

a=yh+hd i fa, (224)

=0
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Y1 = Yo + hz1.

PaccMoTpnM cHadada Npolegypy BHIYUCIEHNs HadalbHBIX 3HA4YeHI s ypaBHenus (179). M-
noJb3ys HavaabHble yeaoBus (168) u sBHyto popmyry (224) npu k = 0 (4T0 COOTBETCTBYET HEPBOMY
MOPSIKY AMTPOKCUMAIHN ), BEIYHCISTEM

1
z%l) =y + 3 h fo,
(225)

y§1) =y + hZ{l)-

[Ipn momorun opmy.as (207) npn k£ = 0 (4T0 TakiKe COOTBETCTBYET MEPBOMY HOPSAIKY AMIPOKCHMA-
[NH) BHIYACISEM

SOy

( (1) (1)

(226)
1
Y )= yp '+ hzy .

(1) (1)

[lorpetmnocTs 27, 25 coctabagser O(h?), norpemunocts y?),ygl) — O(h®). Haxogum f2(1)7

Vf2(1)7 Vsz(l) U Ioaaraem

Vo= h =AY, vh=vi =Y, vh=vh -V

Ucnonb3yst popmyasr (224) u (207) u y9nThBasg B HUX PasHOCTH [0 BTOPOTO MOPS KA BKIIOTH-
TEIbHO (YTO COOTBETCTBYET TPETHEMY MOPSIKY AllpPOKCHMAINN), BEIYHCIIEM

1 1 1
Z§2):yé‘|‘h(§f0+g Vfo—l-g V2f0)7

(227)
D =yo +
P (2 ), s
=2 g
=45 ) -
o = ofP 1 12,
=4 ) "

yflz) = y:())Q) —I— hZflz).
(2) (2) (2) [(2) (2) (2)  (2)  (2)

[MorpemnocTh 2, 25, 23, 24 cocrapaser O(h*), norpemmocts y;”, y5 ', ys , yg — O(R5).

Haxomuu £, 713 213 o213 4 12, Monowaus
Vh=vh=vth=v= v,

MOKeM BBIYHCIUTL C MOMOIIbIo cooTHotennii (116) xonedunnie pasnoctu V2 fo, V2fo, V fo. Madee,
nenoab3ys gpopMyay (224) npu k =4 (4T0 COOTBETCTBYET HATOMY MOPSAIKY AlTPOKCHMAINN), BHIYN-

caseM
(3) _ 1 L 1 e 19 s 3 4
A=yt (G fot g Vot Vot g VP Sot 55 V' o),
y§3):y0+h2§3)'

(231)
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Takum o6pazomM, B ONUCEIBaeMOU IPOIeNype PasroHa UTEePAUOHHEIM CIIOCOOOM MBI MOJYYaeM
Ha TpeTheM 2dTalle B TOYKe T 3HaYeHMe pellleHns ¥ ¢ NOTPellHOCThIO O(h7)7 NpOMEXKYTOYHYIO Nepe-
MeHHYyo 21 ¢ morpemnoctbio O(h), a Koneunbe paznocTn

V4f1 = V4f07

Vh=vih+ Vi = v o+ Vo,
(232)
Vh=Vi+ P h =+ o+ v o,

V=V +Vihi=vVi+vVi+vV o+ vif

¢ norpemnoctbio O(h®). Eciu orpannquThes >TUMH Pa3HOCTAMU, TO YHCIEHHOE HHTerpHpOBaHue
ypaBrenuns (179) Moxuo garee nporo/KuTh mo dopMmyram (207), (211), (209) ¢ k = 4 (410 cooT-
BETCTBYeT MATOMY MOPSAKY allpOKCHMANNN), HadnHast ¢ 7 = 1. BeImoaHnB mo sTuM GopmysaM Tpu
Irara M BBIYUCANB pellleHNe B TOYKaX T2, T3, T4, NOTYINM B TOUYKe T = T4 (PPOHT vif47 1=10,1,2,3,4
¢ norpemnoctbio O(h7).

Ecin ske mociie BEIYHUCAEHNS peIIeHns ¥, PO TOIKITE pa3roH no (opumye (207) ¢ k =4 (dTo co-
OTBETCTBYeT MATOMY TOPSTKY allPOKCHMALN), BEIYHCINTE pelleHie yZ(S) B yaaax z;, ¢t = 2,3,4,5,6,
M0 HAM COCTaBUTL KOHEUHEIE Pa3HOCTH Vifé?’), a moroMm paszsoctu VV'fg, i = 1,2,...,6, u cHOBa

(4)

npuMenuTh popmyay (224) npn k = 6, To MOKHO BHYUCAUTL Y, ' ¢ norpemtHocthio O(hY), npome-

XKYTOYHYIO TIepeMeHHY 0 214 ¢ norpemnocthio O(h®), a koHedHBIe pazHOCTH V'f1 € HOrpelTHOCThIO
O(hT).

PaccmorpnM Temepb BRIYHCIEHNE HAYadbHBIX 3HAYeHHN mas ypaBHenus (167). [lpemnoxennas
cXeMa pa3lroHa coxXpaHseTcss W B 3ToM caydae. llpu »roMm gas BerducIeHus 3HAYEHUI TPOU3BOIHOU
Y’ MCIOAb3yeTCA aHAJOMMYHBIN HTePAMOHHbII MPOoecc, OCHOBAHHBIN Ha PEKYPPEHTHOM MpHMEeHEeHNH
SKCTPANONANNOHHON opmyasr Agamca (178).

(1) (1)

Bcea cxema Mozxer OBITH NmpejcTaB/leHa clefylomnM obpasoM. Beraucasiores 2z, y; ' 1o ¢op-

(1)

MmyaaM (225) u onpenensercs y'y’ ABYKpAaTHBIM TpuMeHeHneM dopmMyabl (178): mepBbiii pas — ¢
ACHONB30BAHNEM TOJBLKO ABYX MEPBHX TJIEHOB:

y/(ll) = y6 + hf07

1 1 1 .
1 BbIYMCAEHUEM f1( ), Vf1( ), Vo= Vf1( ), BTOPOH Pa3 — ¢ HCNOJb30BAHNEM TEPBHIX TPeX WIEHOB (4TO
COOTBETCTBYET BTOPOMY TMOPSIKY allpPOKCHMAINI):

(1) 1
Y —yo‘|‘h(f0‘|‘§ Vfo)-

(1 (1)

Brraucasiores 25 ', yy © 00 dopmytam (226) u ompegensercs
1 1 1y, 1 1
S (04 L g ).
[TorpemntnocTh y’(ll) i y’(zl) cocrasaser O(h?). Boraucastores zf), yf) ¢ momotbo (227) u onpejgesns-
ercs

1 5
y'(lz):y6+h(f0—|—§ VfO‘l'E szo)-
(2)  (2)

Brrancasiores zy, yy ¢ noMmolipio (228) u onpegensercs
2 2 2) , 1 2 5
y/(z):ylg)‘Fh(ff )‘|‘§ v 1 )—I—ﬁ szl)-
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(2)  (2)

Brrancasiores zy’, y3 ' ¢ nomouisio (229) u onpegensercs

1 5
v =y (45 v 8+ 5 V),

(2) (2 (2

Morpemmnocts ¥y~ y's” m y'y” cocraaser O(h*). Haxomum féz), vf:)()z), vzf:)()z), v?’féz) 0, TOMOXKUB
Vo=V =V = v,

mepecYnThiBaeM KOHEYHbIe PA3HOCTH, HEOOXOMUMBIE JIs OMpe/eleH sl 3HAYeHUH TTPOU3BOIHON MO BKC-
TpanoasunoHHONn Gopmye (178) ¢ yIeTOM pasHOCTEH [0 TPeThero MOpsIKa BKIIOIHTEIHHO.

(2)  (2)

Brrancasem z;, y,~’ ¢ momomisio (230) u onpetenseM HOBble 3HAYEHNA MPON3BOLIHOM

y'(13) =0+ h(fo + % v fo+ 15—2 v* fo+ % v’ f0)7 f1(3) = f(z1, @/?)7 @//53))7
=y D h (045 IO D R R) I = fe ),
O =y (45 v I S IS P R), A = el ),
O =y (145 914 5 L) 1 = )

@) B3 B (3)

Morpemnocts ¥y, y's ', y's ', v’y cocrasaser O(h%).
[lasee pasroH MpOJOIKAETCS TaK Ke, Kak Jid ypaBHenus (179), T.e. mo gopmyram (231) BBI-

@) G

qucadTed 2y 7, Yy © 1 olpelleaseTcs IIPpOU3BOTHasd

VO =g (ot T hot = Vot s T ot s v ),
2 12 8 720
norpeltocTs Kotopoil nmeer nopsgok O(h®).

Taxum 06pasoM, B OMUCHBAEMON TPOIEIYPEe Pa3roHa HTEPANNOHHBIM CIOCOO0OM MBI TMOJYdaeM
Ha JaHHOM dTale B TOUKe T 3HadeHne pemrtenus y; ¢ norpemmnocthio O(h7), mponssonyio y) w mpo-
MeKYTOUHYIO IlepeMernyio 21 ¢ norpemnoctsio O(h%), a Koneunbre paznocTu (232) ¢ TOTPeIIHOCTHIO
O(h%). Eciu orpaHUduThCs Pa3HOCTAMU [0 Y4eTBEPTOro NOPAKa BKIOYUTEILHO, TO YHCICHHOE WH-
TerpupoBanne ypaBHeHns (167) MoxKHO majgee MponoKuTh 1o (gopmyram (178), (217), (207), (216)
1 (209) ¢ £k =4 (970 cCOOTBETCTBYET MATOMY MOPSIKY allPOKCHMAINN), HadnHas ¢ n = 1. Beimoanns
Mo »TAM (HOpMyJdaM TPH IIara W BEIYHCINB pelleHne N TPOU3BOAHYIO B TOYKAX Tg, T3, T4, MOIYIHM B
TouKe & = 4 GpouT V' fy, i = 0, 1,2, 3,4, c norpemmnoctnio O(h%).

JlaHHBIT cMoco6 MO3BOASET B HECKOABLKO pa3 YMEHBIINTH Ha Pa3roHe TNCA0 BHITUCICHUN Mpa-
BBHIX dacTenl AudpepernuaibHoro ypaBHeHNs MO CPaBHEHNIO C BHIMACAEHWEM HAYaJbHLIX 3HAYEHHN
OTHOMIATOBLIMET MeTofaMu Pymre-Kyrra.

13.6. Bviuucaenue pewenus mexncdy yzqaamu cemxu. PaccMoTpum caydai, Korga Todka ™, B
KOTOPON TpeGyeTcs onpenelnTh peienne nuddQepernnalb,aoro ypaBaenns (167), He coBmagaeT HI €
OJHUM Y3JOM &, CEeTKH, Ha KOTOPOU BHIMNCAAETCSA pellleHne pa3HOCTHOTO ypaBHeHnsA. B sToM caywae
MOYKHO TOCTYTHUTH CAeAYIOMHM o6pasoM. [Ipennosoxnm, ITo Todka ¥ pacnoJokeHna MeX Iy TBYMS
COCETHUMN Y3AaMU: Ty, 1 < &* < Z,, B KOTOPHIX BEIYACAEHO pellleHne pasHocTHoro ypaBHenus. O60-

3HAYAM »
x* -z,

£=—
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Torga —1 < £ < 0. [IpounTerpupyem coorromenne (170) 1o oTpesky [z, 2*]. YanrriBas (169), nmeem
(@) = y(zn) —fhy’(wn):/ dw/y”( ) d¢ =
¢ 4 4
:h2/ dC/Lm(acn +th)dt + h2/ dC/r;m e thydi=  (233)
0 0 0

k
=h? Hz(f) VZ fn+p7
rIe

¢
1
i —'/dC/tt—l—l (t+i—1)dt, (234)
0

p=O(h"*3).

Ot6paceiBas B (233) OCTATOYHBIN “JI€H, MOJydaeM KOHEYHO-PA3HOCTHYIO (POPMY.JIY /IS BBITHCICHNS
HUCKOMOI'O pellleHns

k
y(a*) &2y, + Ehyl, + 02y pil€) V' o (235)
=0

[IpuBegeM HecKObKO 3HAYEHUN fi;(€):

I
|
Y
o

to(§)

pal€) = 57 (€ 4269,

p3(§) = o= (3¢ +15¢* + 206%),

360

pa(§) = (265 + 18€° + 55¢* + 60€°).

1440

Teneps paccMoTpuM BBIYHCIeHHe pernerns y(z™) mis muddepennuaibroro yparenns (179).
Ecan npn uarerpupoBannn (179) 3Hadenne IpoOU3BOTHON He BHIYNCIAETCH, TO B popMyae (235) Benn-
qnHa Y, HemsBecTHa. OMHAKO OHA MOXKeT ObIThH HallTeHa, HanpuMmep, u3 cooTHoienns (180)

k
YV (n)h = y(xn) = y(zn1) = B2 i ' fo = pa. (236)

=0

Hogcrasuss (236) B (233), naxogum

k k
(@) = (1 +Ey(wn) = EY(wnr) =R Y vi ' fu=Ep2 +1° D i) V' futp=
=0 =0
k

=(1+8y(wn) = Ey(zns) + B2y (1i(€) = &vi) V' fu+p — Epa

=0

(237)
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Ot6paceiBast B (237) OCTATOYHBIN 4/I€H, TONY9aeM KOHETHO-PA3HOCTHYIO (POPMYILY sl OTperefeHus
HUCKOMOI'O pellleHns

k
Y(@*) = (L4+ ) yn — Eynr + B2 D15 (&) V' o (238)
=0
rue

1; (§) = pai(§) — v

[IpuBegem HeckobKO KoapduunenTon u)(£):

A€ =3 (€ +)

6 = o (6 426~ ),

1

15(8) = 355 (38 +15¢" 42067 = 89),
pi(§) = ﬁo (265 4+ 18¢° 4 55¢1 + 6063 — 21¢).

Dopuya (238) MoxeT OBITH HCIOAB30BaHA TAKzKe JIf HAXOXKICHHA pelleHns IndgdepeHnnalbHoro
ypaBrenus (167).

13.7. Hpaxmuueckue cnocobur oyenru noepewnocmu. PaccMoTpuM cnoco6 oLeHkn JOKaIbHOMU
MOTPEITHOCTH I MeTOla NPOrHO3a I KOPPeKIHu, OCHoBaHHOTO Ha (opmyaax Itepmepa (186'),
(196'). U3 Berpazkennit (185) u (195) mus morpeurnoctell npeckaseiBaiomtein (186') u ncnpasasioien
(196") dopmMys CIeIyOT acHMITOTHYECKHe OLEHKH JIOKAJIbHEIX MOTDEIIHOCTell SBHOIO H HEeSBHOTO
meronos IllTepmepa:

p0) = () — ) = oy WU (1) O (), (239)
P = i) — ) = gy B () O (), (240)

(v)

[orpemHocTh NPUOINKEHHOTO PEIIeHHs Uy, PAa3HOCTHOTO ypaBHenus (196), moay4eHHOTO B pe3yib-

(0) (P)

TaTe YTOYHEHUs PEJICKA3AHHOTO 3HAYEHUS Uy, = Uy ', IMEET TOT JKe IVIABHBIN WieH, 9To u B (240).
[TosTomy

u(tp) — u¥) = p¥) = wpp B (2 ) O (R, (240')
Peuras copvectro (239), (240') orrocurensro hF+H3uF+3) (z,.)) nvueem

() _ (0

PR 8 () = Im T Im o (pkty,
41 — Rk

OTCIO,Z[& IIoJydaeM alloCTepHuOpHbIe aCUMITOTHYeCKNEe OUeHKN JOKaJbHOU IOTpellIHOCTN OpelCcKa3aH-

(0)

HOT'O 3HaYCeHUd pelleHus Uy,

PP = — L () — o0 4 O () (241)
RL41 — Rk41
n UCIpaBJeHHOI'O 3Ha9eHUsA ugrl:)
pl) = () — o) + O(RHH). (242)

RL41 — Rk41

83



C yuerom (197)

A7) = TEEL (0] — o) O(1HH), (241)
pli) = ZEEL (uls) — uf9) + O(h+4) (242)

(v).

Ouenka (242') MokeT GBITH HCHOAB30BAHA [JIsi YTOYHEHUS TPUONNKEHHOTO PEIIEHUS Uy, :

PhtL () _ 4, (0)) (243)
XL

Wiy, :uﬁg) +

PU DTOM JOKAIbHAS MOTPEIHOCTD Uy, cocTapasger O(hF+1),
. (0
Ouenkn (241') u (242') ocraloTes B ciite, eclu [l BEIMHCICHIS 3HATCHNI 09 1 4 nenonao-
BATh He TOYHBIE BHAYEHNS pelenns U(Z,,) U \Vu(Zm) = u(2y) — w(Tm-1), @ TPHOINIKEHHBIE 3HATEHIS

Upyy VU = Uy — Upp—1, IMEIOIINE TMOTPEITHOCTH
u(xm) — Up = O(hk+4)7 vu(xm) - VUy = O(hk+4)7

a BMeCTO TOYHBIX 3HAYeHHI KOHeYHBIX pazHocTell ' f (7, u(2,,)) UCHOAb30BATE HX NPHEINKEeHHbIE
3Hadenus V' f(,,, Uy, ), Beraucrennne ¢ norpemuocteio O(hF+2),

[IpakTuieckoe 3Ha4eHIE DTOrO 3aMedalld COCTOUT B TOM, ITO IPH HHTErpHpOBaHUE Iudde-
PEHIHAILIONO YPaBHEHIS ¢ MOMOIIBIO PACCMaTPHBAEMOI0 METOJa IPOrHO3a H KOPPEKIHH HCIOAb30-
BaHme oneHoK (241'), (242') 060cHOBaHO TONBKO TOTTa, KOTTa TPON3BOAUTCS YTOIHEHNE HaH IeHHOTO
petenus mo (opumyae (243).

Kak cregyer us (183), jokanibHAs TOTPEIIHOCTD Uy, 41 PABHA

u(xm—l—l) — Um41 = hz&k—l—l vk—l—l fm + O(hk+4)7

OTKYda MMOJydaeTCsad aCUMITOTHYeCKasd OlleHKa

U($m+1) — Um+1 = h2%k+1 vk-l—l fm (244)

Takum 06pazoM, aCHMITOTHIECKas OlleHKa paBHa IIePBOMY OTOPOIICHHOMY 9IeHy pasHOCTHOI
dopmyasr (183). B wacTHOCTH, OEHKA

u($1) — U1 — hZ%]H_l vk—l—l f()7

BEITeKatomas n3 (244), MoxeT OBITH HCIONB30BAHA [ ONEHKH TOYHOCTH MpPH Pa3ToHe.

13.8. H3amenenue waza unmezpuposanus. Bce, 9To 6LLIO cKaszaHo 06 M3MeHeHHH ITara MHTe-
PPUPOBaHUA [ KOHEYHO-PAZHOCTHHIX METOMOB pelleHus fudepeHnalbHbiX YpaBHEHUN TepBOTO
nopsigka, nepesocurces Ha Metonwl lllTepmepa. Kak caemyer us (207) u (208), nepexox ot mara h
HOBOMY mmary h* (154) o3HavaeT: BO-TepPBHIX, IEPEXO OT KOHEYHBIX Pa3HOCTEN V' fp, COCTABIEHHBIX
1m0 ya3aaM ceTKn (3), K KOHeYHBIM Pa3HOCTAM ', COCTABICHHBIM 1O JPYTHM Y3IaM

x, —th™, 1=0,1,... k; (245)

BO-BTOPHIX, TIEPEX0OT OT 3HAYEHHUN MepeMeHHOH z, Ha ceTke (3) K 3HAYeHHSM DTOH NepeMeHHON z
Ha gpyroi cetke (245). [lepexoq K KOHEYHBIM pPa3HOCTAM vlfg BEITOMHSeTCA 110 popmyram (159),
(161)-(163).

Ternepsb moayuum (GopMyJbl s HepecyeTa 3HaAYeHUI HepeMeHHOU z,. Halimem koadpuiimen T
B MpeICTaBIeHAN

2= Ch2p 4+ h(Cofn +C3 fo +Ca 72 fr 4 o4 Craa U fo) + O(RF2).
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Jlas >Toro TOCTATOYHO Pa3loXKhTh, KaK W MPH HepecdeTe (PpPOHTA, JeBYIO W MPaBYI0 JacTH DTOTO
paBeHCTBa MO cTeneHsM h U OPHPaBHATEH KOX(PPUIUEHTH HPU OMUHAKOBHIX cTenensx h. IIpuserem
nepBble 11eCTh KOX(PPUIMEHTOB 3TOT'0 NpeacTaBIeHN:

=1,
Cz:%(l—&

Cy= g (€= DiE+1),
Ci=5r (€~ (- +E+1),

Cs= 55 (6~ (E ~ 126 + 86 +8),
Co=ho (6= 1) (~26" 4 1667 — 3962 4 216 + 21).

AHaJOTHIHO MOYKHO MOAYIUTH KOX(PMUINEHTH B Pa3JoKeHHN 2, depe3 HOBHIN (PPOHT:
2= Cron+ MCsfu+ C5 7 [r+ CTV> frid o4 Chya V F7) + O(WFF?).

[TpuBegem mepBhIe MecTh KOdPPUITEHTOB DTOTO PABNOKEHU:

Cr=1,
Ci=5(1-9),

C5= g (€ - )

Ci= g (€~ 2 +1),

C5= 36353 (8¢* — 2067 + 15¢ — 3),

1
O = —— (21€° — 60&° + 5562 — 18 + 2).
[Monydennunie pOpMyJaBl TepecieTa KOHETHLIX PA3HOCTEH W MPOMEXKYTOTHOHW NepeMeHHOU Z, M03BO-
JAOT HpOI/ISBOJIbHO MeHsITH IIal’ I/IHTerI/IpOBaHI/IH B MeTOodaXx HlTepMepa.

B saxaiodenne mpuBeIeM CIUCOK JHTEPATyphl, peKOMeHIyeMon K 1. 2: [3—-9, 12-15, 17, 19, 22,
24-26, 28, 29, 31, 33-35, 38, 39, 41-43, 45].
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